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Preface 


This book introduces the reader to a broad collection of integration theo- 
ries, focusing on the Riemann, Lebesgue, Henstock-Kurzweil and McShane 
integrals. By studying classical problems in integration theory (such as 
convergence theorems and integration of derivatives), we will follow a his- 
torical development to show how new theories of integration were developed 
to solve problems that earlier integration theories could not handle. Sev- 
eral of the integrals receive detailed developments; others are given a less 
complete discussion in the book, while problems and references directing 
the reader to future study are included. 

The chapters of this book are written so that they may be read indepen- 
dently, except for the sections which compare the various integrals. This 
means that individual chapters of the book could be used to cover topics in 
integration theory in introductory real analysis courses. There should be 
sufficient exercises in each chapter to serve as a text. 

We begin the book with the problem of defining and computing the area 
of a region in the plane including the computation of the area of the region 
interior to a circle. This leads to a discussion of the approximating sums 
that will be used throughout the book. 

The real content of the book begins with a chapter on the Riemann in- 
tegral. We give the definition of the Riemann integral and develop its basic 
properties, including linearity, positivity and the Cauchy criterion. After 
presenting Darboux’s definition of the integral and proving necessary and 
sufficient conditions for Darboux integrability, we show the equivalence of 
the Riemann and Darboux definitions. We then discuss lattice properties 
and the Fundamental Theorem of Calculus. We present necessary and suf- 
ficient conditions for Riemann integrability in terms of sets with Lebesgue 
measure 0. We conclude the chapter with a discussion of improper integrals. 
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We motivate the development of the Lebesgue and Henstock-Kurzweil 
integrals in the next two chapters by pointing out deficiencies in the Rie 
mann integral, which these integrals address. Convergence theorems are 
used to motivate the Lebesgue integral and the Fundamental Theorem of 
Calculus to motivate the Henstock-Kurzweil integral. 

We begin the discussion of the Lebesgue integral by establishing the 
standard convergence theorem for the Riemann integral concerning uni- 
formly convergent sequences. We then give an example that points out the 
failure of the Bounded Convergence Theorem for the Riemann integral, and 
use this to motivate Lebesgue’s descriptive definition of the Lebesgue inte- 
gral. We show how Lebesgue’s descriptive definition leads in a natural way 
to the definitions of Lebesgue measure and the Lebesgue integral. Following 
a discussion of Lebesgue measurable functions and the Lebesgue integral, 
we develop the basic properties of the Lebesgue integral, including conver- 
gence theorems (Bounded, Monotone, and Dominated). Next, we compare 
the Riemann and Lebesgue integrals. We extend the Lebesgue integral to 
n-dimensional Euclidean space, give a characterization of the Lebesgue in- 
tegral due to Mikusinski, and use the characterization to prove Fubini’s 
Theorem on the equality of multiple and iterated integrals. A discussion of 
the space of integrable functions concludes with the Riesz-Fischer Theorem. 

In the following chapter, we discuss versions of the Fundamental The 
orem of Calculus for both the Riemann and Lebesgue integrals and give 
examples showing that the most general form of the Fundamental Theorem 
of Calculus does not hold for either integral. We then use the Fundamental 
Theorem to motivate the definition of the Henstock-Kurzweil integral, also 
know as the gauge integral and the generalized Riemann integral. We de- 
velop basic properties of the Henstock-Kurzweil integral, the Fundamental 
Theorem of Calculus in full generality, and the Monotone and Dominated 
Convergence Theorems. We show that there are no improper integrals 
in the Henstock-Kurzweil theory. After comparing the Henstock-Kurzweil 
integral with the Lebesgue integral, we conclude the chapter with a discus- 
sion of the space of Henstock-Kurzweil integrable functions and Henstock- 
Kurzweil integrals in R”. 

Finally, we discuss the “gauge-type” integral of McShane, obtained by 
slightly varying the definition of the Henstock-Kurzweil integral. We es- 
tablish the basic properties of the McShane integral and discuss absolute 
integrability. We then show that the McShane integral is equivalent to the 
Lebesgue integral and that a function is McShane integrable if and only if 
it is absolutely Henstock-Kurzweil integrable. Consequently, the McShane 
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integral could be used to give a presentation of the Lebesgue integral which 
does not require the development of measure theory. 
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Chapter 1 


Introduction 


1.1 Areas 


Modern integration theory is the culmination of centuries of refinements 
and extensions of ideas dating back to the Greeks. It evolved from the 
ancient problem of calculating the area of a plane figure. We begin with 
three axioms for areas: 


(1) the area of a rectangular region is the product of its length and width; 
(2) area is an additive function of disjoint regions; 
(3) congruent regions have equal areas. 


Two regions are congruent if one can be converted into the other by a 
translation and a rotation. From the first and third axioms, it follows that 
the area of a right triangle is one half of the base times the height. Now, 
suppose that A is a triangle with vertices A, B, and C. Assume that AB is 
the longest of the three sides, and let P be the point on AB such that the 
line CP from C' to P is perpendicular to AB. Then, ACP and BCP are 
two right triangles and, using the second axiom, the sum of their areas is 
the area of A. In this way, one can determine the area of irregularly shaped 
areas, by decomposing them into non-overlapping triangles. 


Cc B 


Figure 1.1 
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It is easy to see how this procedure would work for certain regularly 
shaped regions, such as a pentagon or a star-shaped region. For the penta- 
gon, one merely joins each of the five vertices to the center (actually, any 
interior point will do), producing five triangles with disjoint interiors. This 
same idea works for a star-shaped region, though in this case, one connects 
both the points of the arms of the star and the points where two arms meet 
to the center of the region. 

For more general regions in the plane, such as the interior of a circle, a 
more sophisticated method of computation is required. The basic idea is to 
approximate a general region with simpler geometric regions whose areas 
are easy to calculate and then use a limiting process to find the area of the 
original region. For example, the ancient Greeks calculated the area of a 
circle by approximating the circle by inscribed and circumscribed regular 
n-gons whose areas were easily computed and then found the area of the 
circle by using the method of exhaustion. Specifically, Archimedes claimed 
that the area of a circle of radius r is equal to the area of the right triangle 
with one leg equal to the radius of the circle and the other leg equal to 
the circumference of the circle. We will illustrate the method using modern 
notation. 

Let C be a circle with radius r and area A. Let n be a positive integer, 
and let J, and O, be regular n-gons, with J,, inscribed inside of C and 
Or, circumscribed outside of C. Let a represent the area function and let 
E; = A—a(I4) be the error in approximating A by the area of an inscribed 
4-gon, The key estimate is 


1 
A — a(Ig2+n) < gn Et (1.1) 
which follows, by induction, from the estimate 
1 
A-a (Ig2+n41) < 3 (A —a (Ig2+n)) : 


To see this, fix n > 0 and let Ig2:n be inscribed in C’. We let Ip2+n+1 be the 
22+"+1_so0n with vertices comprised of the vertices of Jj21n and the 22+” 
midpoints of arcs between adjacent vertices of Ig2+n. See the figure below. 
Consider the area inside of C' and outside of Ig212. This area is comprised of 
27+” congruent caps. Let cap? be one such cap and let R? be the smallest 
rectangle that contains cap?. Note that R? shares a base with cap? (that 
is, the base inside the circle) and the opposite side touches the circle at one 
point, which is the midpoint of that side and a vertex of Ip2+n+1. Let T)* be 
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the triangle with the same base and opposite vertex at the midpoint. See 
the picture below. 


Figure 1.2 


Suppose that capy*? and caprtt are the two caps inside of C and outside of 


Ig2+n+1 that are contained in cap?. Then, since capet? Ucaprtt C RP\T?, 


a(Tf) = a(RP\TP) > a(cap;** U cap5t)) , 
which implies 


a (cap?) = a(T;") +a (cap?*? U cape ty) 


> 2a (cap}*" U capt!) = 2 {a (cap?t*) +a (capett)). 


Adding the areas in all the caps, we get 


g2trtl g2tn 


A — @(Iq2+n+1) = > a (capet*) < 5 3 a (cap;) = 5 (A — a(Ig2+n)) 


j=l i= 


as we wished to show. 
We can carry out a similar, but more complicated, analysis with the 
circumscribed rectangles to prove 


a (Og2+n) -A< =Fo, (1.2) 
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where Eg = a(O,) — A is the error from approximating A by the area of a 
circumscribed 4-gon. Again, this estimate follows from the inequality 


1 
a(Og2+n41) -A< 3 (a (Og2+n) — A). 
For simplicity, consider the case n = 0, so that Og2 = O4 is a square. 


By rotational invariance, we may assume that O, sits on one of its sides. 
Consider the lower right hand corner in the picture below. 


Figure 1.3 


Let D be the lower right hand vertex of O4 and let E and F be the points 
to the left of and above D, respectively, where O, and C meet. Let G be 
midpoint of the arc on C from £ to F, and let H and J be the points where 
the tangent to C' at G meets the segments DE and DF, respectively. Note 
that the segment HJ is one side of Og2+1. As in the argument above, it is 
enough to show that the area of the region bounded by the arc from £ to 
F and the segments DE and DF is greater than twice the area of the two 
regions bounded by the arc from E to F and the segments EH, HJ and 
FJ. More simply, let S’ be the region bounded by the arc from E to G and 
the segments EH and GH and S be the region bounded by the arc from EF 
to G and the segments DG and DE. We wish to show that a(S") < $a(S). 
To see this, note that the triangle DHG is a right triangle with hypotenuse 
DH, so that the length of DH, which we denote |DA|, is greater than the 
length of GH which is equal to the length of EH, since both are half the 
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length of a side of Oo2+1. Let h be the distance from G to DE. Then, 
a(S) <a(EGH) = ; |EH|h< ; |DH|h = a(DHG) 
so that 
a(S) =a(DHG) + a(S") > 2a(S’), 


and the proof of (1.2) follows as above. 

With estimates (1.1) and (1.2), we can prove Archimedes claim that A 
is equal to the area of the right triangle with one leg equal to the radius of 
the circle and the other leg equal to the circumference of the circle. Call 
this area T. Suppose first that A > T. Then, A—T' > 0, so that by (1.1) 
we can choose an 7 so large that A — a(Ig2in) < A—T, or T < a(Ig24n). 
Let T; be one of the 22+” congruent triangles comprising Ig2+n formed by 
joining the center of C' to two adjacent vertices of Io24n. Let s be the length 
of the side joining the vertices and let h be the distance from this side to 
the center. Then, 


@ (Ig2+n) = 27+" a (T;) = gen sh = ; (274 3) hh: 


Since h < r and 2?+"s is less than the circumference of C, we see that 
a (Ip2+n) < T, which is a contradiction. Thus, A < T. 

Similarly, if A < T, then T— A > 0, so that by (1.2) we can choose an n 
so that a(Og2in) — A < T—A, or a(Og24n) < T. Let Tj be one of the 22+” 
congruent triangles comprising O22+. formed by joining the center of C' to 
two adjacent vertices of Og21n. Let s’ be the length of the side joining the 
vertices and let h = r be the distance from this side to the center. Then, 


a(Oz24n) = 2?*"a(T]) = arn ae = ; (Fra!) rn 


Since 2?+”s’ is greater than the circumference of C, we see that a (Oo2+n) > 
T, which is a contradiction. Thus, A > T. Consequently, A = T. 

In the computation above, we made the tacit assumption that the circle 
had a notion of area associated with it. We have made no attempt to define 
the area of a circle or, indeed, any other arbitrary region in the plane. We 
will discuss the problem of defining and computing the area of regions in 
the plane in Chapter 3. 

The basic idea employed by the ancient Greeks leads in a very natural 
way to the modern theories of integration, using rectangles instead of trian- 
gles to compute the approximating areas. For example, let f be a positive 
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function defined on an interval [a,b]. Consider the problem of computing 
the area of the region under the graph of the function f, that is, the area 
of the region R = {(z,y):a<x<b0<y< f(z)}. 


Figure 1.4 


Analogous to the calculation of the area of the circle, we consider approxi- 
mating the area of the region R by the sums of the areas of rectangles. We 
divide the interval [a, b] into subintervals and use these subintervals for the 
bases of the rectangles. A partition of an interval [a,b] is a finite, ordered 
set of points P = {zo,21,...,2,}, with zo = a and z, = b. The French 
mathematician Augustin-Louis Cauchy (1789-1857) studied the area of the 
region R for continuous functions. He approximated the area of the region 
R by the Cauchy sum 


C(f,P) = >of (zea) (te — tea) 


i=1 


= f (xo) (x1 — 0) ++-+ + f (2n-1) (Pn — Fn-1)- 


Cauchy used the value of the function at the left hand endpoint of each 
subinterval [z;_1, 2;| to generate rectangles with area f (x;-1) (vj; — 24-1). 
The sum of the areas of the rectangles approximate the area of the region 
R. 
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Figure 1.5 


He then used the intermediate value property of continuous functions to 
argue that the Cauchy sums C'(f,P) satisfy a “Cauchy condition” as the 
mesh of the partition, u(P) = maxi<i<n (2; —t;-1), approaches 0, He 
concluded that the sums C (f,P) have a limit, which he defined to be the 
integral of f over [a,b] and denoted by f 7 f (x) dz. Cauchy’s assumptions, 
however, were too restrictive, since actually he assumed that the function 
was uniformly continuous on the interval [a, b], a concept not understood at 
that time. (See Cauchy [C, (2) 4, pages 122-127], Pesin [Pe] and Grattan- 
Guinness [Gr] for descriptions of Cauchy’s argument). 

The German mathematician Georg Friedrich Bernhard Riemann (1826- 
1866) was the first to consider the case of a general function f and region 
R. Riemann generated approximating rectangles by choosing an arbitrary 
point t;, called a sampling point, in each subinterval [z;_,, x;] and forming 
the Riemann sum 


S (Ps ftia) = Do F(t) (@ — 25-1) 


i=l 


to approximate the area of the region R. 
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tad 5 


Figure 1.6 


Riemann defined the function f to be integrable if the sums S (f, P, {t:}7_,) 
have a limit as 4 (P) = maxi<i<n (xi — Zi-1) approaches 0. We will give a 
detailed exposition of the Riemann integral in Chapter 2. 

The construction of the approximating sums in both the Cauchy and 
Riemann theories is exactly the same, but Cauchy associated a single set of 
sampling points to each partition while Riemann associated an uncountable 
collection of sets of sampling points. It is this seemingly small change 
that makes the Riemann integral so much more powerful than the Cauchy 
integral. It will be seen in subsequent chapters that using approximating 
sums, such as the Riemann sums, but imposing different conditions on the 
subintervals or sampling points, leads to other, more general integration 
theories. 

In the Lebesgue theory of integration, the range of the function f is 
partitioned instead of the domain. A representative value, y, is chosen for 
each subinterval. The idea is then to multiply this value by the length of the 
set of points for which f is approximately equal to y. The problem is that 
this set of points need not be an interval, or even a union of intervals. This 
means that we must consider “partitioning” the domain [a, 5] into subsets 
other than intervals and we must develop a notion that generalizes the 
concept of length to these sets. These considerations led to the notion of 
Lebesgue measure and the Lebesgue integral, which we discuss in Chapter 
3. 
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The Henstock-Kurzweil integral studied in Chapter 4 is obtained by 
using the Riemann sums as described above, but uses a different condition 
to control the size of the partition than that employed by Riemann. It will 
be seen that this leads to a very powerful theory more general than the 
Riemann (or Lebesgue) theory. 

The McShane integral, discussed in Chapter 5, likewise uses Riemann- 
type sums. The construction of the McShane integral is exactly the same 
as the Henstock-Kurzweil integral, except that the sampling points t,; are 
not required to belong to the interval [z;_,,2x,;]. Since more general sums 
are used in approximating the integral, the McShane integral is not as 
general as the Henstock-Kurzweil integral; however, the McShane integral 
has some very interesting properties and it is actually equivalent to the 
Lebesgue integral. 


1.2 Exercises 


Exercise 1.1 Let T be an isosceles triangle with base of length b and two 
equal sides of length s. Find the area of T. 


Exercise 1.2 Let C be a circle with center P and radius r and let J, and 
O,, be n-gons inscribed and circumscribed about C. By joining the vertices 
to P, we can decompose either J, or O, into n congruent, non-overlapping 


isosceles triangles. Each of these 2n triangles will make an angle of aa 
Pp no. 

Use this information to find the area of J pn; this gives a lower bound on 
the area inside of C. Then, find the area of O, to get an upper bound on 
the area of C. Take the limits of both these expressions to compute the 
area inside of C’. 


Exercise 1.3 Let 0 <a < 6. Define f : [2,6] > R by f(x) = x? and 
let P be a partition of [a,b]. Explain why the Cauchy sum C'(f,?) is the 
smallest Riemann sum associated to P for this function f. 
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Chapter 2 


Riemann integral 


2.1 Riemann’s definition 


The Riemann integral, defined in 1854 (see [Ril], [Ri2]), was the first of the 
modern theories of integration and enjoys many of the desirable proper- 
ties of an integration theory. While the most popular integral discussed in 
introductory analysis texts, the Riemann integral does have serious short- 
comings which motivated mathematicians to seek more general integration 
theories to overcome them, as we will see in subsequent chapters. 

The groundwork for the Riemann integral of a function f over the in- 
terval [a,b] begins with dividing the interval into smaller subintervals. 


Definition 2.1 Let [a,b] c R. A partition of [a,b] is a finite set of 
numbers P = {29,21,...,2n} such that rp = a, tn = b and 241 < 2; 
for i = 1,...,n. For each subinterval [z;_,,2;], define its length to be 
€([x;-1,%1]) = x; — x;_). The mesh of the partition is then the length of 
the largest subinterval, [x;_1, 2;]: 


u(P) = max {z; — 24-4 :1=1,...,n}. 


Thus, the points {z9,21,...,2,} form an increasing sequence of numbers 
in (a, b] that divides the interval [a, b] into contiguous subintervals. 

Let f : [a,b] > R, P = {z,2),...,2,} be a partition of [a,b], and t; € 
[z;-1,2;] for each i. As noted in Chapter 1, Riemann began by considering 
the approximating (Riemann) sums 


S(f,P, {ti}ia) = bee (ti) (ti — %i-1), 


i=l 


defined with respect to the partition P and the set of sampling points 
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{t;};_,- Riemann considered the integral of f over [a,b] to be a “limit” of 
the sums S(f,?P, {t;}7_,) in the following sense. 


Definition 2.2 A function f : [a,b] + Ris Riemann integrable over [a, b] 
if there is an A € R such that for all € > 0 there is a 6 > 0 so that if P is 
any partition of [a,b] with «(P) <6 and t; € [x;_), 2] for all 7, then 


IS(f,P, {te}iiy) — Al <e. 
We write A= f° f =f’ f (t) dt or, if we set I = [a,b], f, f. 


This definition defines the integral as a limit of sums as the mesh of the 
partition approaches 0. 

The following proposition justifies our definition of and notation for the 
integral. 


Proposition 2.3 If f is Riemann integrable over [a,b], then the value of 
the integral is unique. 


Proof. Suppose that f is Riemann integrable over [a,b] and both A and 
B satisfy Definition 2.2. Fix € > 0 and choose 5,4 and 6g corresponding to 
A and B, respectively, in the definition with e’ = §. Let 6 = min (54,6z) 
and suppose that P is a partition with «(P) < 6, and hence with mesh 
less than both 5,4 and dg. Let {t;};_, be any set of sampling points for P. 
Then, 


|A— Bl < |A—S(f,P, {t:}f1)! +|S(f,P, {ti}7_1) = B| < é +e = €. 


Since € was arbitrary, it follows that A = B. Thus, the value of the integral 
is unique. Ly} 


Remark 2.4 The value of 6 is a measure of how small the subintervals 
must be so that the Riemann sums closely approximate the integral. When 
we wish to satisfy two such conditions, we use (any positive number smaller 
than or equal to) the smaller of the two 6’s. This works for a finite num- 
ber of conditions by choosing the minimum of all the 6’s, but may fail for 
infinitely many conditions since, in this case, the infimum may be 0. 


We consider now several examples. 


Example 2.5 Let a,b,c,dé R witha <c<d<b. Set J = [c,d] and let 
x; be the characteristic function of I, defined by 


@=z lifzel 
MESS Lotee sr” 
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Then, fx; =d-c. 

Let P = {x0,21,...,2n} be a partition of [a,b]. Let [z,1,2,;] be a 
subinterval determined by the partition. The contribution to the Riemann 
sum from [x;_,,x;] is either x; — z;_, or 0 depending on whether or not 
the sampling point is in J. 

Now, fix € > 0, let 6 = €/2 and let P be a partition of [a,b] with mesh 
less than 6. Let 7 be the smallest index such that c € [x;_1,2,;] and let k 
be the largest index such that d € [z,~1, 2%]. (Ifc € P \ {a, b}, then c is in 
two subintervals determined by P.) Then, if ¢; € [x;_1, x,] for each 2, 


S(f,P, {ta}iiy) = f (ts) (ej — 2y~-1) 
k-1 
+ $0 (a= 2:1) + f (te) (te — te-1) 
i=jtl 
<6+(d—c)+6. 


On the other hand, 


k-1 


S(f,P, {ti}i1) 2 oa (2; — 2;_)) 


= 2, (ti — Bi-1) — {(@j — 25-1) + (te ~ Be-1)} 


so that 
IS (f,P, {ti}9,) — (d-0)| < 26=€. 


Thus, x; is Riemann integrable and i Xp =d-c. 


Example 2.6 Define f : [0,1] — R by f(x) = x. Let P = 
{Z9,%1,...,2,} be a partition of [0,1] and choose ¢; so that z;_1 <t; < 24. 
Write 5 as a telescoping sum 


1 1 1 
5 = (2h —28) = 5 { (08 28) + (af 22) +--+ (28 -22_,)}. 
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Then, 
n 1 nm 
(f,P, {ti}j_ ) | a yok (t:-m-1)- 5 D0 (xi — xj.) 
i=l i=1 
n 
= (« iy sya) (x — 2; 5 
i=l 
Since 4, € (23-1, 2], [ts — aa < |x; — 24-1| < «(P). So, 


n 


given € > 0, set 6 =e. Then, if u(P) <6, 
=> 


Lzy+ Lj 
(« =, at Set) (x; = r;-1) 
i=l 


<6) > (2;- 2-1) =5 =€ 


i=l 


SUP, {t¥Ra) - 5 


since ))j_, (tj ~ 21-1) = 1. Thus, f is Riemann integrable on [0,1] and 
has integral 3 . 

The Riemann integral is well suited for continuous functions, and can 
handle functions whose points of discontinuity form, in some sense, a small 


set. See Corollary 2.42. However, if the function has many discontinuities, 
this integral may fail to exist. 


Example 2.7 Define the Dirichlet function f : [0,1] —- R by 


lifrEeQ 
ws ‘ ifc¢Q° 
Let P = {x0,21,...,2n} be a partition of [0,1]. In every subinterval 
[x;-1, x4] there is a rational number r; and an irrational number q;. Thus, 


n 


S(f,P, {ribia) = Ss fGieease5 00 


t=1 i=l 


while 


S(f,P, {aiFar) = Ss (a) (a bit) = 0 (e—2e1) = 1. 
i=1 
So, no matter how fine the partition, we can always find a set of sampling 
points so that the corresponding Riemann sum equals 0 and another set 
so that the corresponding Riemann sum equals 1. Now, suppose f were 
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Riemann integrable with integral A. Fix € < ; and choose a corresponding 
6. If P is any partition with mesh less than 6, then 


L=|S(f,P, {gi}ini) — 3 (FP, {ribina)| 
= IS(f,P, {qikia) = Al +|A-—S(f,P, {rj}e ) <ete<l. 


i=1 


This contradiction shows that f is not Riemann integrable. 


2.2 Basic properties 


In the calculus, we study functions which associate one number (the input) 
to another number (the output). We can think of the Riemann integral 
in much the same way, except now the input is a function and the output 
is either a number (in the case of definite integration) or a function (for 
indefinite integration). We call a function whose inputs are themselves 
functions an operator, so that the Riemann integral is an operator acting 
on Riemann integrable functions. Two fundamental properties satisfied by 
the Riemann integral or any reasonable integral are known as linearity and 
positivity. Linearity means that scalars factor outside the operation and 
the operation distributes over sums; positivity means that a nonnegative 
input produces a nonnegative output. 


Proposition 2.8 (Linearity) Let f,g : [a,b] > R and leta,BeER. If f 
and g are Riemann integrable, then af + Bg is Riemann integrable and 


[or+s=0f 148 fo. 


Proof. Fix € > 0 and choose 6; > 0 so that if P is a partition of [a, 5] 
with u(P) < dy, then 


a € 
2 


7) 
scr. {ti}1) -[ sera) 


for any set of sampling points {t;}/_,. Similarly, choose 6, > 0 so that if 
P is a partition of [a,b] with u(P) < dy, then 


b € 
scr, twit f od ree :]) 8 
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Now, let 6 = min {6;,6,} and suppose that P is a partition of [a, 6] with 
L(P) <6 and t; € [x;-1, 2] fori =1,...,n. Then, 


S (af + B9,P, {ts}%y) - (2 ['s+8 3) 


b b 
(aS (f,P, itl eg) + BS (g,P, {ts}jia)) ~ (« / reef 7 


6 6 
a (sxe, fiche 4) -| ‘ +B (stor {t:}21) -| 


b b 
< Jal |S (f,P, {t3%4) - it f|+161|9@,P, {e}%4) - / P 
- _elal clBl 
2(1 + lal) * 20+ 16D 


Since € was arbitrary, it follows that af + 8g is Riemann integrable and 


fesreneaf sre fo 


Proposition 2.9 (Positivity) Let f : [a,b] + IR. Suppose that f ts non- 
negative and Riemann integrable. Then, Hi f>0. 


0 


Proof. let € > 0 and choose a 6 > 0 according to Definition 2.2. Then, 
if P is a partition of [a,b] with u (P) < 6 and ¢; € [x;~1, 2], 


6 


sus P, {ts}fo1) > i ri 


<€. 


Consequently, since $(f,P, {ti}s_,) > 9, 
b 
/ f>S(f,P, {tii,) —€> -e 


for any positive ¢. It follows that fp f > 0. 0 


Applying this result to the difference g — f we have the following com- 
parison result. 
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Corollary 2.10 Suppose f and g are Riemann integrable on [a,b] and 
f (z) < 9 (2) for all x € [a,b]. Then, 


five 


Suppose that f : [a,b] — R and f is unbounded on [a,b]. Let P 
be a partition of [a,b]. Then, there is a subinterval [z;~1,xz;] on which 
f is unbounded. For, if f were bounded on each subinterval [x;—1, z;], 
with a bound of M;, then f would be bounded on [a, }] with a bound of 
max {M,, M2,...,Mn}. Thus, there is a sequence {y,}?2., C [zj~-1, 2;] such 
that |f (ye)| = &. Can such a function be Riemann integrable? Consider 
the following heuristic argument. 

Fix a set of sampling points t; € [z;_, x,] for i 4 7, so that the sum 


ye f (ts) (ti - 2-1) 
l<i<n 
tj 


is a fixed constant. Set t; = y,. Then, 


SAP {thie = Sof (ti) (ti - 2-1) + f (ye) (aj - 25-1). 
l<i<n 
iFj 
Note that as we vary k, the Riemann sums diverge and f is not Riemann 
integrable. Thus, a Riemann integrable function must be bounded. We 
formalized this result with the following proposition. 


Proposition 2.11 Suppose that f : [a,b] + R is a Riemann integrable 
function. Then, f is bounded. 


Proof. Choose 6 > 0 so that 


6 
S(P.{i¥ea) - f f <5 


if w(P) < 6. Fix such a partition P and sampling points 
{ti}i.,, and let M = max{\/f (t1)|,|f (te)|,---,/f(tr)|} and A = 
min {x, — 29,22 — 21,-..,2n —In—-,} > 0. Let x € [a,b] and let 7 be 
the smallest index such that z € [z;_,,2,;]. Let T be the set of sampling 
points {t),...,t;-1,2,t;41,---,tn}. Note that 


If (@) (aj — tj-1) — f (ty) (ej — 23-1) = IS(FPT) - SAP, {tad 
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since the two Riemann sums contain the same addends except for the terms 
corresponding to the subinterval [z;_1, xj]. Further, 


b 
IS(f,P,T) = S(L,P; {ti}iy)l = su..n -f cd 


6 
i i f-S(fP, {tby) 


b 
< s(n.) - | f 
b 
+ / f-S(fP, {t},) 
21, 


It follows that 
lf (@)| (xj ~ ty-1) < |F (t3)| (ey — 23-1) +1 S$ M (aj — 25-1) +1 


or 


1 1 
EMS Mee aa 


Since x was arbitrary, we see that f is bounded. O 


2.3 Cauchy criterion 


Let {tn}7_, be a convergent sequence. Then, {xn}°°_, satisfies a Cauchy 
condition; that is, given € > 0 there is a natural number N such that 
|2n — Zm| < € whenever n,m > N. The proof of the boundedness of 
Riemann integrable functions demonstrates that the Riemann sums of an 
integrable function satisfy an analogous estimate. Suppose that f is Rie- 
mann integrable on [a,b]. Fix € > 0 and choose 6 corresponding to ¢€/2 in 
Definition 2.2. Let P; = (ee ey ee j = 1,2, be two partitions 
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with mesh less than 6 and let £9 ) E leche? ile Then 


5 (am fey) -5(6 (FE) 
=|s (nm. {}") ] “: 1-8 (10 {}")| 
s|s(nmnfwy)- fd +[[ 4-8 (ref P) 


Analogous to the situation for real-valued sequences, the condition that 


ls (are {a hl) 8 (nm {er yy < 


for all partitions P, and Py with mesh less that 6, which is known as the 
Cauchy criterion, actually characterizes the integrability of f. 


<€, 


Theorem 2.12 Let f : [a,b] + R. Then, f is Riemann integrable over 
[a, b] if, and only if, for each € > 0 there is a6 > 0 so that if P;, 7 = 1,2, 
are partitions of [a,b] with u(P;) < 6 and {1} are sets of sampling 
points relative to P;, then = 


Is (F, Pr, 4a) " ) mee (F.P2, {}" )| <e. 


Proof. We have already proved that the integrability of f implies the 
Cauchy criterion. So, assume the Cauchy criterion holds. We will prove 
that f is Riemann integrable. 

For each k € N, choose a 6, > 0 so that for any two partitions P, and 
P2, with mesh less than 6,, and corresponding sampling points, we have 


s (om. {eP Hl) -8 (07 (PP) <p 


Replacing 6% by min {61,62,.-.,6%}, we may assume that dx > dx41- 
Next, for each k, fix a partition P, with u(Pr) < 6, and a set of 


nr 
sampling points {i} Note that for j > k, u(P;) < 6; < 6%. Thus, 


[5 (AP {PY ) 9 (PPP) < atap 


which implies that the sequence {s ( f, Pk, {eh ly is a Cauchy 
i=1 k=1 
sequence in R, and hence converges. Let A be the limit of this sequence. It 
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follows from the previous inequality that 


i gaa Vea | ae 
|s (F, Pe {8 an) A\s k 
It remains to show that A satisfies Definition 2.2. 


Fix « > 0 and choose K > 2/e. Let P be a partition with u(P) < dx 
and let {t;};_, be a set of sampling points for P. Then, 


IS(A,P. {tHa) Al 
= [SAP {t¥a) 5 (FP I {HF ) +9 (FP a {LP ) — al 


<|S(AP. (Ya) — 9 (Px {0} + [8 (Pm {4} ) - al 


acer 
K K : 


It now follows that f is Riemann integrable on [a, 8]. O 


In practice, the Cauchy criterion may be easier to verify than Definition 
2.2 if the value of the integral is not known. 


2.4 Darboux’s definition 


In 1875, twenty-one years after Riemann introduced his integral, Gaston 
Darboux (1842-1917) developed a generalization of Riemann sums and used 
them to characterize Riemann integrability. (See [D]; see also [Sm].) Let 
f : [a,b] — R be a bounded function and let m = inf {f (rz): a <x <b} 
and M = sup{f (x):a< 2 <b}, so that m < f(x) < M for all z € [a, }}. 
Let P = {xo,%1,...,2n} be a partition of [a,b], and for each subinterval 
[x;_1,2;],72=1,...,n, define M; and m; by 


M; = sup{f (2): a;-1 <2 <2j} 
and 
m,; = inf {f (x): aj-1< 2 < a}. 


We define the upper and lower Darboux sums associated to f and P by 


U(f,P) =) Mi (2 ~ 2-1) 
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and 
n 
L(f,P) = > mi (ai — 2-1). 
i=1 


Note that we always have L(f,P) < U(f,P). In fact, since m < f(x) < 
M, we have 


m(b—a) < L(f,P) <U(f,P) <M (b—a). 


When f > 0, each upper Darboux sum provides an upper bound for the 
area under the graph of f and each lower Darboux sum gives a lower bound 
for this area. 


Figure 2,1 


Example 2.13 Consider the function f (x) = sin rz on the interval (0, 3). 


3 4 
Let P = {og 5 
the three subintervals, we see that 


3 v2 (4 3 4\ 29° 7 
u(fp)=1-(F-0) +. (F-d)41-(3-$)- B40 2 


and 


3}. Using calculus to find the extreme values of f on 
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Next, we define the upper and lower integrals of f by 


ih 
/ f =inf {U(f,P) : P is a partition of [a, b]} 


a 


and 


b 
i f =sup{L(f,P) :P is a partition of [a, d}}, 
—a 
both of which exist since the upper sums are bounded below and the lower 
sums are bounded above. It follows from the comment above that when 
f > 0, the upper integral gives an upper bound for the area under the 
graph of f, since it is an infimum of upper bounds for this area. Similarly, 
the lower integral yields a lower bound. 


Definition 2.14 Let f : [a,b] + R be bounded. We say that f is Darboux 


—b 
integrable if [,f = f g f and define the Darboux integral of f to be equal 
to this common value. 


Our main goal in this section is to show that a bounded function is Darboux 
integrable if, and only if, it is Riemann integrable, and that the integrals 
are equal. Thus, we do not introduce any special notation for the Darboux 
integral. Before pursuing that result, we give an example of a function that 
is not Darboux integrable. 


Example 2.15 The Dirichlet function (see Example 2.7) is not Darboux 
integrable on [0, 1]. In fact, L (f,P) = 0 and U (f, P) = 1 for every partition 


1 at 
P, so that fi f=Oand fof =1. 


Let P be a partition. We say that a partition P’ is a refinement of P if 
x €P implies x € P’; that is, every partition point of P is also a partition 
point of P’. The next result shows that passing to a refinement decreases 
the upper sum and increases the lower sum. 


Proposition 2.16 Let f : [a,b] — R be bounded and let P and P’ be 
partitions of [a,b]. If P’ is a refinement of P, then L(f,P) < L(f,P’) and 
GLP YSU P)s 


Proof. Let P = {20,%,-...,2%n} be a partition of [a,b] and 
suppose P’ is the partition obtained by adding a single point, 
say c, to P. Suppose 2) < c <_ Qj. Let M; and 


m; be defined as above. Set Mj = sup{f(z):2j;-1 <2 < c}, 
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M; = sup{f(z):c<x<2j;}, mi = inf {f(x):2;-1<2<c}, and 
mi = inf {f (x): e< x <2;}. Since mi,,mi! > m3, it follows that 


i 


mi (ce — aj-1)-+m} (xj — c) > my (e~ 23-1) +m; (xj — c) = mj (xy — 25-1). 


Since all the other terms in the lower sums are unchanged, we see that 
L(f,P’) > L(f,P). Similarly, it follows from Mj, Mj! < M; that 


M! (c pend 254) + M; (x; == c) < M; (c = 54) + M; (x; = c) 


Jj 
= Mj (x; — 5-1), 


so that U (f,P’) < U(f,P). 

Finally, suppose that P’ contains k more terms than P. Repeating the 
above argument k times, adding one point to the refinement at each stage, 
completes the proof of the proposition. O 


An easy consequence of this result is that every lower sum is less than 
or equal to every upper sum. 


Corollary 2.17 Let f : [a,b] + R be bounded and let Py and Po be 
partitions of [a,b]. Then, L(f,Pi) < U (f, Pe). 


Proof. Let P, and P2 be two partitions of [a,b]. Then, P = P| UP2 is a 
partition of [a, b] which is a refinement of both P, and P2. By the previous 
proposition, 


L(f,Pi) SL(f,P) <U(f,P) SU (Ff, P2)- 2 


We can now prove that the lower integral is less than or equal to the 
upper integral. 


Proposition 2.18 Let f : [a,b] - R be bounded. Then, 


b —b 
PIS 
—_—a_a a 
Proof. Let P and P’ be two partitions of [a,b]. By the previous corol- 


lary, L(f,P) < U(f,P’), so that U(f,P’) is an upper bound for the set 
{L(f,P):P is a partition of {a,b]}, which implies that 


[rsvsr. 


_—a 
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Since this inequality holds for all partitions P’, we see that f : f is a lower 
—a 

bound for the set {U (f,P) : P is a partition of [a,b]}, and, consequently, 

b —b 

ee 


as we wished to show. O 


2.4.1 Necessary and sufficient conditions for Darboux in- 
tegrability 


Suppose that f : [a,b] — R is bounded and Darboux integrable and let 
€ > 0 be fixed. There is a partition Pz such that 


6 
jf t-2ar<§ 


_a 
and a partition Py such that 


— 


U(f,Pu)- f f< 


a 


bola 


Let P =P, UPy. Then, 
€ i € 
[ f-§ <tr) sip) sup) sulnpes f f+5 


—b 
Since {'F = [,f, we see that U(f,P) — L(f,P) < «. As the next result 
shows, this condition actually characterized Darboux integrability. 


Theorem 2.19 Let f : [a,b] — R be bounded. Then, f is Darbour 
integrable on, [a, b] if, and only if, for each e > 0 there is a partition P such 
that 


U(f,P) —L(f,P) <« 


Proof. We have already proved that Darboux integrability implies the 
existence of such partitions. So, assume that for any « > 0 there is a 
partition P such that U(f,P) — L(f,P) < «. We claim that f is Darboux 
integrable. 


Riemann integral 25 


Let € > 0 and choose P according to the hypothesis. Then, 


— 


6 
LBP) s | ref f<U(f,P) <L(f,P) +e. 


+ b F : = 
It follows that | f ataotf | < ¢, and since € was arbitrary, we have f{ a= 
—a 


f . f. Thus, f is Darboux integrable. 0 


2.4.2 Equivalence of the Riemann and Darbouz definitions 


In this section, we will prove the equivalence of the Riemann and Dar- 
boux definitions. To begin, we use Theorem 2.19 to prove a Cauchy-type 
characterization of Darboux integrability. 


Theorem 2.20 Let f : [a,b] — R be a bounded function. Then, f is 
Darbousx integrable if, and only if, given « > 0, there is a 5 > 0 so that 
U(f,P) —L(f,P) < for any partition P with u(P) < 6. 


Proof. Let M be a bound for |f| on [a,b]. Suppose that f is Darboux 
integrable and fix « > 0. By Theorem 2.19, there is a partition P’ = 
{Yo,Y1,.+-,Ym} such that U (f,P’) - L(f,P’) < =" Set 6 = Slim and let 
P = {x9,%1,-.-,2n} be a partition of [a,b] with uw (P) < 6. Set 


M; =sup {f (xz): aj-1 < 2 < 2;} 
and 
m,; = inf {f (x): ai-1 < 2 < x}. 


Separate P into two classes. Let J be the set of indices of all subintervals 
[zi-1, 2;] which contain a point of P’ and J = {0,1,...,n}\J. Then, 


> (M; — m;) (2: — 24-1) < 2M) (x; — 2-1) 


tel i€l 
< 4Mmp (P) <4Mmé < =, 


where the second inequality follows from the fact that a point of P’ may 
be contained in two subintervals [x;_1, z;]. If i € J, then there is a & such 
that [z;_1, x;] is contained in [yx_1, yx]. It follows that 


S> (Mi = mi) (ti — ti-1) < U(f,P') - L(f,P’) < 


€ 
2° 
ied 
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Combining these estimate shows U (f,P) — L(f,P) < ¢. Another applica- 
tion of Theorem 2.19 shows the other implication and completes the proof 
of the theorem. O 


Theorem 2.21 Let f : [a,b] > R. Then, f is Riemann integrable if, and 
only if, f is bounded and Darbouzx integrable. 


Proof. Suppose that f is bounded and Darboux integrable and let 
A= Ne = Tf. Fix « > 0 and choose 6 by Theorem 2.20. Let P be 
a partition with mesh less than 6 and let {t;}j., be a set of sampling 
points for P. Then, by definition, L(f,P) < A<U(f,P) and L(f,P) < 
S(f,P, {t:}7_,) <U (f,P), while by construction, U (f,P)— L(f,P) <«. 
Thus, .(P) < 6 implies |S (f, P, {ti}#_,) — A] < ¢ for any set of sampling 
points {t;}/.,. Hence, f is Riemann integrable with Riemann integral equal 
to A. 

Suppose f is Riemann integrable and « > 0. By Proposition 2.11, f is 
bounded. By Theorem 2.19, to show that f is Darboux integrable, it is 
enough to find a partition P such that U(f,P) — L(f,P) < . Since f is 
Riemann integrable, there is a 6 so that if P is a partition with mesh less 
than 6, then 


€ 
<- 


6 
S(fP. (¥en) ff] <5 


for any set of sampling points {t;}j_,. Fix such a partition P = 
{%o,%1,...,2%n}. By the definition of M; and m,, there are points T;,t; € 
[x;-1, 2;] such that M; < f (Ti) + ¢/4(b— a) and f (t;) — €/4(b-—a) < mi, 
for i =1,...,. Consequently, 


€ 


U(f,P) =D Mi (i - 21-1) <LUIM+ Bs 


— a) 


= S(LP{THoa) + pay D(a) 


Similarly, using {t;};".,, we see that L(f,P) > EP f - §. Thus, U (f,P) - 
L(f,P) < «and f is Darboux integrable. 0 
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Consequently, we will refer to Darboux integrable functions as being Rie- 
mann integrable. 


2.4.3 Lattice properties 


Fix an interval [a,b]. We call a function ¢ : [a,b] + Ra step function if 
there is a partition P = {z9,2),...,2n} of {a,b] and scalars {@),...,an} 
such that y (x) = a; for x1 < 2 < 4,1 =1,...,n. We are not concerned 
with the definition of y at x;; it could be a;, aj41 or any other value. 
Changing the value of y at a finite number of points has no effect on the 
integral. See Exercise 2.2. Step functions are clearly bounded; they assume 
a finite number of values. By Exercise 2.1 and linearity, we see that step 
functions are Riemann integrable with integral i =>. 01 (ti Gea): 
Let f : [a,b] > R and let P = {x0,21,...,%n}, and define y and yp by 
n-1 
p(x) = ye MiX[ei_1,2:) (x) + MnX [rn-1,00] (zx) 

i=1 
and 

n-1 


y (z) = > MX 5 3) (x) + MrX[en-1,00] (zx) . 


i=l 
Clearly, y and y are step functions, y < f < y, and Re = L(f,P) and 


fev =U(f,P). As a consequence of Theorem 2.19, we have the first half 
of the following result. 


Theorem 2.22 Let f: [a,b] > R. Then, f is Riemann integrable if, and 
only if, for each € > 0 there are step functions p andy such thatp< f<y 
and 


[w-w<e 


Proof. We need only show that the existence of such step functions for 
each € > 0 implies that f is Riemann integrable. Fix « > 0 and choose y 
and # such that i (p-y)< =, First, we partition [a, b] as follows. Let P, 
and Py be partitions defining y and 7, respectively, and set P = Py U Py. 
Next, we view y and y as step functions defined by the partition P, so that 
we can assume that y and w are defined by the same partition. 

Suppose that our fixed partition P equals {z9,21,...,%n}. Since y < 
f < and y and y are bounded, there is a B > 0 such that |f (x)| < B 
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for all x € [a,b]. Choose yg € (r9,21) such that |yg — zo| < and, 


€ 
8Bn 
for i = 1,...,n —1, inductively choose y; € (yj_1,2;) and y} € (x;, 2:41) 


such that |yi—y:| < Finally, choose yz € (y/,_1,2n) such that 


€ 
7 8Bn° 
[Zn — yn| < 3Bn The partition 
P’ = {205 YOsY1»T15Y}sY2)- Ma aien i ei Vanivasta 


is a refinement of P, and we are done if we can show that U (f,P’) — 
L(f,P") < ¢. We consider two types of intervals: those of the form [y/_,, yi] 
and the ones with an 2; for an endpoint. Suppose J is a subinterval deter- 
mined by P’ with an x; for an endpoint. Then, 
€ € 

: I -j bs < _—_—_- = —.. 
(sup {f (x): 2 € J} —inf {f (x): ce I})e(1) < 2Be() < 2B aa an 
Since there are 2n such intervals, the sum of these terms contribute less 
than 7 to the difference U (f, P’) —- L(f,P’). 


Next, consider an interval of the form J; = [yi_asyal- On such an 
interval, » and w are constant, equal to a; and b;, say. Thus, since y < f < 
yw on the interval, 


(sup {f (x): a € Jj} — inf {f (x): 2 € Ji}) (Ji) < (b — a) O(a). 


Summing over all such intervals, we get a contribution to U(f,P’) — 
L(f,P’) that is less than 


n 6 


Soo aneca) s f (p-—y)< = 


Combining these two estimates shows that U(f,P’) — L(f,P’) < « and 
completes the proof. O 


It is easy to see that the sum and product of step functions are step 
functions. Given functions f and g, we define the maximum of f and g, 
denoted f Vg, by f Vg(x) = max {f (x) ,9(z)} and the minimum of f and 
9, f Ag, by fAg (x) = min {f (x), 9 (x)}. It follows that the maximum and 
the minimum of two step functions is also a step function. See Exercise 
2.10. 

Given a function f, we define the positive and negative parts of f, 
denoted by f+ and f~ respectively, by ft = max{f,0} and f— = 
max {—f,0}. From these definitions, we see that f = f+ — f-, |f| 
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preg, pt = AE ong 7 =! 


to show that these operations preserve integrability. 


. We will now use step functions 


fis 
2 


Theorem 2.23 If f1, fo : [a,b] — R are Riemann integrable, then fi V fo 
and f; A fo are Riemann integrable. 


Proof. Fix e> 0. By Theorem 2.22, for i = 1,2, there are step functions 
€ 
y; and wy; such that y; < f; < ~; and ibe (¥;- Y;:) < 2° Then 9; VY < 


Si V fe < WV pq. Since p, V vy — 1, V Yo < Yy + ¥2 — ¥1 — 2; which 
follows by checking various cases, we see that 


b b 
[ Givee-viven) sf [(v1 — 91) + (2 — $2) < €. 


Applying the corollary one more time, we have that f; V fo is Riemann 
integrable. Since f; A fe = fi + fo — fi V fo, it follows that f; A fe is 
Riemann integrable. O 


A set of real-valued functions with a common domain is called a vector 
space if it contains all finite linear combinations of its elements. For exam- 
ple, by linearity, the set of Riemann integrable functions on [a, }] is a vector 
space. A vector space S of real-valued functions is called a vector lattice if 
f.g € S implies that f Vg, f Ag € S. Thus, the set of Riemann integrable 
functions on [a, }] is a vector lattice. 

An immediate consequence of the previous theorem is the following 
corollary. 


Corollary 2.24 Suppose f is Riemann integrable on [a,b]. Then, ft, 
f and |f| are Riemann integrable on [a,b] and 


ie < fu. 


We leave the proof as an exercise. Note that |f| may be Riemann integrable 
while f is not. See Exercises 2.11 and 2.12. 

Another application of the use of step functions allows us to see that 
the product of Riemann integrable functions is Riemann integrable. 


Corollary 2.25 If f1, fo: [a,b] — R are Riemann integrable, then fi fo 
is Riemann integrable. 


Proof. By the previous corollary, we may assume that each f; > 0. 
Choose M > 0 so that f;(z) < M fori = 1,2 and x € [a,b]. There are 
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step functions y; and w, such that », < fi < w; and f (bi - ¥i) < Te 
Moreover, we may assume that 0 < y; and w, < M. In fact, it is enough to 
set y) = max {y,,0} and M = min {w;,M} and observe that yi < fi < ¥; 
and aie (Yi -— 91) < ac — p;). Hence, yi. < fife < Yi, and 


b b 
i; (Ye - $i Pe) = / (YyY2 — Vive + V1 42 — ¥1¥2) 


b 
<| [M (V2 — v2) +M (ty ~ v1) < 2Mau = 


By Theorem 2.22, f; f2 is Riemann integrable. 0 


2.4.4 Integrable functions 


The Darboux condition or, more correctly, the condition of Theorem 2.19 
makes it easy to show that certain collections of functions are Riemann in- 
tegrable. We now prove that monotone functions and continuous functions 
are Riemann integrable. 


Theorem 2.26 Suppose that f is a monotone function on [a,b]. Then, 
f is Riemann. integrable on [a, 6]. 


Proof. Without loss of generality, we may assume that f is increasing. 
Clearly, f is bounded by max {|f (a)|,|f(d)|}. Fix « > 0. Let P bea 
partition with mesh less than ¢/ (f(b) — f(a)). (If f(b) = f(a), then f 
is constant and the result is a consequence of Example 2.5 and linearity.) 
Since f is increasing, M; = f (z;) and m; = f (x,;_1). It follows that 


U (f,P)- = (Mi — m4} (2; — ti-1) 


=tfla)-s (wi-1)} (vi ~ 2i-1) 


i=l 


2S Grea) CRAG) 


i=1 


=O) 1) si Fal 


where the next to last equality uses the fact that 07, {f (2i) — f (i-1)} is 
a telescoping sum. By Theorems 2.19 and 2.21, f is Riemann integrable. 0) 
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Suppose that f is a continuous function on [a,b]. Then, f is uniformly 
continuous. If P is a partition with sufficiently small mesh (depending on 
uniform continuity) and {t;};_, and {t)}"_, are sampling points for P, then 
S(f,P, {ti}1) — S (f.P, {ti}7,) can be made as small as desired. Thus, 
it seems likely that the Riemann sums for f will satisfy a Cauchy condition 
and f will be Riemann integrable. Unfortunately, the Cauchy condition 
must hold for Riemann sums defined by different partitions, which makes 
a proof along these lines complicated. Such problems can be avoided by 
using Theorem 2.19, and we have 


Theorem 2.27 Suppose that f : [a,b] > R is continuous on [a,b]. Then, 
f is Riemann integrable on [a, b}. 


Proof. Since f is continuous on [a,b], it is uniformly continuous there. 
Let € > 0 and choose a 6 so that if z,y € [a,b] and |x —y| < 6, then 


If (2) - F< p— 


6. Since f is continuous on the compact interval [z;-1, z;], there are points 
T;,t; € [z;-1,2:] such that M; = f (T;) and m; = f (ti), fori = 1,...,n. 
Since |T; ~t;| < u(P) <4, 


. Let P be a partition of [a,b] with mesh less than 


M,~m; =f (1) ~ f (tl <p. 


—-a 


Thus, 


n 


U(f,P)-L(fP) = 9) {Mi ~ mi} (a — 21-1) < og (er aia) =e 


t=1 


and the proof is completed as in the previous theorem. 0 


2.4.5 Additivity of the integral over intervals 


We have observed that the integral is an operator, a function acting on 
functions. We can also view the integral as a function acting on sets, To 
do this, fix a function f : [a,b] — R, and let E C [a,b]. We say that f is 
Riemann integrable over E if the function fy, is Riemann integrable over 
[a, b] and we define the Riemann integral of f over E to be 


rey= [i= [ree 


Unfortunately, F may not be defined for many subsets of &. One of the 
recurring themes in developing an integration theory is to enlarge as much 
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as possible the collection of sets that are allowable as inputs. For the 
Riemann integral, a natural collection of sets is the collection of finite unions 
of subintervals of [a,b]. As we will see below, if f is Riemann integrable on 
[a,b], then f is Riemann integrable on every subinterval of [a, dj. 


Proposition 2.28 Suppose that f : [a,b] > R is Riemann integrable and 
c€ (a,b). Then, f is Riemann integrable on [a,c] and [c, b], and 


fre fre fs 


Proof. We first claim that f is Riemann integrable on [a,c] and [ce, 8]. 
Given ¢€ > 0, it is enough to show that there is a partition Piq,.) of [a,c] 
such that 


U (f, Pia,c]) ~L (f, Prac) < € 
and a similar result for {c, b]. By Theorem 2.20, there is a 6 > 0 so that if 
P is a partition of [a,b] with u(P) < 6, then U(f,P) — L(f,P) < «. Let 


Pia,c) be any partition of [a,c] with » (Pra,e}) < 6, let Pic,») be any partition 
of [c, b] with ps (Prc,b}) < 6, and set P = Pia,¢] U Pico}. Then, w (P) < 6 and 


{U (f, Pag) — L (Ff, Plas) } + {U (f, Phe.) — L (Ff, Pic.) } 
=U (f,P)—L(f,P) <«. 


Since for any bounded function g and partition P, L(g,P) < U (g,P), it 
follows that 


U (f, Pia) — L(F,Paa) < € 
and 

U (f,Plco}) -— L(fPics]) < € 
so that f is Riemann integrable on [a,c] and [c, }]. 


To see that f° f+? f =f? f, we fix e > 0 and choose partitions Pia,cj 
and Pio such that U(f,Pia,q) — fe f < ; and U (f, Pe.) — - fig = 
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Set P= Pra,c] U Pre,b]- Then, 


U(f,P) - (fr [5)]=|(e-r0 - £9) 
+ (vm - 1) 


<eé. 


Since we can do this for any € > 0 and f. f is the infimum of the U (f, P), 
we see that f° f+ fo f= f° f. 0 


We leave it as an exercise for the reader to show that if f is Riemann 
integrable on [a,c] and [c,d] then f is Riemann integrable on [a,}] (see 
Exercise 2.15). 

Suppose f is Riemann integrable on [a, }] and [c, d] C [a,b]. By applying 
the previous proposition twice, if necessary, we have 


Corollary 2.29 Suppose that f : [a,b] — R is Riemann integrable and 
[c, d] C {a,b]. Then, f is Riemann integrable on [c, d]. 


Let I be an interval. We define the interior of I, denoted I°, to be 
the set of z € J such that there is a 6 > 0 so that the 6-neighborhood of 
x is contained in J, (x —6,2+6) Cc J. Suppose that f : [a,b] — R and 
I,J C [a, 6] are intervals with disjoint interiors, J°M J° = 0. Then, if f is 
Riemann integrable on [a, b], we have 


er aa 


which is called an additivity condition. When J and J are contiguous in- 
tervals, then J U J is an interval and this equality is an application of the 
previous proposition. When J and J are at a positive distance, then J UJ 
is no longer an interval. See Exercise 2.16. 


2.5 Fundamental Theorem of Calculus 


The Fundamental Theorem of Calculus consists of two parts which relate 
the processes of differentiation and integration and show that in some sense 
these two operations are inverses of one another. We begin by considering 
the integration of derivatives. Suppose that f : [a,b] — R is differentiable 
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on [a, }] with derivative f’. The first part of the Fundamental Theorem of 
Calculus involves the familiar formula from calculus, 


b 
i f'=f()-f(a). (2.1) 


Theorem 2.30 (Fundamental Theorem of Calculus: Part I) Suppose that 
f : [a,b] > R and f' is Riemann integrable on [a,b]. Then, (2.1) holds. 


Proof. Since f’ is Riemann integrable, we are done if we can find a se- 
Ne 


quence of partitions {P,};2., and corresponding sampling points ig 
i=l 

n 
such that (Pr) > 0 as k-» oo and $(f/,Px, {th} ) = F (0) - F(a) 
for all k. In fact, let P = {xo,21,..-,2n} be any partition of [a,b]. Since f 
is differentiable on (a,b) and continuous on [a,b], we may apply the Mean 
Value Theorem to any subinterval of [a,b]. Hence, for 7 = 1,...,n, there is 


ay; € [xi-1, v4] such that f (2;) — f (ai-1) = f’ (ys) (vi — vi-1). Thus, 
SI f' (vi) (ei - ti) = 2 [f (xi) — f (ti-1)] 


which is a telescoping sum equal to f (z,) — f (zo) = f (6) — f (a). Thus, 
for any partition P, there is a collection of sampling points {y;};_, such 
that 


S (FP, {yikinr) = £ (6) - f(a). 


Taking any sequence of partitions with mesh approaching 0 and associating 
sampling points as above, we see that fp f’ = f (0) — f (a). O 


The key hypothesis in Theorem 2.30 is that f’ is Riemann integrable. 
The following example shows that (2.1) does not hold in general for the 
Riemann integral. 


Example 2.31 Define f : [0,1] — R by 
7 (2)= a cos 5 if0<a<l 
0 if x«=0 
Then, f is differentiable on [0,1] with derivative 
T 27 0 oO, 
f' (2) " cc a ere a ifO<2<1 ; 
if xr=0 
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Since f' is not bounded on (0, 1], f’ is not Riemann integrable on (0, 1]. 


There are also examples of bounded derivatives which are not Riemann 
integrable, but these are more difficult to construct. (See, for example, [Be, 
Section 1.3, page 20], [LV, Section 1.4.5] or [Sw1, Section 3.3, page 98].) 

We will see later in Chapter 4 that the derivative f’ in Example 2.31 
is also not Lebesgue integrable so a general version of the Fundamental 
Theorem of Calculus for the Lebesgue integral also requires an integrability 
assumption on the derivative. In Chapter 4 we will construct an integral, 
called the gauge or Henstock-Kurzweil integral, for which the Fundamental 
Theorem of Calculus holds in full generality; that is, the Henstock-Kurzweil 
integral integrates all derivatives and (2.1) holds. 

The second part of the Fundamental Theorem of Calculus concerns the 
differentiation of indefinite integrals. Suppose that f : [a,b] > R is Rie- 
mann integrable on [a,b]. We define the indefinite integral of f at x € [a,b] 
by 


F(o)= [ rar, 


where F'(a) = f° f = 0. Ifa<a<y <b, we define f* f =— fY f. 

Let f be Riemann integrable on [a,b]. Choose M > 0 so that |f (r)| < 
M for all x € [a,b]. Let x, y € [@, b] and consider the difference F (x)—F (y). 
Using the additivity of the Riemann integral, we have 


[roe [rod 


y max(z,y) 
/ roa < [ iF (Ol dt < Mly—al. 


min(z,y) 


|F (x) — F(y)| = 


A function g satisfying an inequality of the form 


\g(z)-g(y)| <C|z—y| 


is said to satisfy a Lipschitz condition on [a, b] with Lipschitz constant C. 
Thus, any indefinite integral satisfies a Lipschitz condition and any such 
function is uniformly continuous. 

The second half of the Fundamental Theorem of Calculus concerns the 
differentiation of indefinite integrals. 


Theorem 2.32 (Fundamental Theorem of Calculus: Part II) Suppose 
that f : [a,b] — R is Riemann integrable. Set F (x) = fe f (t) dt. Then, F 
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is continuous on [a,b]. If f is continuous at € € [a,b], then F is differen- 
tiable at € and F’ (€) = f (€). 


Proof. To see that F is continuous, we need only set 6 = €/M in the 
Lipschitz estimate on F above. So, we only need show that the continuity 
of f implies the differentiability of F’. 

Suppose f is continuous at € and let € > 0. There is a 6 > 0 such 
that |f (x) — f (€)| < ; whenever x € [a,b] and |x —€| < 5. Thus, if 
0 < |x —&| < 6, then 


ae 1 zal 1 va 100 
styl f o-sera 
< gig | @-1ole 
eae as" 
That is, F is differentiable at € and F’ (€) = f (€). oO 


The theorem tells us that F must be differentiable at points where f 
is continuous. If f is not continuous at a point, F may or may not be 
differentiable. 


Example 2.33 Define the signum function sgn:R — R by 


The function sgn is continuous for z # 0 and is not continuous at 0. The 
indefinite integral of sgn is F (x) = |x|, which is continuous everywhere and 
differentiable except at 0. Here, the indefinite integral is not differentiable 
at the point where the function is not continuous. 

Oifz~0 
lifs=0 
except 0. In this case, F (x) = 0 for all x is differentiable at 0, even though 
f is not continuous there. 


Next, consider g(x) = { , which is continuous at every x 


This theorem only guarantees that F is differentiable at points at which 
f is continuous. In fact, F is differentiable at “most” points. We will 
discuss this in Chapter 4. 
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2.5.1 Integration by parts and substitution 


Two of the most familiar results from the calculus, integration by parts and 
by substitution, are consequences of the Fundamental Theorem of Calculus. 
Integration by parts, which follows from the product rule for differentiation, 
is a kind of product rule for integration. 


Theorem 2.34 (Integration by parts) Suppose that f,g : [a,b] ~ R and 
f' and g! are Riemann integrable on [a,b]. Then, fg’ and f’g are Riemann 
integrable on [a,b] and 


[res zn) dx = f(b) 9 (b) — f (a) g(a \- [res 


Proof. Note that f and g are continuous and hence Riemann integrable 
by Theorem 2.27. By Corollary 2.25, fg’ and f’g are Riemann integrable. 
Thus, (fg)’ = fg’ + f’g is Riemann integrable and, by Theorem 2.30, 


[ie@s wat [r@owe= fo oe 
= f (6) 9 (b) — f(a) g(a). 
The result now follows. O 
We now consider integration by substitution, or change of variables. 


Theorem 2.35 (Change of variables) Let ¢: [a,b] + R be continuously 
differentiable. Assume ¢([a,6]) = [c,d] with ¢(a) = c and $(b) = d. If 
f : [c,d] — R ts continuous, then f (¢)¢' is Riemann integrable on [a, b] 
and 


[romeoas fis 


Proof. Define F and H by F(z) = fe f(t)dt and H(y) = 
Jf’ £ (6) ¢ (t) dt. By hypothesis, both these integrands are continuous 
so that, by Theorem 2.32, F and H are differentiable. Consequently, Fo ¢ 
is differentiable on [a,b] and by the Chain Rule, 


(Fo $)' (y) =F’ (¢(y)) ¥ (y) = f (¢(y))  (y) = Hy), 


) 
so that (Fo¢)(y) = H(y)+C. Since F(c) = 0, H(a) = 0 and F(c) = 
F (¢(a)) = H(a)+C, C =0. We now have 


b 
[i-r@=rem=20- | i (o(t))¢" (t)at 
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as we wished to show. | 


2.6 Characterizations of integrability 


We now characterize Riemann integrability in terms of the local behavior 
of the function. Let f : [a,b] — R be bounded and let S be a nonempty 
subset of [a,b]. The oscillation of f over S$ is defined to be 


w(f,S) =sup{f (t): te S} —inf {f (t):te S$}. 


It follows immediately that if S c T then w(f,S) <w(f,T). Let x € [a, } 
and, for 6 > 0, set Us (x) = {t € {a, }] : |t — z| < 6}. The oscillation of f 
at x is defined to be 


w(f,2) = lim, w (f,U6). 


Note that the limit exists since w(f,Us) is a decreasing function of 6. It 
is easy to see that f is continuous at x if, and only if, w(f,z) = 0. (See 
Exercise 2.30.) 

Let S be a subset of R. The closure of S, denoted 9, is the set of all 
zx € R for which there is a sequence {s,}°°., C S that converges to z. Note, 
in particular, that S Cc S. If S is a bounded interval, then S$ is the union 
of S with the set of its endpoints. Our first characterization of Riemann 
integrability is in terms of the oscillation of the function f. We begin with 
a lemma. 


Lemma 2.36 Suppose that w(f,x) <€ for every x € [a,b]. Then, there 
is a partition P = {x9,21,...,2n} of [a,b] such that w (f, [zi-1, 21]) < € for 
t= Ao.ey ts 


Proof. For each t € [a,b], there is an open interval J; centered at ¢ such 
that w (f,J:M[a,b]) < €. Since {J;:t € [a,d]} is an open cover of [a,}}, 
there is a finite subcover {J;,,1:,,...,1¢,}. The set of endpoints of these 
intervals that lie in (a,b) along with the points a and b yield a partition 
{xo,1,...,2n} of [a,b] such that for each i = 1,...,m, there is a k so that 
[z;-1, 24] C Iy,. Hence, w(f,[z:-1,2:]) <w (ft, 9 [a, b}) <e. O 


For our first characterization, we require the notion of the outer Jordan 
content of a subset S of [a,b]. Let P = {xo,21,...,2,} be a partition 
of [a,b] and let J(S,P) be the sum of the lengths of the closed intervals 
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[z;-1,2;] which contain points of the closure of $. The outer Jordan con- 
tent of S, denoted @(S), is defined to be the infimum of J(S,P) as P 
runs through all partitions of {a, 6]. Note that J(S,P) = U (xs,P) and, 


consequently, €($) = Fx 3. (For a discussion of Jordan content, see [Bar].) 

A finite subset of [a,b] obviously has outer Jordan content 0, but an 
infinite set can also have outer Jordan content 0. (See Exercise 2.26.) The 
set function ¢ is monotone in the sense that if S c T then @($) < é(T) 
and is also subadditive in the sense that if S,T Cc [a, 6], then @(SUT) < 

é(S)+é(T). (See Exercise 2.27.) 

For € > 0, set D. (f) = {x € [a,b]: w(f,x) > €}. We characterize Rie- 

mann integrability in terms of the outer Jordan content of the sets D, (f). 


Theorem 2.37 Let f : [a,b] > R. Then, f is Riemann integrable over 
[a,b] if, and only if, f is bounded and for every € > 0, the set D.(f) has 
outer Jordan content 0. 


Proof. Suppose first that f is bounded and for every € > 0, the set 
D,(f) has outer Jordan content 0. Choose M > 0 such that |f (t)| < M 
fora <t < band let « > 0. Let P be the partition of [a,b] such that 
the sum of the lengths of the subintervals determined by P that contain 
points of D./2(b-a) is less than an Let these subintervals be labeled 
{I,,I2,...,J,} and label the remaining subintervals determined by P by 


{Ji,Jo,..., Ji}. Applying the previous lemma to each J;, we may assume 


that w(f,Jj) < - for 7 = 1,...,/. We then have 
l 
U(f,P)-L P) < Yow hte (1) + Sow (f, Jy) £(J;) 
j=l 
<2Mz— + Toy O-9=6 


so that f is Riemann integrable by Theorem 2.19. 

For the converse, assume that there is an € > 0 such that €(D. (f)) = 
c > 0. We will use Theorem 2.19 to show that f is not Riemann integrable. 
Let P = {xo,21,...,2n} be a partition of [a,b] and let J be the set of all 
indices 7 such that the intersection of [z;_,,2;] and D, (f) is nonempty. Let 
I’ CI be the set of indices i such that (r;_1,2;) 1D. (f) #0. By Exercise 
2.31, for i € I’, w(f,[z;-1,2:]) > €. Let 7 > 0. Suppose i € J \ I’. Then, 
at least one of the endpoints of [z;_1,2;] is in D. (f). Refine P by adding 


Yiry, © (Xi-1, 2;) such that y; < yf, |y; — x44] < na and |y; — z;| < ne 
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For i € J \ J’, label the intervals [x;_1, y;] and [yj,x;] by Ji,...,Jm where 
m < 2n. Note that [y;,y4] OD. (f) = @ so that 


c= >: (ae D+ de 


ier’ 
< » (ti — 2-1) + 2ngt = » (x; — 2-1) +7. 
ier’ ier’ 


Since 7 > 0 is arbitrary, it follows that 
Cc < So (2: — 2-1) 5 
ier! 


Hence, 


U (f,P) -L(f,P) = > w(f, [i-1,2:)) (@: — 2i-1) 


i=1 
> So (fF, [ei—1, 24) (#4 — 24-1) 2 ec. 
ier! 
Since this is true for any partition P, it follows that f is not Riemann 
integrable. O 


Remark 2.38 If S is a subset of [a,b] with outer Jordan content 0, 
then for 6 > 0, there is a finite number of non-overlapping, closed in- 
tervals {I,,...,In} such that S C UM; and Sy, e(i) < 6. Set 

=6-Y"¢(h) > 0. If = [a,b, set i = (a-Zo4+2 
Then, SC UL, C a and 


Yen yf +} = yen) +2 <6. 


If two intervals in the set {J;}'_, have a nonempty intersection, we can 
replace them by their union. This will not change the union of the intervals 
and will decrease the sum of their lengths. Thus, we can cover S by non- 
overlapping, open intervals, the sum of whose lengths is less than 6. 


While this theorem gives a characterization of Riemann integrability, the 
test involves an infinite number of conditions and, consequently, is not prac- 
tical to employ. However, if « < e’ then De (f) C D.(f), so that D(f) = 
UesoD, (f) is a kind of limit of D, (f) as « decreases to 0. As a consequence 
of Exercise 2.30, we see that D(f) = {t € [a,] : f is discontinuous at t}. 
Our second characterization, due to Lebesgue, gives a characterization of 
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Riemann integrability in terms of the single set D(f). We will use the 
following lemma. 


Lemma 2.39 For each e > 0, the set D, (f) ts closed in [a, 5}. 


Proof. Let x € [a,b] \ D.(f) and set 7 = w(f,x). Since 7 < €, there 
is a neighborhood Us (x) of x such that w(f,Us(z)) < Ee €, so if 


21,2 € Us (a), then |f (21) — f (va)| < 2*. Thus, Us (e) 9 De(f) = 0, 
so that the complement of D, (f) is open in [a, }]. It follows that D, (f) is 
closed in [a, }]. O 


Theorem 2.40 Let f : [a,b] > R. Then, f is Riemann integrable if, 
and only if, f is bounded and, for every 6 > 0, D(f) can be covered by a 
countable number of open intervals, the sum of whose lengths is less than 


6. 


Proof. Suppose f is Riemann integrable. By our first characterization 
and the previous remark, for each n, D,/,,(f) can be covered by a finite 
number of open intervals, the sum of whose lengths is less than 62—". By 
Exercise 2.32, D(f) = U{Dijn (f) :n € N}, so that D(f) can be covered 
by a countable number of intervals, the sum of whose lengths is less than 
pea eee 

Next, let ¢,5 > 0 and assume that there exist open intervals {J;}7°, 
covering D(f) such that 77°, €(J;) < 6. By the previous lemma, D, (f) 
is closed in [a,b] and, since D.(f) C D(f), there exist a finite number 
of open intervals {J),J2,...,Jn} which cover D,(f). The endpoints of 
{I1,12,..-,Jn} in [a,b] along with a and b comprise a partition of [a, }] 
such that the sum of the lengths of the intervals, determined by the par- 
tition, which intersect D, (f) is less than 6. Since this is true for every 6, 
D.(f) has outer Jordan content 0. Since € is arbitrary, by the previous 
theorem, f is Riemann integrable. O 


2.6.1 Lebesgue measure zero 


We can use one of the basic ideas of Lebesgue measure to give a restatement 
of Theorem 2.40 in other terms. A subset E& C R is said to have Lebesgue 
measure Q or is called a null set if, for every 6 > 0, E can be covered by a 
countable number of open intervals the sum of whose length is less than 6. 
The following example shows that a countable set has measure zero. 
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Example 2.41 Let C c R be a countable set. Then, we can write 
C = {c:};2). Fix 6 > 0 and let I; = (cj; — 62-*~?,c; + 62-*?). Then, J; is 
an open interval containing c; and having length @ (J;) = 62~*~}. It follows 
that C c US, J; and 37°, €(4) = D2, 62-1! = 6/2 < 6. Thus, Cisa 
null set. 


Thus, every countable set is null. In Chapter 3, we will give an example 
of an uncountable set that is null. 

Astatement about the points of aset F is said to hold almost everywhere 
(a.e.) in FE if the points in E for which the statement fails to hold has 
Lebesgue measure 0. For example, a function g : [a,b] — R is equal to 0 
a.e. in [a, b} means that the set {t € [a,b] : g(t) # 0} has Lebesgue measure 
0. The following corollary, due to Lebesgue, restates the previous theorem 
in terms of null sets. 


Corollary 2.42 A bounded function f : [a,b] — R is Riemann integrable 
if, and only if, f is continuous a.e. in [a, b}. 


2.7 Improper integrals 


Since the Riemann integral is restricted to bounded functions defined on 
bounded intervals, it is necessary to make special definitions in order to al- 
low unbounded functions or unbounded intervals. These extensions, some- 
times called improper integrals, were first carried out by Cauchy and we will 
refer to the extensions as Cauchy-Riemann, integrals. (See [C, (2) 4, pages 
140-150].) First, we consider the case of an unbounded function defined on 
a bounded interval. 

Let f : [a,b] — R and assume that f is Riemann integrable on every 
subinterval [c, b], a < c < b. Note that this guarantees that f is bounded 
on [c, b] for c € (a,b) but not necessarily on all of [{a, }}. 


Definition 2.43 Let f : [a,b] — R be as above. We say that f is 
Cauchy-Riemann integrable over [a,b] if lim,.+ 4 f exists, and we define 
the Cauchy-Riemann integral of f over [a,b] to be 


[rain fr 


When the limit exists, we say that the Cauchy-Riemann integral of f con- 
verges; if the limit fails to exist, we say the integral diverges. 
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By Exercise 2.35 we see that if f is Riemann integrable over [a, b], then this 
definition agrees with the original definition of the Riemann integral and, 
thus, gives an extension of the Riemann integral. 


Example 2.44 Let p € R and define f : [0,1] — R by f (t) = ¢?, for 
p+ 
0<t<land f(0)=0. Forp4-1, ie dt = += solime ov f tP dt 


exists and equals 


1. : 
; if, and only if, p > —1, and then fo t?at = ag 


1 
If p = ~1, f —dt = —I|nc which does not have a finite limit as c — Ot. 
Thus, t? is integrable if, and only if, p > —1. 


Similarly, if f is Riemann integrable over every subinterval [a, cj, 
a ,< c <b, then f is said to be Cauchy-Riemann integrable over [a, }] if 
iM f = lim.y- Jc f exists. This definition follows by applying the previ- 
ous definition to the function g (x) = f (a+b- 2). 

If a function f : [a,b] + R has a singularity or becomes unbounded at an 
interior point c of [a, b], then f is defined to be Cauchy-Riemann integrable 
over [a,b] if f is Cauchy-Riemann integrable over both [a,c] and [c, b] and 
the integral over [a, b] is defined to be 


fr-frft 


Note that if f is Cauchy-Riemann integrable over [a, }], then 


us (0+ £1) 0 


exists and equals Ag f. However, the limit in (2.2) may exist and f may 
fail to be Cauchy-Riemann integrable over [a,b], as the following example 
shows. 


Example 2.45 Let f (t) = t~3 for 0 < |t| < 1 and f (0) = 0. Then, since 
f is an odd function (see Exercise 2.6), 


tin (fore fs) 


exists (and equals 0), but f is not Cauchy-Riemann integrable over [—1, 1] 
since f is not Cauchy-Riemann integrable over [0,1] by Example 2.44. 
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If f is Riemann integrable over [a,c —] and [c+ ,6] for every small 
€ > 0, the limit in (2.2) is called the Cauchy principal value of f over [a, b] 
and is often denoted by pv its fe 

Suppose now that f is defined on an unbounded interval such as [a, 00). 
We next define the Cauchy-Riemann integral for such functions. 
Definition 2.46 Let f : [a,00) — R. We say that f is Cauchy-Riemann 
integrable over [a, 00) if f is Riemann integrable over [a, }] for every b > a 
and limy_.oo fe f exists. We define the Cauchy-Riemann integral of f over 


[a, 00) to be 
- f= oe if f. 


If the limit exists, we say that the Cauchy-Riemann integral of f converges; 
if the limit fails to exist, we say the integral diverges. 


A similar definition is made for functions defined on intervals of the form 
(—o0, b]. 
Example 2.47 Let p € R and let f(t) = t?, for t > u For p # —1, 


peti _ 
P 
ff, tat = a 


if, p< -l. Ifp=-1, i rat = Inb which does not have a finite limit as 


al 
so limpoo R tPdt exists and equals 7 if and only 


b — oo. Thus, t? is Cauchy-Riemann integrable over [1, 00) if, and only if, 


—l 
-1 th ° 1Pdt = ——. 
p< and, then, f; Pr 


If f : (—oo,0o0) — R, then f is Cauchy-Riemann integrable over 
(—oo, 00) if, and only if, ae fand ff ey exist for some a and the 
Cauchy-Riemann integral of f over (—00, 00) is defined to be 


i f=] refs. 


Exercise 2.38 shows that the value of the integral is independent of the 
choice of a. 

As in the case of integrals over bounded intervals, if f : (—00,0co) — R 
is Cauchy-Riemann integrable over (—0o, 00), then the limit 


im im, f j (2.3) 


exists. However, the limit in (2.3) may exist and f may fail to be Cauchy- 
Riemann integrable over (—00, 00). See Exercise 2.39. The limit in (2.3), 
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if it exists, is called the Cauchy principal value of f over (—oo, 00) and is 
often denoted pu [™ f. 

We saw in Corollary 2.24 that if a function f : [a,b] — R is Riemann 
integrable over [a, b], then |f| is Riemann integrable over [a, b]. We show in 
the next example that this property does not hold for the Cauchy-Riemann 
integral. First, we establish a preliminary result called a comparison. test. 


Proposition 2.48 (Comparison Test) Let f,g : [a,co) + R and suppose 
that |f (t)| < g(t) fort > a. Assume that f is Riemann integrable over 
[a, b] for every b > a and that g is Cauchy-Riemann integrable over [a, 00). 
Then, f (and |f|) is Cauchy-Riemann integrable over [a, 00). 

Proof. To show that limp. ic f exists, it suffices to show that the 
Cauchy condition is satisfied for this limit. However, if c > b > a, then 


fe-[i ie < firs [9-0 


as b,c — oo, since, by assumption, lim, Io exists and so its terms 
satisfy a Cauchy condition. O 


Example 2.49 The function = is Cauchy-Riemann integrable over 


sin x sin x : : 
[7 00) but lew is not. First, we show that [°° ——dz exists. Integration 
2 & 


by parts gives 


in b oo : a 
Now, limp—oo a = Oand fT de exists by Proposition 2.48 and 
x 
1 
Example 2.47 since <I Se 
Caen ae 
Next, we consider f° set | dz. To see that this integral does not exist, 
note that 
a sin x a-5 fo sinz 
Tv zr j=l gu 
k-1 k~1 
1 is 2 
> eo. ae |sin z| dz = _— 
GFF I, 2 G+ ie 


which diverges to 00 as k — oo. 
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A function f defined on an interval J is said to be absolutely integrable 
over I if both f and |f| are integrable over J. If f is integrable over J 
but |f| is not integrable over I, f is said to be conditionally integrable over 
I. The previous example shows that the Cauchy-Riemann integral admits 
conditionally integrable functions whereas Corollary 2.24 shows that there 
are no such functions for the Riemann integral. Note that the comparison 
test in Proposition 2.48 is a test for absolute integrability. 

We will see later that the Henstock-Kurzweil integral admits condition- 
ally integrable functions whereas the Lebesgue integral does not. 

Let S$ be the set of Cauchy-Riemann integrable functions. It follows from 
standard limit theorems that S is a vector space of functions. However, the 
last example shows that, in contrast with the space of Riemann integrable 


functions, S is not a vector lattice of functions. From the fact that f (x) = 
sin z 


is conditionally integrable over [7,00), it follows that neither ft = 


xz 
f V0 nor f~ = f AO is Cauchy-Riemann integrable over [7,00). For a 
more thorough discussion of the Cauchy-Riemann integral, see [Br], [CS], 
[Fi] and [FI]. 


2.8 Exercises 


Riemann’s definition 


Exercise 2.1 In Example 2.5, we assume that J is a closed interval. Sup- 
pose that J is any interval with endpoints c and d; that is, suppose J has 
one of the forms (c, d), (c,d], or [c,d). Prove that fp Xp =ad-c. 


Exercise 2.2 Suppose f : [a,b] — R is Riemann integrable. Show that 
if f is altered at a finite number of points, then the altered function is 
Riemann integrable and that the value of the integral is unchanged. Can 
this statement be changed to a countable number of points? 


Exercise 2.3. Suppose that f,h : [a,b] + R are Riemann integrable with 
fp f= ra h. Suppose that f < g < h. Prove that g is Riemann integrable. 


Exercise 2.4 If f : [a,b] — R is continuous, nonnegative and f[ ne f = 0, 
prove that f = 0. Is continuity important? Is positivity? In each case, 
either prove the result or give a counterexample. 
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Basic properties 


Exercise 2.5 Suppose that f is continuous and nonnegative on [a, )]. If 
there is a c € [a,] such that f (c) > 0, prove that f’ f > 0. 


Exercise 2.6 Let f : [-a,a] — R be Riemann integrable. We say that f 
is an odd function if f (—x) = —f (x) for all x € [—a, a] and we say that f 
is an even function if f (—r) = f (x) for all x € [-a, a]. 


(1) If f is an odd function, prove that [*, f = 0. 
(2) If f is an even function, prove that i ae f=2 ty f 


Darboux’s definition 


Exercise 2.7 Let f : [a,b] — R. Suppose there are partitions P and P’ 
such that L(f,P) =U (f,P’). Prove that f is Darboux integrable. 


Exercise 2.8 Suppose that f,g : [a,b] - R,a<c<b,anda>0. 
(1) Prove the following results for upper and lower integrals: 
(a) Fifa) <Jef+ Teg and [7+ f'o< fF +9)3 
(b) Jiaf = aff and fPaf = af’ f; 
o) Fura JSart ef and fof = fort sor. 
(2) Give examples to show that strict inequalities can occur in part (1.a). 


Exercise 2.9 Let f : [a,b] — R be bounded. Define ia upper and lower 
indefinite integrals of f by F (x) = i f (t) dt and F (x =e f (t) dt. Prove 


that F and F satisfy Lipschitz conditions. Suppose a f is continuous at 
x. Show that the upper and lower indefinite integrals are differentiable at 
x with derivatives equal to f (z). 


Exercise 2.10 Let y and ~ be step functions and a € R. Prove that ay, 
pty, py, pVy, and yAy are step functions. 


Exercise 2.11 Prove Corollary 2.24. 


Exercise 2.12 Give an example of a function f : [0,1] + R such that |f| 
is Riemann integrable but f is not Riemann integrable. 


Exercise 2.13 Suppose that f : [0,1] — R is continuous. Show that 
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Exercise 2.14 Suppose that f : [a,b] — R is continuous and nonnegative 
and set M =sup{f (t):a<t <b}. Show 


5 l/n 
lim (/ r) = M. 


Exercise 2.15 Let f : [a,b] — IR and suppose that f is Riemann integrable 
on [a, c] and [c, b]. Prove that f is Riemann integrable on [a, }]. 


Exercise 2.16 Suppose f : [a,b] —- R and J,J C [a,}] are intervals with 
disjoint interiors. Prove that 


ae 


Fundamental Theorem of Calculus 
Exercise 2.17 Suppose that f : [a,b] — R is Riemann integrable and 
m < f(x) < M for all x € [a,b]. Prove that 


ms ph [rsm 


Exercise 2.18 Prove the Mean Value Theorem. If f : [a,b] — R is contin- 
uous, prove there is a c € [a,b] such that ie f =f (c)(b-a). 
If f is also nonnegative, give a geometric interpretation of this result. 


Exercise 2.19 Prove the following version of the Mean Value Theorem. If 
f : [a, 8] — R is continuous and g: [a, b] > R is nonnegative and Riemann 
integrable on [a, }], then there is a c € [a, b] such that 


[r@s@e=s0o [ owes 


Exercise 2.20 Suppose that f is continuous and strictly increasing on 
[0, a], differentiable on (0,a), and f (0) = 0. Define g by 


z f(z) 
=i fayars f f~* (t) dt — xf (2) 
0 0 
for x € [0, a]. 


(1) Prove that g = 0 on (0, a]. 
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(2) Use this result to prove Young’s inequality: for 0 <b < f (a), 


a b 
ab < / f(a)az+ f f(a) da, 
0 0 
(3) Deduce Hélder’s inequality: If a,b > 0, then 
ab< a + oe 
oa D p ’ 
do 
where p> land—-+—=1. 
P Pp 


Exercise 2.21 Evaluate fr cos 20sin 36d@ and {. xet da. 


Exercise 2.22 Evaluate fe x? (2x + 16) M2 oe. 
Characterizations of integrability 


Exercise 2.23 Let f : [a,b] — R be Riemann integrable. Let p,c > 0. 
Prove the following two statements. 

(1) If f > 0, then f? is Riemann integrable. 

(2) If |f| >e¢ > 0, then Z is Riemann integrable. 


Z 


Exercise 2.24 Let f : [a,b] — R be Riemann integrable and suppose 
m < f(x) < M for all x € [a,b]. Suppose y : [m, M] — R is continuous. 
Prove that yo f is Riemann integrable. 


Exercise 2.25 Show that the composition of Riemann integrable functions 


is not necessarily Riemann integrable. [HINT: define f and ¢ on [0, 1} by 


0 if z is irrational r Oif «=0 
a “fo =— €Q and (m,n) =1 * e@)=Witocgel 
Note that f is continuous a.e. and y is Riemann integrable.] 
Exercise “58 Show that a finite set has outer Jordan content 0. Show 
that S = kh: k €N} c [0,1] has outer Jordan content 0. Give an example 


of a countable subset of [0,1] with positive outer Jordan content. 


Exercise 2.27 If S Cc T C [a,}], show 2(S) < é(T). If $,T C [a,b], show 
that €(S UT) < é(S)+é(T). If T c [a,b] has outer Jordan content 0 and 
S Cc [a,b], show é(S UT) = @(S). 
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Exercise 2.28 Let f : [a,b] — R be a bounded function. Suppose that 
f = 0 except on a set of outer Jordan content 0. Prove that f is Riemann 
integrable and i f=0. 


Exercise 2.29 Suppose that f,g : [a,b] > R are bounded and f is Riemann 
integrable. If f = g except on a set of outer Jordan content 0, prove that 
g is Riemann integrable and fp g= iM es 


Exercise 2.30 Let f : [a,b] — R be bounded. Prove that f is continuous 
at x € [a,b] if, and only if, w(f,z) =0. 


Exercise 2.31 Let f : [a,b] — R, D.(f) = {x € [a,b] :w(f,x) > e} and 
let (c,d) C {a,b} be an interval. Suppose that D.(f) NM (c,d) # @. Prove 
that w(f,(c,d)) > €. Show by example that we cannot replace the open 
interval (c,d) by the closed interval [c, d]. 


Exercise 2.32 Let f : [a,b] — R and let 
D(f) = {t € [a, }] : f is discontinuous at t}. 
Prove that D(f) =U{D. (f) :€ > 0} =U {Din (f) :n EN}. 


Exercise 2.33 Prove that every subset of a null set is a null set. Prove 
that a countable union of null sets is a null set. 


Improper integrals 


Exercise 2.34 Determine whether the following improper integrals con- 
verge or diverge: 


4 a2 1 v4 
(1) fi Vr—1 (2) 0 A ea a 
(3) Jo Inxdx (4) ae tanzdz 
6) jo —# Or 

fo Gye @+y ° ave +1 

cog co dx 
(7) to e* dx (8) to (x —1)>4 
(9) J. es (10) je, 

dz oo 
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Exercise 2.35 Suppose that f : [a,b] — R is Riemann integrable over 
[a, b]. Prove that 


i= = lim o 
coat 
Exercise 2.36 Formulate and prove an ae of the Comparison Test, 


Proposition 2.48, for improper integrals over [a, 8]. 


Exercise 2.37 Define the gamma function for x > 0 by 


xz 
r(a)= [ en to ae. 
0 


Prove the following results for I: 


(1) The improper integral defining I converges. 
(2) P(e +1) =aT (a), 
(3) For n EN, T(n) = (n—-1)!. 


Exercise 2.38 Suppose that f is Cauchy-Riemann integrable over 
(—00, 00). Prove that for any a,b € R, 


hl, pS 


Hence, the Cauchy-Riemann integral of f is independent of the cutoff point 
a, 


Exercise 2.39 Give an example of a function f defined on (—00, 00) which 
is not Cauchy-Riemann integrable but such that the Cauchy principal value 
integral of f over (—00, 00) exists. 
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Chapter 3 


Convergence theorems and the 
Lebesgue integral 


While the Riemann integral enjoys many desirable properties, it also has 
several shortcomings. As was pointed out in Chapter 2, one of these short- 
comings concerns the fact that a general form of the Fundamental Theorem 
of Calculus does not hold for Riemann integrable functions. Another seri- 
ous drawback which we will address in this chapter is the lack of “good” 
convergence theorems for the Riemann integral. A convergence theorem 
for an integral concerns a sequence of integrable functions { f,};-., which 
converge in some sense, such a pointwise, to a limit function f and involves 
sufficient conditions for interchanging the limit and the integral, that is to 
guarantee lim, f fi, = flims fr- 

In modern integration theories, the standard convergence theorems 
are the Monotone Convergence Theorem, in which the functions converge 
monotonically, and the Bounded Convergence Theorem, in which the func- 
tions are uniformly bounded. We begin the chapter by establishing a con- 
vergence theorem for the Riemann integral and then presenting an exam- 
ple that points out the deficiencies of the Riemann integral with respect 
to desirable convergence theorems. This example is used to motivate the 
presentation of Lebesgue’s descriptive definition of the integral that bears 
his name. This leads to a discussion of outer measure, measure and measur- 
able functions. The definition and derivation of the important properties of 
the Lebesgue integral on the real line, including the Monotone and Domi- 
nated Convergence Theorems, are then carried out. The Lebesgue integral 
on n-dimensional Euclidean space is discussed and versions of the Fubini 
and Tonelli Theorems on the equality of multiple and iterated integrals are 
established. 

For the Riemann integral, we have the following basic convergence re- 
sult. 
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Theorem 3.1 Let f, f, : [a,b] ~ R fork € N. Suppose that each fy is 
Riemann integrable and that the sequence { f};-, converges to f uniformly 
on [a,b]. Then, f is Riemann integrable over [a,b] and 


tn [i= [t= Pit. (3.1) 


Proof. To prove that f is Riemann integrable, it is enough to show that 
the partial sums for f satisfy the Cauchy criterion. Fix e€ > 0 and choose 
an N € N such that |f (x) — fi, (x)| < ssa) for k > N and all z € [a, }}. 
Fix a K > N. Since fx is Riemann integrable, the partial sums for fx 
satisfy the Cauchy criterion, so that there is a 6 > 0 so that if P;, 7 = 1,2, 
are partitions of {a, 6] with u(P;) < 6 and ys 
points relative to P;, then a 


|s (fx,Pr (fe) a) (fxs Pa, {ye : 7 


Let P; and P2 be partitions of [a,b] with mesh less than 6 and let {i ) ss 


are sets of sampling 


be corresponding sets of sampling points. Set S$; (g) = S (9,P;, { 10 ) Oe }: 
= 
Then, 


5 (1m. {4Y,) -8 (ma {PY)]=i8: 09 S10 
= 151 (f) — $1 (fx) +1 (fx) — Se (fir) + S2 (fx) — Se (FYI 
< 181 (f) ~ $1 (fix)| + 151 (fic) — S2 (fix)| +152 (fx) — S2(f)I. 


For the first and third terms, by the uniform convergence, we have 
ISs (F) - 95 (Fc) SSO |F (2?) - fic @)| (2 - 22.) 
i=l 
€ w/t) _ 0) _ & 
<3(—a) > (2-22) = 5, 
while the middle term is less that 7 by the choice of A. Thus, 


is (Pf) 8 (Pa (Ph) <e 


so that f is Riemann integrable. 


Lebesgue integral 55 


To see that [° f = lim, i fr, fix € > 0 and, by uniform convergence, 
a a 


choose N € N such that |f (x) — fi (x)| < 5 : - for k > N and x € [a,}}. 
Then, 
b b b 
[nests f tre 
for all k > N. Thus, f’ f = lime f° fe. oO 


The uniform convergence assumption in Theorem 3.1 is quite strong, and 
it would be desirable to replace this assumption with a weaker hypothesis. 
However, it should be noted that, in general, pointwise convergence will 
not suffice for (3.1) to hold. 


Example 3.2 Define fi, : [0,1] + R by fx (z) = kx@o,1/4) ("). Then, 
{fr}po1 converges pointwise to 0 but nie fx = 1 for every k, so (3.1) fails to 
hold. 


In addition to the assumption of pointwise convergence, there are two 
natural assumptions which can be imposed on a sequence of integrable 
functions as in Theorem 3.1. The first is a uniform boundedness condition 
in which it is assumed that there exists an M > 0 such that |f;, (x)| <M 
for all k and x; a theorem with this hypothesis is referred to as a Bounded 
Convergence Theorem. The second assumption is to require that for each 
az, the sequence {f, (x)};2, converges monotonically to f (x); a theorem 
with this hypothesis is referred to as a Monotone Convergence Theorem. 
Note that the sequence in the previous example does not satisfy either of 
these hypotheses. The following example shows that neither the Bounded 
nor Monotone Convergence Theorem holds for the Riemann integral. 


Example 3.3 Let {r,}°_, be an enumeration of the rational numbers 
in [0,1]. For each k EN, define f;, : [0,1] > R by f, (rn) =1lforl<n<k 
and f, (x) = 0 otherwise. By Corollary 2.42, each f;, is Riemann integrable. 
For each x € (0, 1], the sequence { f, (x)},— is increasing and bounded by 
1. The sequence {f,};-., converges to the Dirichlet function defined in 
Example 2.7 which is not Riemann integrable. 


We will see later in this chapter that both the Monotone and Bounded 
Convergence Theorems are valid for the Lebesgue integral. We will show 
in Chapter 4 that both theorems are also valid for the Henstock-Kurzweil 
integral. 
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It should be pointed out that there are versions of the Monotone and 
Bounded Convergence Theorems for the Riemann integral, but both of 
them require one assume the Riemann integrability of the limit function. 
It is desirable that the integrability of the limit function be part of the 
conclusion of these results. See [Lew1]. 

In the remainder of this chapter, we will construct and describe the 
fundamental properties of the Lebesgue integral. We begin by considering 
Lebesgue’s descriptive definition of the Lebesgue integral. 


3.1 Lebesgue’s descriptive definition of the integral 


H. Lebesgue (1875-1941) defined le probléme d’intégration (the problem of 
integration) as follows. (See [Leb, Vol. II, page 114].) He wished to assign to 
each bounded function f defined on a finite interval [a, b] a number, denoted 
by iM f (x) dz, that satisfied six conditions. Suppose that a,b,c,h € R. 
Then: 

(z})dz'= es —h) dz. 

(x eee ade + fy jay ae = 0. 


Sy a)a eile [ites pote 
If f>0 mA b>athen f’ f(x) dz >0. 
5) fy idx = 
6) If {fx }p--1 increases pointwise to f then J” fy (x) dx > im f (x) dx 


In other words, he described the properties he wanted this “integral” to 
possess and then attempted to deduce a definition for this integral from 
these properties. He called this definition descriptive, to contrast with the 
constructive definitions, like Riemann’s, in which an object is defined and 
then its properties are deduced from the definition. 

Assuming these six conditions, we wish to determine other properties 
of this integral. To begin, notice that setting » = —f in (3) shows that 
J. (-f) (x) dx = — f° f (x) dx. If f > g, then (3) and (4) imply that 


[reef ome= [ve -swiee20 


so that f f (x) dx > i g (x) dz. Hence, this integral satisfies a monotonic- 
ity condition. 
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We next show that iM ldz = b— a2 for all a,b € R. From (1), we see 
that b— a = d—c implies pr ldz = is ldz. Thus, from (5), for any interval 


[a, 5] of length 1, 
b 
| Idx = 1. 


From (2), by setting c = b = a, we see that 8s f (x) dx = 0; then, setting 
c= b, we get f° f (x) dx = - f" f (x) dz, so that 


6 c c 
/ ldx +f ldz = / ldz. 
a 6 a 


Iterating this result shows 


a, a2 an an 
/ 1dc + | Ide t+ f Ide = | ldz. 
ao Qa, Qn-t ao 


Setting a; = 7 yields Is ldz = n, while setting a; = ~ shows that 


fo /" 1dx =1/n. Again, by iteration, we see that 


q 
I ldzx =q 
0 


for any rational number q. Finally, if r € R, let p and q be rational numbers 
such that p < r <q. Then, since X 10,2) S Xfo,r] S Xfo,4) by monotonicity, 


q r q P 
o</ 1dr ~ [ 1de < | tae [ ldx =q-p, 
0 0 0 0 
which implies 
o<q- | ldx <q-p. 
0 
Letting p and g approach r, we conclude that for all real numbers r, 


| ldz =r, 
0 


so that i ldz = b-a for all a,bDER. 
Setting » = f in (3), by iteration, we see that 


[rieacnnf sea 
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for every natural number n. Setting f = y = 0 shows that e Odxz = 0, 
which in turn implies that this equality holds for any integer n. Since 


[r@esf (n2) f@yaran f Ay hae, 


it follows that 


7 [atear=a fl seex 


for any rational number q. 
To see that this equality holds for any real number, note that since both 


Jaf (2) da| < 
p |f (x)| dx. Now, fix a real number r. Let M = sup{|f (z)|: x € [a, d}}. 
Let q € Q and choose a real number p = p, € (0,1) such that 
|r — q|(M +p) €Q. Then, 


[rseac—af sees 


f and —f are bounded by |f|, monotonicity implies that 


b 
< [ Ir — al If ()| ae 


b 
< |r—q|(M +n) | ldz. 
a 


Letting q approach r, we see that f rf (z)dz=r f f (z) dz. Hence, from 
properties (3) and (4), we see that this integral must be linear. 

By using properties (1) through (5), we have shown that f ldz = b-a 
and the integral is linear. We have not made use of the crucial property 
(6). 

Suppose we have an integral satisfying properties (1) through (5) and let 
f be Riemann integrable on [a, }]. Let P = {x9,21,...,2,} bea partition 
of [a,b]. Recalling the definitions 


m, = inf {f (x): 2.) <2 < 2;} 
and 
M; = sup {f (z): 21-1) <2 <2;}, 


we see 


Do mil ([ee-1, 24) < De 


zi 


b n 
f= | fs S> Mie ([2i-1, 21), 
: i=1 


Zit 
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which implies that 


b b —= 
gee: 
Thus, if f is Riemann integrable on [a, }], then f f= fc f and the middle 
integral must equal the Riemann ‘ntamral. Thus, any integral that satis- 
fies properties (1) through (5) must agree with the Riemann integral for 
Riemann integrable functions. 

We now investigate property (6). Suppose that f : [a,b] — R is 
bounded. Fix ] and L such that 1 < f < LZ. Given a partition 
P = {lo,l1,..-,4n} of the interval [1,Z] with Jo = 1,1, = L and ly < yay 
fori=1,...,n, let E; = {x € [a,b] : 4-1 < f (x) <d;} fori =1,...,n, and 
consider the simple function y defined by 


= dohnwxe, (zx) 


It, then follows that y < - on [a,b] and, by the linearity of the integral, 
Jee (a) dx = dina fo Xp, (2) do. 

<a fix a partition Po and define a sequence of partitions {P;, };-., such 
that: 


(1) Py is a refinement of Px, for k=1,2,...; 
(2) (Pr) < $4 (Px-1) for k =1,2,.... 


Let y, be the function associated to Py as above. Then, {y,};., is a 
sequence of simple functions that increase monotonically to f. In fact, 
by construction, 0 < f — yy < (Px) and 4 (Pr) — 0, so that {y,},2, 
converges to f uniformly on [a,b]. Consequently, by (6) 


fan fs 


Thus, to evaluate the integral of f, it is enough to be able to integrate the 
functions y,, which in turn depends on integrals of the form rhe Xp (x) da. 
As Lebesgue said, “To know how to calculate the integral of any function, 
it suffices to know how to calculate the integrals of functions ~ which take 
only the values 0 and v [Leb, Vol. I, page 118]. If E = [c,d] is an 
interval in [a,b], then if Xg (x) dz = Hh 1dzx, which is the length on the 
interval [c,d]. Thus, Lebesgue reduced the problem of integration to that 
of extending the definition of length from intervals in R to arbitrary subsets 
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of R, that is, to le probleme de la mesure des ensembles (the problem of 
the measure of sets). His goal was to assign to each bounded set E C Ra 
nonnegative number m (£) satisfying the following conditions: 


(1) congruent sets (that is, translations of a single set) have equal measure; 

(2) the measure of a finite or countably infinite union of pairwise disjoint 
sets is equal to the sum of the measures of the individual sets (countable 
additivity); and, 

(3) the measure of the set [0, 1] is 1. 


As we shall see below in Remark 3.10, this problem has no solution. 


3.2 Measure 


Our goal is to extend the concept of length to sets other than intervals, 
with a function that preserves properties (1) through (3) of the problem of 
measure. 


3.2.1 Outer measure 


We first extend the length function by defining outer measure. 


Definition 3.4 Let E C R. We define the (Lebesgue) outer measure of 
E, m* (E), by 


m* (E) = inf 4S” e(I;) >, 


jEo 


where the infimum is taken over all countable collections of open intervals 
{Ij} ice such that EF C UjeoL;. 


Notation 3.5 Here and below, we use o to represent a countable set, 
which may be finite or countably infinite. 


It follows immediately from the definition that m* (@) = 0. Since é(J) > 
0 for every open interval J, we see m*(E) > 0. Since @ Cc (0,€) for every 
€> 0,0 < m* (0) <€ for all € > 0. It follows that m* (0) = 0. 

We show that m* extends the length function and establish the basic 
properties of outer measure. Given a set E C R and h € R, we define the 
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translation of E by h to be the set 
E+h={xcxeER:2=y+h for some y€ E}. 


We say a set function F is translation invariant if F(E) = F(E +h) 
whenever either side is defined. 


Theorem 3.6 The outer measure m* satisfies the following properties: 


(1) m* is monotone; that is, if F Cc E CR then m* (F) < m* (E); 

(2) m* is translation invariant; 

(3) if I is an interval then m* (I) = € (1); 

(4) m* is countably subadditive; that is, if o is a countable set and E; CR 
for alli eo, then m* (Uieo Ei) S Vieg m* (E:)- 


Proof. If F c E, then every cover of E by a countable collection of open 
intervals is a cover of F’, which implies (1). We leave (2) as an exercise. See 
Exercise 3.1. 

To prove (3), let J Cc R be an interval with endpoints a and b. For 
any € > 0, (2—€,b+ 6) is an open interval containing J so that m* (IJ) < 
b-—a+2e. Hence, m* (I) < b-a. 

Now, suppose that J is a bounded, closed interval. Let {J; : 7 € a} bea 
countable cover of J by open intervals. We claim that 5° ,¢, (Ij) >b—a 
which will establish that m* (I) = b—a. Since J is compact, a finite number 
of intervals from {JI; : 7 € a} cover J; call this set {J;:7=1,...,m}. (See 
[BS, pages 319-322].) It suffices to show that )>7",€(Ji) > b— a. Since 
Ic UM,Ji, there is an i; such that Jj, = (a1,6:) with a; < a < by. 
If b; > b, then [a,b] Cc Ji, and since )>,", (Ji) > €(Ji,) > b- a, we 
are done. If b; < 5, there is an ig such that Jj, = (a2,b2) and ag < 
b, < bg. Continuing this construction produces a finite number of intervals 
{Ji, = (ax, bk): k=1,...,n} from {J;:i=1,...,m} such that a) < a, 
a; < bi) < b; and b, > b. Thus, 


m ™ nm 


S> (Ji) > iC — Qk) = bat >_ (be—1 — ak) — 0; > bn ~ a, > b- a, 
i=1 k=l k=2 
as we wished to show. Thus, m* (J) = @(J). 
If I is a bounded interval, then for any €« > 0 there is a closed interval 
J cI with €(J) < €(J) +6. Then, m* (J) > m* (J) = (J) > €() -«. 
Thus, m* (I) > @(J), and by the remark above, the two are equal. 
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Finally, if J is an unbounded interval, then for every r > 0, there is a 
closed J C I with m* (J) = €(J) = r. Hence, m* (I) > r for every r > 0 
which implies m* (J) = co. 

It remains to prove (4). Assume first that m* (E;) < oo for allie o 
and let « > 0. For each i, choose a countable collection of open interval 
{Ii, nee: such that Daseuee (lin) < m* (E;)+27%e. Then, Useo Uindtaes. 
is a countable collection of open intervals whose union contains Uje, Ej. 
Thus, by Exercise 3.2, 


* (UE) spot hala So SO tGs) 


i€o neo; 


25 (m* (Ei) + 27*e) =Som* (Ei) +€ 


i€a t€o 


Since € was arbitrary, it follows that m* (Uieo Ei) < Voie, m* (Ei). Finally, 
if m* (E;) = oo for some i, then )),-, m* (E;) = oo and the inequality 
follows. O 


Since x € (x — €,x + €) for every € > 0, we see that m* ({x}) = 0 for all 
x € R. By the subadditivity of outer measure, we get 


Corollary 3.7. If E CR is a countable set, then m* (E) = 0. 


We shall show in Section 3.2.3 that the converse of Corollary 3.7 is false. 
As a consequence of this corollary, we obtain 


Corollary 3.8 If I is a non-degenerate interval, then I is uncountable. 


The outer measure we have defined above is defined for every (bounded) 
set E CR and satisfies conditions (1) and (3) listed under the problem of 
measure. Unfortunately, outer measure is countably subadditive, but not 
countably additive, as the following example shows. 


Example 3.9 We begin by defining an equivalence relation on [0, 1}. Let 
x,y € [0,1]. We say that c ~ y ifx—y e€Q. By the Axiom of Choice, 
we choose a set P Cc [0,1] which contains exactly one point from each 
equivalence class determined by ~. We need to make two observations 
about P: 


(1) ifg,r € Qand q#r then (P+q4)N(P+r) =9; 
(2) [0,1] c U(P+r), where the union is taken over all r € Qo = 
Qn[-1, 1). 
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To see (1), suppose that cr € (P+q)M(P+r). Then, there exist 
s,t € P such thatr =q+s=r-+t. This implies that s—t=r—q#0, 
and since r—q € Q, s ~t. Since s,t € P, this violates the definition of 
P, proving (1). For (2), let x € [0,1]. Then, z is in one of the equivalence 
classes determined by ~, so there is an s € P such that z ~ s. Thus, 
z—s=reé Qand since z,s € [0,1], re [-1,1] andxe P+r. 

Note that Ureg, (P +17) C [-1,2], so by monotonicity, translation in- 
variance and countable subadditivity, 


1=m* ([0, 1]) < m* (Uregos (P +1)) < m* ([-1,2]) = 3 


and 0 < m*(U,eg,(P+1r)) < oo. On the other hand, by translation 
invariance, m* (P +r) = m* (P) for any r € R, which implies 


Yo m*(P+r)= 5) m*P 

rEQo rEQo 
so that the sum is either 0, if m* (P) = 0, or infinity, if m*(P) > 0. In 
either case, 


m* (Urego (P+7)) # ¥, m*(P +r) 
re€Qo 


so that outer measure is not countably additive. 
We will return to this example below. 


Remark 3.10 This erample shows that there is no solution to Lebesgue’s 
problem of measure. In the previous construction we have used the following 
facts to show that outer measure is not countably additive: 


(1) m*(P +7) =m* (P); 
(2) 0 < m* (Ureg, (P + 1)) < 00. 


The first follows from translation invariance. The second uses 
m*((0,1]) = 1, monotonicity, and finite subadditivity (to show 
m* ([-1,2]) < 3). Since monotonicity is a consequence of finite subad- 
ditivity, the only properties we used were translation invariance, finite sub- 
additivity, and m* ([0,1]) = 1. Thus, this erample applies to any function 
satisfying these three properties. So, there is no function defined on all sub- 
sets of R that ts translation invariant, countably additive and equals 1 on 
[0, 1]. 
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3.2.2 Lebesgue Measure 


Example 3.9 shows that m* is not countably additive on the power set of 
R. In order to obtain a countably additive set function which extends the 
length function, we restrict the domain of m* to a suitable subset of the 
power set of R. The members of this subset were called measurable subsets 
by Lebesgue. Lebesgue worked on a closed, bounded interval J = [a,b], and 
for E C I, he defined the inner measure of E to be ms (E) = (b— a) — 
m* (I \ E); that is, the inner measure of E is the length of J minus the 
outer measure of the complement of F in J. Lebesgue defined a subset 
E CI to be measurable if m* (EZ) = m, (EZ). Using the definition of inner 
measure and the fact that the outer measure of an interval is its length, 
Lebesgue’s condition is equivalent to 


m* (I) = m* (E) +m* (I\ E). 


Unfortunately, this procedure is not meaningful if we want to consider ar- 
bitrary subsets of R since the length of R is infinite. However, there is 
a characterization of Lebesgue measurable subsets of an interval J due to 
Constantin Carathéodory (1873-1950) that generalizes very nicely to arbi- 
trary subsets of R. 

In the above equality, we assume that E Cc I, so that FE = EN I. 
Carathéodory’s idea was to test E with every subset of R, instead of just 
an interval containing E. Thus, he was led to consider the condition 


m* (A) = m* (ANE) +m*(A\£) 


for every subset A C R; A need not even be a measurable set! We now 
show that the two conditions are equivalent. 


Theorem 3.11 Let J CR be a bounded interval. If E C I, the following 
are equivalent: 


(1) m* (I) = m* (E) +m* (1 \ E); 
(2) m* (A) = m* (ANE) +m*(A\ B), for all ACI. 


The proof will be based on several preliminary results. Given intervals 
I,J CR, we define the distance from I to J by 


d(I,J) =inf {jz -—y|:rel,yeJ}. 


We begin by proving that outer measure is additive over intervals that are 
at a positive distance. 
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Lemma 3.12 Let I,J CR be bounded intervals such that the distance 
from I to J is positive. Then, 


m* (IU J) = m* (I) +m* (J). 


Proof. By subadditivity, m* (I UJ) < m*(I) + m*(J). To show the 
opposite inequality, fix « > 0 and choose a countable collection of open 
intervals {I;},<, such that IUJ C UieoI; and So j-, €(:) < m* (IU J) +e. 
Assume, without loss of generality, that J lies to the left of J and let 
sup J + inf J 
= te ee 
2 
be the point midway between the two intervals. 
Suppose a € J; = (a;,0;) for some i € o. Let I7 = (a;,a) and It = 
(a, b:). Then, since a ¢ IU J, (IUJ) Ni, = (UJ) U7 UT;*), so that 
Gu Peg covers the same part of J UJ as I; does, and, since 


(Ii) = b; — a; = (b — a) + (a— a) = C(I) + 2 (TP), 


replacing J; by I7 and J;* does not change the sum of the lengths of the 
intervals. Assume that every interval J; that contains a is replaced by the 
two intervals J> and J;*. 

let o (1) = {i€0:1;0J=0} and o(J) = {fi€o:LNI1=96}. It 
follows that I c Vieo(ryli and Jc Useo( li. Thus, 


m*(1)h+m*(J)< So eh) + SS eth) < Soe) <m* (uJ) +e. 
i€a(I) i€a(J) i€o 
Since this inequality is true for any « > 0, the proof is complete. O 


Remark 3.13 This result is true for intervals whose interiors are dis- 
joint. If the intervals are open, this proof works whether the intervals touch 
or not. If any of the intervals are closed, we can replace them by their 
interiors, which does not change the measure of I, J or IU J, since the 
edge of an interval is a set of outer measure 0. 


The next result shows that condition (2) of Theorem 3.11 holds when 
E is an interval. 


Lemma 3.14 If J CR is a bounded interval and J Cc I is an interval, 
then 


m* (A) =m* (AN J) +m*(A\ J) 
forall ACI. 
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Proof. Note first the conclusion holds if A is an interval in J. In this 
case, A and Af J are both intervals, so their outer measures equal their 
lengths. Further, A \ J is either an interval or a union of two disjoint 
intervals which are at a positive distance 6. In the first case, the equality is 
merely the fact that the length function is additive over disjoint intervals. 
In the second case, we write A \ J = A; U Ag, with A; and Ag intervals at 
positive distance and use the previous lemma. 

Let A Cc J and € > 0. Choose a countable collection of open intervals 
{Ti}ieg such that A C Uieo Ii and Vic, € (i) < m*(A) +6. As before, 
m* (Ii) = m* (1, 0 J) + m* (i; \ J) for all 7 € o. Therefore, 

m* (AN J) +m*(A\ J) < m* (User Li) NJ) +m (Vier Ii) \ J) 


< So [m* (I, 0 J) +m" i \ J)] 


1€0 


= Som" (1) 
1€o 
< m* (A) +e. 


Since this is true for all « > 0, the result follows by countable 
subadditivity. O 


In the following lemma, we show that condition (1) of Theorem 3.11 
implies condition (2) when A is an interval. 


Lemma 3.15 If E CI satisfies condition (1) of Theorem 3.11, then 
m* (J) = m* (JN £)+m* (J \ E) 
for all intervals J CI. 
Proof. By the previous lemma, for any interval J C J, 
m* (E) = m* (EN J) +m* (E\ J) 
and 
m*(I\ E)=m*(I\ E)oJ)+m*(T\E)\ J). 
By condition (1) and subadditivity, we see 
m* (I) = m* (E) +m* (I \ E) 
m* (EN J) +m*(E\ J) +m*(I\ BE) oJ) +m* (0 \E)\J) 
={m* (EN J) +m (I\ BE) J)} 
+{m* (E\ J) +m" ((I\ E)\ J)} 


‘| 
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Since (I\ E)QNJ=J\E, E\J=(I\ J)o£, and (I\ E)\J=(1\J)\E, 
it follows from subadditivity that 


m* (I) = {m* (JN E) + m* (J \ B)} 
+{m* ((I\ J) E)+m* ((1\ J)\ E)} 
>m*(J)+m* (I \ J) 
>m* (I). 


Thus, 
m* (J) +m* (I\ J) =m* (EN J)+m* (E\ J) 
t+m*(I\ BE) J) +¢m*(I\£)\ J). 

By subadditivity, m* (I \ J) < m* (E \ J)+m* ((I \ E) \ J), which implies 
m* (J) >m*(ENJ)+m*(I\ E)NJ)=m* (EN J) +m* (J\£), 
and the proof now follows by subadditivity. Oo 

We can now prove Theorem 3.11. 


Proof. Setting A = I, we see that (2) implies (1). So, assume that (1) 
holds. Let A C J and note that by subadditivity, it is enough to prove that 


m* (ANE) +m" (A\ E) <m*(A). 


Fix € > 0 and choose a countable collection of open intervals {J;} 
that A C Ujeo]; and Sy 
lemma, 


i¢o Such 
€(I;) < m*(A) +6. Then, by the previous 


tEo 
m* (AN E) +m*(A\ E) < m* ((Vieoli) VE) + m* ((Uieoli) \ E) 
< oS [m* (I, E) + m* (I; \ E)] 

t€o 

t€a 


<m* (A) +e. 
Thus, m* (AN E) + m* (A\ E) < m* (A) and the proof is complete. O 


Thus, for subsets of bounded intervals, measurability according 
to Lebesgue’s definition is equivalent to measurability according to 
Caratheodory’s definition. In order to include unbounded sets, we adapt 
Caratheodory’s condition for our definition of measurable sets. 
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Definition 3.16 A subset E C R is Lebesgue measurable if for every set 
ACR, 
m* (A) =m* (AN E)+m*(A\E). (3.2) 
The set A is referred to as a test set for measurability. By subadditivity, 
we need only show that 
m* (AN E)+m*(A\ E) <m* (A) 


in order to prove that E is measurable. We observe that we need only 
consider test sets with finite measure in (3.2) since if m* (A) = oo, then 
(3.2) follows from subadditivity. Set E° = R\ E. Note that condition (3.2) 
is the same as 


m* (A) = m* (ANE) +m* (AN E’). 


Definition 3.17 Let M be the collection of all Lebesgue measurable sets. 
The restriction of m* to M is referred to as Lebesgue measure and denoted 
by m= m*| yy. 
Thus, if E € M, then m(E) = m* (E). 

We next study properties of m and M. An immediate consequence of 
the definition is the following proposition. 
Proposition 3.18 The sets @ and R are measurable. 

Further, sets of outer measure 0 are measurable, 


Proposition 3.19 Ifm*(E) =0 then E is measurable. 


Proof. Let A CR. By monotonicity, 0 < m*(ANE) < m*(E) = 0. 
Thus, 


m* (A) < m* (ANE) +m*(A\ E) = m* (A\ E) < m* (A) 
and F is measurable. O 


We say that a set E is a null set if m(£) = 0. Note that singleton sets 
are null, subsets of null sets are null, and countable unions of null sets are 
null, See Exercise 3.4. 


Lemma 3.20 Let E,,...,En be pairwise disjoint and measurable sets. If 
ACR, then 
m* (AN UL, E;) = 5>m* (ANE). 


j=l 
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Proof. Let A CR. Proceeding by induction, we note that this statement 
is true for n = 1. Assume it is true for n—1 sets. Since the E;’s are pairwise 
disjoint, 

AN (Uj, Ei) NE, = ANE, and AN (U7, Ei) \ En = AN (URE). 
Since E,, is measurable, by the induction hypothesis, 


m* (AN (Uf. Ei)) = m* (ANE,) +m* (AN (UR E)) 
=m" (AN En) ol (ANE) 


i=1 


a Som" (ANE). 
i=l im 


Let X be a nonempty set and AC 9(X) a collection of subsets of X. 
We call A an algebra if A,B € A implies that AUB, Ac = X\AEA 
Note that o(X) is an algebra and so is the set {@,X}. In fact, every 
algebra contains @ and X since A € A implies that X = AU A‘ € A and 
@ = X° € A. As a consequence of the definition and De Morgan’s Laws, 
A is closed under finite unions and intersections. An algebra JA is called a 
a-algebra if it is closed under countable unions. 


Example 3.21 Let 
A= {F c (0,1): F or (0,1) \ F is a finite or empty set}. 


Then, A is an algebra (see Exercise 3.5) which is not a o-algebra. To see that 
A is not a o-algebra, note that QM (0,1) is a countable union of singleton 
sets, each of which is in A, but neither Qn (0,1) nor its complement (0, 1)\Q 
is finite. 


We want to show that M is a o-algebra. We first prove that M is an 
algebra. 


Theorem 3.22 The set M of Lebesgue measurable sets is an algebra. 


Proof. We need to prove two things: M is closed under complementa- 
tion; and, M is closed under finite unions. Since AN ES = AN(R\ FE) = 
A\ E and A\ Ef = A\(R\£E) = ANE, we see that the Carathéodory 
condition is symmetric in F and E*, so if E is measurable then so is E*. 
Suppose that F and F are measurable. For A Cc R, write AN(E U F) = 
(AN E)U(ANE° OF). Then, first using the measurability of F then the 


70 Theories of Integration 


measurability of EF, 


m*(AN(EUF))+m*(AN(EUF)) =m* (AN(EUF)) 
4+m* (AN Eon F*) 
<m* (AN E)+m* (AN ENF) 
+m* (AN Eon F’) 
< m* (ANE) +m* (ANE?) 
=m*(A). 


Therefore, E U F is measurable and M is an algebra. Oo 
Since M is an algebra, it satisfies the following proposition. 


Proposition 3.23 Let A be an algebra of sets and {A;}52, C A. Then, 
there is a collection {B;}72, C A of pairwise disjoint sets so that US, Ai = 
Ue, By. 


Proof. Set B, = A; and for j > 1 set Bj = Aj \ UJZ{ Ai. Since A 
is an algebra, B; € A. Clearly, B; C A; for all i, so for any index set 
ao CN, Uieo Bi C Uieo Ai. Let t € UZ, A;. Choose the smallest 7 so 
that x € A;. Then, x ¢ A; for i = 1,2,...,7 — 1, which implies that 
x é By; C UR, B;. Thus UZ, A; C UZ, B; so that the two unions are equal. 


i=l 
Finally, fix indices i and j and suppose that j <1. If € Bj, then z € A;, 
so that x ¢ B; Cc A; \A;. Thus, B; 0B; = 0. 0 


Note that the proof actually produces a collection of sets {B;}7°, sat- 
isfying UN, A: = UM, B; for every N. We can now prove that M is a 
o-algebra. 


Theorem 3.24 The set M of Lebesgue measurable sets is a a-algebra. 


Proof. We need to show that M is closed under countable unions, Let 
{Ei;}72, C M and set E = US, E;. We want to show that E € M. 
By the previous proposition, there is a sequence {B;};°, C M such that 
E = Uf, B; and the B,’s are pairwise disjoint. Set F, = Uf_,B;. Then, 
F, € M and Fo > E*. 

Let ACR. By Lemma 3.20, 


m* (AN (UL, Bi)) = Som" (AN Bi). 


i=1 
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Thus, for any nEN, 


m* (A) = m* (AN F,) +m* (AN FY) 
> m* (AN F,) +m* (ANE) 
= Som" (ANB) +m* (ANE). 
i=1 
Since this is true for any n, by subadditivity we see that 


m* (A) > ym" (AN Bi) +m* (AN E’) > m* (ANE) +m* (ANE). 


i=l] 
Thus, £ is measurable. Therefore, M is a o-algebra. O 
A consequence of the translation invariance of m* is that M is transla- 


tion invariant; that is, if FE ¢ M andhAeR, then E +h EM. To see this, 
let Ee M and ACR. Then, 


m* (A) = m* (A—h) = m* ((A—h) NE) + m* ((A—A) \ E) 
=m* ((A—h) NE) +h) +m* (((A—h)\ E) +h) 
m*(AN(E+h)) +m" (A\(E +h) 


which shows that E+h eM, 
We saw above the m* (J) = (J) for every interval J c R. We now show 
that every interval is measurable, 


Proposition 3.25 Every interval I C R is a measurable set. 


Proof. Assume first that J = (a,b). Fix a set A C R and set Ay = 
AN (-o, a], Ag = ANT and Az = AM [b, oo). Since 


m* (A) < m* (ANI) +m*(A\ J) < m* (A)) + m* (Ag) + m* (As) 
it is enough to show 
m* (A,) + m* (Ag) + m* (Ag) < m* (A). 


Without loss of generality, we may assume that m* (A) < oo. 

Fix « > 0 and let {J,; eet be a collection of intervals such that A C 
Uji. J; and ya 2s) < m*(A) +e. Set I} = 1; 9 (-c, a], i} =I,n1 
and I} = I; M[b, oo). Each J? is either an interval or is empty, and ¢ (I;) = 
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e(T}) +£ (13) + (23) = m* (I) +m* (12) +m" (I?). For each n, we have 
A, C U2, 17, which implies that m*(A,) < 072, m* (7), Thus, we get 
m* (Ay) +m* (Az) +m* (As) <S/ {m* (1}) +m* (1) +m" (1})} 


j=l 


Since € is arbitrary, 
m* (A1) + m* (Az) + m* (Az) < m* (A) 


so that J is a measurable set. 

Since M is a o-algebra, (@,00) = US, (a,a+n) and (—oo,b) = 
Use, (b— n, b) are measurable, and so are their complements (—oo, a] and 
[b, co). Since every interval is either the intersection or union of two such 
infinite intervals, all intervals are measurable. Oo 


Thus, we see that Lebesgue measure extends the length function to the 
class of Lebesgue measurable sets. 

We next study the open sets in R and the smallest o-algebra that con- 
tains these sets. Set Exercise 3.6. 


Definition 3.26 Let X C R. The collection of Borel sets in X is the 
smallest o-algebra that contains all open subsets of X and is denoted B (X). 


Since B (X) is a o-algebra that contains the open subsets of X, by taking 
complements, B (X) contains all the closed subsets of X. 

Let O be an open subset of R. The next result shows that we can realize 
O as a countable union of open intervals. 


Theorem 3.27 Every open set in R is equal to the union of a countable 
collection of disjoint open intervals. 


Proof. Let O CR be an open set. For each z € O, let J, be the largest 
open interval contained in O that contains xz. Clearly, O C Uszeolz. Since 
I, Cc O for every x € O, Uszeolz C O, so that O = Uzeolz. If z,y € O, 
then either J, = I, or I; OJ, =. To see this, note that if 1,0, #0, then 
I, U Iy is an open interval contained in O and containing both J, and Iy. 
By the definition of the intervals I,, we see that I, = I, Ul, = Iy. Thus, 
O is a union of disjoint open intervals. Since each of the intervals contains 
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a distinct rational number, there are countably many distinct maximal 
intervals. O 


Thus, we can view B(IR) as the smallest o-algebra that contains the 
open intervals in R. Since M is also a o-algebra that contains the open 
intervals, we get 


Corollary 3.28 Every Borel set is measurable; that is, B(IR) cM. 


Remark 3.29 The two sets B(IR) and M are not equal; there are 
Lebesgue measurable sets that are not Borel sets. See, for example [Ha, 
Exercise 6, page 67], [Mu, pages 148-149], [Ru, page 53], and [Sw1, page 
54]. Also, note that M is a proper subset of (IR) as we show in Example 
3.31 below. 


Let F, be the collection of all countable unions of closed sets. Then, 
FCB (IR). Clearly, F, contains all the closed sets. It also contains all the 
open sets, since, for example, (a,b) = US, [a +2,b— 4%]. Similarly, the 
collection of all countable intersections of open sets, Gs, is contained in the 
Borel sets and contains all the open and closed sets. 

So far, we have defined a nonnegative function m* that is defined on all 
subsets of R and satisfies properties (1) and (3) of the problem of measure. 
This function does not satisfy property (2), as we saw in Example 3.9. 
Next, we defined a collection of sets, M, and called m the restriction of m* 
to M. Consequently, m is translation invariant, and satisfies properties (1) 
and (3). We now show that m satisfies property (2), that is, m is countably 
additive. 


Proposition 3.30 Let {E;}72, CM. Then, m(U%, Ei) < O72, m (Ki). 
If the sets E; are pairwise disjoint, then m (US, Ei) = 572, m (Ei). 
Proof. Since M is a o-algebra, U2, £; € M and the inequality follows 


since it is true for outer measure. Assume the sets are pairwise disjoint. 
We need to show that 


m (US, E:) > }>m(E). 
1=1 
By Lemma 3.20, m* (AN (UZ, &:)) = Vi, m* (ANE). Let A=R. 
Then, for all n, 


m (ULE) > m(UEB) = Som (Bi). 


i=] 
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Thus, m (Uf, £;) = )572, m (E;) as we wished to prove. Oo 


Thus, m solves le probléme de la mesure des ensembles for the collection 
of measurable sets. But, not all sets are measurable, as the next example 
shows. 


Example 3.31 The set P defined in Example 3.9 is not measurable. 
Suppose P were measurable. Then P +r would be measurable for all r € R 
and m(P +r) =m(P). Thus, 


mM (Ured (P+7)) = D> m(P+r)= D> m(P). 
rEeQo r€Qo 
We saw in Example 3.9 that 1 < m(U;eq, (P+7)) < 3. If m(P) = 0, 
then the right hand side equals 0; if m(P) > 0, then the right hand side is 
infinite. In either case, the equality fails. Thus, P is not measurable. 


Definition 3.32 Let B bea o-algebra of sets. A nonnegative set function 
u defined for all A € B is called a measure if: 


(2) wis countably additive; that is, 
1 (UE) = >> (Ei) 
t=1 


for all sequences of pairwise disjoint sets {Ei}, cB. 


Note that both }>3°, u (Ei) = co and (Ej) = oo for some # are allowed. 
Examples of measures include m defined on M and, also, m defined on 


B(R). 


Example 3.33 Define the counting measure, #, by setting # (A) equal 
to the number of elements of A if A is a finite set and equal to co if A is 
an infinite set. Then, # is a measure on the o-algebra o(X) of X, for any 
set X. 


Suppose yu is a measure on B and A,B € B with A Cc B. Then, by 
countable additivity, 4 (B) = 4 (A) + 44(B \ A), which also shows that p is 
monotone. We use this identity in the following proof. 


Proposition 3.34 Let u be a measure on a o-algebra of sets B. Suppose 
that {Ei}, Cc B. 


Lebesgue integral 75 


(1) If Ei C Eisi, then, 
H (UiE1 Bi) = jim p (Ei). 

(2) If E; > Ej41, and there is a K so that u(Ex) < oo, then, 
(9% Ei) = jim p (E;). 


Proof. Suppose first that FE; C Ei. If uy (E:) = co for some i, then the 
equality in (1) follows since both sides are infinite. So, assume pt (Ei) < 00 
for all 7. Set E = Uf, E;. Let Eo = @. Since the sets are increasing, 
E = (E£, \ Eo) U (E2 \ £,) U (E3 \ Ez) U++-, which is a union of pairwise 
disjoint sets. Thus, 


H(E) = lim You (Ei \ Ei-1) 
ix 


= lim D7 (# (Ey) — w(Ei-1)) = lim (En). 
t=] 
Now, assume that E; > E;4,, and there is a K so that w(Ex) < oo. Set 
E = np, &;. Since the sets are decreasing, Ex \ E = (Ex \ Ex41) U 
(Exi1 \ Exi2) U-::, where the sets on the right hand side are pairwise 
disjoint. It follows that 


(Ex) —4(E) = lim 7 lu (Ei) ~ # (Eisa)] =u (Ex) — lim pw (En). 
i=K 


Thus, 4 (£) = lim, (E,), proving the proposition. O 


Notice that we cannot drop the assumption in (2) that one of the sets 
E;, has finite measure. 


Example 3.35 Let E; = [i,oo). Then, m(£;) = o for all i while 
E = N72, £; = 0 has measure zero. 


There are many ways to define Lebesgue measurability. The one we 
have chosen is useful for generalizing measurability to abstract settings. 
A common definition of measurability in Euclidean spaces is in terms of 
open sets. The following theorem gives four alternate characterizations 
of measurability. The second characterization is the classical definition in 
terms of open sets. 
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Theorem 3.36 Let E CR. The following are equivalent: 


(1) FEM; 

(2) for alle > 0, there is an open set G D> E such that m*(G\ E) <¢; 
(3) for alle > 0, there is a closed set F C E such that m* (E\ F) <¢; 
(4) there is a Gs set G D E such that m* (G \ E) = 0; 

(5) there is an Fz set F C E such that m* (E \ F) = 


Proof. We first show that (1) implies (2). Assume that EF is a measurable 
set of finite measure. Fix € > 0 and choose a countable collection of open 
intervals {J;},<, such that E C VieoI; and Voie, (li) < m(E) +. Set 
G = Uieol;. Then, G is an open set containing EF such that 


G) < Soe) < m(E) +e 


1€0 
Therefore, 
m* (G\ E)=m(G\ E) =m(G)-m(E) <e«. 


If m(E) = co, set Ex = EM(—k,k) and choose open sets G, D Ex so that 
m* (Gx \ Ex) < €27*. Then, the open set G = U2L,Gx D E and since 


G\ B= Upea (Ge \ EB) C Upea (Ge \ Fe) 


we have that 
*(G\E)< 2 (Ge \ Ex) < 55 e2-* = 
k=1 k= 


as we wished to show. 

To show that (2) implies (4), observe that for each k, there is an open 
set G, > E such that m* (G, \ E) < ¢. Then, G = N?2,G¢ is the desired 
set, 

Finally, we show that (1) is a consequence of (4). Let G € Gs be such 
that E c G and m* (G\ E) =0. Then, G,G\ E € M which implies that 
(G\ E)° € M. This implies that E = G\(G\ E) =Gn(G\ E)° eM, as 
we wished to show. 

It remains to show that (1), (3) and (5) are equivalent. To show that 
(1) implies (3), note that E € M implies E° € M. Thus, there is an open 
set G > E° with m* (G \ E°) <«. The set F = G° is the desired set, since 
E\ F=E\G*=G\E*. The other implications are similar. o 
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Suppose that E is a measurable set. For each € > 0, there is an open 
set GD E such that m(G \ E) = m*(G \ E) < «, which implies 


m(G)=m(E)+m(G\ E)<m(E) +e 
It follows that 
Corollary 3.37 Let E CR be a measurable set. Then, 


m(E) = inf {m(G): E C G,G open}. 


If we wish to generalize the concept of length to general sets, we need 
a function that is defined on all of the Borel sets (and, in fact, many more 
sets). We call a measure yz defined on B(R) that is finite valued for all 
bounded intervals a Borel measure. We will show that every translation 
invariant Borel measure is a multiple of Lebesgue measure. 


Definition 3.38 A measure pu defined for all elements of B(R) is called 
outer regular if 


u(E) = inf {u(G): EC G,G open} 
for all E € B(R). 


By the corollary, Lebesgue measure restricted to the Borel sets is an outer 
regular measure. In fact, every Borel measure on R is outer regular. (See 
[Sw1, Remark 7, page 64].) We show next that a translation invariant Borel 
measure is a Constant multiple of Lebesgue measure. 


Theorem 3.39 If u ts @ translation-invariant outer-regular Borel mea- 
sure, then 4 = cm for some constant c. 


In fact, we have already seen the proof of much of this theorem. It is 
a repetition of the argument proving i ldz = b— a for all a,b € R from 
Lebesgue’s descriptive properties of the integral. The only properties used 
to show that equality were translation invariance (1), finite additivity (2), 
and ih ldx = 1 (3), and our measures are translation invariant and finitely 
additive. 


Proof. Set c = u((0,1)). We claim that u(Z) = cm(E£) for all E € 
B(R). Since y is finite on bounded intervals, by translation invariance and 
countable additivity, 4 ({z}) = 0 for all x € R. Thus, p ([a, ]) = p ((a, 6)) = 


u ([a,b)) = uw ((a,b}]). By this observation and translation invariance, if J is 
an interval with @ (J) = 1, then 


(2) = 4((0,1)) =¢=em(1). 
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Since p is finitely additive, if ag < a; <--: < ay, then 


H ((ao,01)) + # ((a1,42)) +: +> + 4 ((@n—-1, an) 


n—-l 


= 11 ((a0,an)) — S> w({a:}) = 1 ((ao, an) - 


i=1 


i 1 1 
Setting a; = = shows that pu ((0 - — ee which in turn implies 
n 


#((0,q)) = cq for any rational number gq. Finally, if r € R, let p and q be 
rational numbers such that p < r < g. Then, since (0, p) c (0,7) c (0,4), 


0 < 2 ((0,¢)) — #((0,7)) = eg — uw ((0,7r)) < cg —((0,p)) = c(q—p). 


Letting p and qg approach r, we conclude that for all real numbers 7, 


#((0,7)) = er, 


so that yz ((a,b)) = cm((a,b)) for all a,b € R and pw (J) = em(J) for all 
open intervals J Cc R. 

Next, if G is an open set in R, by Theorem 3.27, G = Uieo1;, a countable 
union of disjoint open intervals. By countable additivity, 


y= Sou (h) = So em(h) )=cm(G). 


ico ico 


Finally, since yz is outer regular, if E € B(R), 


u(E£) = inf {u(G): E C G,G open} 
= inf {em (G) : E C G,G open} = cm (E), 


since Lebesgue measure is regular. Thus, up = cm. 0 


3.2.3. The Cantor set 


The Cantor set is an important example for understanding some of the 
concepts related to Lebesgue measure. In particular, the Cantor set is an 
uncountable set with measure zero. 

To create the Cantor set, we begin with the closed unit interval [0, 1]. 
Remove the open middle third of the interval, (4 3 2), and call the remainder 
of the set C) = [0 : 4] U (2, 1: Notice that C consists of two intervals and 
has measure 2. Next, remove the open middle third interval of each piece 
of C,. Call the remainder C2 = [0, 3] U (2, 3]uU (8, 4 U (8, te Note that 
C2 consists of 4 = 2? intervals and has measure 4 (4) = (ay, Continuing 
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this process, after the k*” division, we are left with a closed set C, which 
is the union of 2° closed and disjoint subintervals, each of length 3-*. 
Thus, m*(C,) = (2)*. By construction, Cz D Ck41 for all &. The set 
C = MR2,Ck is known as the Cantor set. 

We now make some observations about C’. It is a closed set since it is 
an intersection of closed sets. If x is an endpoint of an interval in C,, then 
it is also an endpoint of an interval in C,+, for all 7 ¢ N. Thus, x € C and 


C #9. Finally, since 


m* (C) < m* (Ce) = (2) 


for all k, it follows that m* (C) = 0. Hence, C is measurable and m (C) = 0. 

We next show that the Cantor set is uncountable. For x € [0,1], let 
0.a1a2a3... be its ternary expansion. Thus, a; € {0,1,2} for all ¢. Further, 
we write our expansions so that they do not end with ‘1000...’ or ‘1222...’. 
To do this, we write ‘0222...’ for ‘1000...’ and ‘2’ for ‘1222...’. Then, 
x € C if, and only if, a; # 1 for all 7. For example, if a) = 1, then 
ZE (3, 2), the first interval removed. Thus, we can think of the ternary 
decimal expansion of an element of C as a sequence of 0’s and 2’s. Dividing 
each term of this sequence by 2 defines a one-to-one, onto mapping from 
C to the set of all sequences of 0’s and 1’s. As proved in [DS, Prop. 8, 
page 12], this set of sequences is uncountable, so that the Cantor set is 
uncountable. 

The Cantor set is an uncountable set of measure 0. One can also prove 
that its complement is dense in [0,1]. See Exercise 3.9. We define gener- 
alized Cantor sets as follows. Fix an a € (0,1). At the k*" step, remove 
2*-1 open intervals of length a3-*, instead of 3-*. The rest of the con- 
struction is the same. The resulting set is a closed set of measure 1 — a 
whose complement is dense in (0, 1}. 


3.3. Lebesgue measure in R” 


In the previous section, we showed how the natural length function in the 
real line could be extended to a translation invariant measure on the mea- 
surable subsets of R. In this section, we extend the result to Euclidean 
n-space. In particular, these results extend the natural area function in the 
plane and the natural volume function in Euclidean 3-space. Our procedure 
is very analogous to that employed in the one-dimensional case. We begin 
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by defining Lebesgue outer measure for arbitrary subsets of R”, showing 
that Lebesgue outer measure extends the volume (area, when n = 2) func- 
tion, and then restricting the outer measure to a class of subsets of R” 
called the (Lebesgue) measurable sets to obtain Lebesgue measure on R”. 
Many of the statements and proofs of results for IR” are identical to those 
in R and will not be repeated. 

The space R” is the set of all real-valued n-tuples s = (x,...,2n), 
where x; € R. If x,y € R” and ¢t € R, we define z + y and tz to be 


ety =(x1+y1,.-.,0n + yn) and tx = (tz),..., tan). 


1/2 
We define the norm, ||-||, of x by ||z|| = ae inl?) . The distance, d, 
between points z,y € R” is then the norm of their difference, d(x, y) = 


1/2 
jz — y|| = (paier lax — vil) . Let B(xo,r) = {x ER": d(z,29) <r} 
be the ball centered at xq with radius r. A set G C R” is called open if 
for each x € G, there is an r > 0 so that B(z,r) C G. Let {rx}, C 
IR” be a sequence in R”. We say that {rx};_, converges to xo € R" if 
limp soo d(2_,29) = 0. A set F C R” is called closed if every convergent 
sequence in F’ converges to a point in F; that is, if {te }nens C F and2,—- 
Xo, then zo € F’.. Finally, a set H is called bounded if there is an M > 0 such 
that ||z|| < M for all x € H. We define the symmetric difference of sets 
Ey, Ez C R", denoted E,AE2, to be the set EB, AE = (E, \ E2)U(E2 \ Ey). 

An important collection of subsets of R” consists of the compact sets. 
By the Heine-Borel Theorem, a set K C R” is compact if, and only if, K 
is closed and bounded. Below, we will use the following characterization 
of compact sets. A set K C R” is compact if, and only if, given any 
collection of open sets {G;},-, such that K C UieaGi, there is a finite 
subset {G1,G2,...,;Gm} C {Gi},¢, such that K C UfL,Gi. That is, every 
open cover of K contains a finite subcover. See [DS, pages 76-79]. 

An interval in R” is a set of the form J = I, x +--+ x I,, where each J;, 
i= 1,...,7, is an interval in R. We say J is open (closed) if each I; is open 
(closed). If each J; is a half-closed interval of the form [a,b), we call J a 
brick. If I Cc IR” is an interval, we define the volume of I to be 


v(1)= Te), 


with the convention that 0- oo = 0, so that if some interval J; has infinite 
length and another interval J,,, i 4 i’, is degenerate and has length 0, then 
v (I) = 0. In particular, the edge of an interval is a degenerate interval and, 
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hence, has volume 0. Finally, note that if B is a brick which is a union of 
pairwise disjoint bricks {B;:1<i< k}, then 


k 
v(B) =) /»(Bi). 


i=1 


In the figure below, the brick B, is the union of bricks ,...,61;. 


Figure 3.1 


Analogous to the case of outer measure in the line, we define the outer 
measure of a subset of IR” by using covers of the subset by open intervals 


in R™. 
Definition 3.40 Let E CR. We define the (Lebesgue) outer measure of 
E, my, (E), by 


m* (E) = inf 4 > u(Jj) >, 
JET 
where the infimum is taken over all countable collections of open intervals 
{Jj} jee such that F Cs Ujeod;. 


It is straightforward to extend results (1), (2) and (4) of Theorem 3.6 
to m*. We show that the analogue of property (3) of Theorem 3.6 also 
holds. For this result, we need the observations that the intersection of two 
bricks is a brick and the difference of two bricks is a finite union of pairwise 
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disjoint bricks. In the following figure, the difference of bricks B; and Bo 
is the union of bricks },,..., da. 


By 


Figure 3.2 


We begin with a lemma. 


Lemma 3.41 Jf B,,...,Bm C R” are bricks, then there is a finite family 
F = {fi,..., Fy} of pairwise disjoint bricks such that each B; is a union 
of members of F . 


Proof. Assume that m = 2. Then, By 9 Bo, By \ (Bi Be) and Bz \ 
(B; M Bo) are pairwise disjoint and since By Bz is a brick and the difference 
of bricks is a union of pairwise disjoint bricks, the existence of the family 
F¥ follows. 

Note that this result implies that the union of two bricks is a finite union 
of pairwise disjoint bricks. Since 


B,U Bg = (Bi N Be) U(B, \ (Bi 9 Be)) U (Be \ (Bi 9 Ba)), 


we can decompose B, U Be into three pairwise disjoint sets, each of which 
is a finite union of pairwise disjoint bricks. 

Proceeding by induction, assume we have proved the result for sets of 
m bricks. Suppose we have m +1 bricks By,...,Bm41. By the induc- 
tion hypothesis, there exist pairwise disjoint bricks C),...,C, such that 
B,,...,Bm are unions of members of {C;:1<i<J}. Note that B = 
Bm+41\U2,B; = NZ, (Bm+i \ B;) is an intersection of finite unions of dis- 
joint bricks. Consequently, B is a finite union of disjoint bricks, B = Uf_1C} 
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where {C{,...,C{} is a collection of pairwise disjoint bricks. Therefore, we 
may replace the set {B,...,Bm4i} by {Ci,...,Ci,Ci,...,C,}, and the 
members of this collection can be replaced by the pairwise disjoint sets 
CiN Cj, Ci \ (Ci C}) and Ci\ (C.NC}), i =1,...,l and j = 1,...,k, 
each of which is a union of pairwise disjoint bricks. The result follows by 
induction. O 


We now prove that the outer measure of an interval equals its volume. 
Theorem 3.42 If J Cc R” is an interval, then 
m* (I) =v(1). 


Proof. Suppose first that J = I; x --. x I, is a closed and bounded 
interval. To see that m* (I) < u(J), let J} be an open interval with the 
same center as J; such that ¢ (If) = (1+) @(J;). Then, J* =I} x---x I* 
is an open set containing J and v(J*) = (1+6)"v(J). It follows that 
ms (I) $v (I). 

To complete the proof, we need to know that if {J; : 7 € a} is a countable 
cover of I by open intervals, then v (J) < })¢, v (Ji). Since J is compact, 
I is covered by a finite number of the intervals {Ji,..., Je}, say. Let K; 
be the smallest brick containing J; and K the largest brick contained in 
I. These bricks exist because J is a closed interval and each J; is an open 
interval. It follows that v (J;) = v (Ki), v(J) = v(K) and K C UL, Kj. By 
the lemma, there is a family F = {F\,...,Fi} of pairwise disjoint bricks 
such that K and each K; is a union of members of ¥. Suppose K = Cee ae 
Fj; € ¥. Then, 


as desired. The case of a general interval can be treated as in the proof of 
Theorem 3.6. O 


We note that since the edge of an interval is a degenerate interval, the outer 
measure of the surface of an interval is 0. 

We define (Lebesgue) measurability for subsets of R” as in Definition 
3.16. 


Definition 3.43 A subset E Cc R” is Lebesgue measurable if for every 
set A c R", 


ms (A) =m* (ANE) +m*(A\E). 
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We denote the collection of measurable subsets of R” by M,, and define 
Lebesgue measure m, on R” to be m* restricted to M,. As in Theorem 
3.24, Proposition 3.25 and Proposition 3.30, M,, is a o-algebra containing 
all n-dimensional intervals and m, is countably additive. The collection 
of Borel sets of R”, B (IR"), comprises the smallest o-algebra generated by 
the open subsets of R”. As in the one-dimensional case (Corollary 3.28), 
we see by using Lemma 3.44 below that, B (IR) C M,, and the regularity 
conditions of Theorem 3.36 and its corollary hold. 

Since the Lebesgue measure of an interval in R” is equal to its n- 
dimensional volume, we use Lebesgue measure to define area of planar 
regions in two dimensions and volume of solid regions in three dimensions, 
extending these concepts from intervals to more general sets. We will dis- 
cuss computing these quantities using Fubini’s Theorem below. 

Before leaving this section, we show that every open set G C IR” can be 
decomposed into an countable collection of disjoint bricks. 


Lemma 3.44 IfG C R” is an open set, then G is the union of a countable 
collection of pairwise disjoint bricks. 


Proof. Let B, be the family of all bricks with edge length 2~* whose 
vertices are integral multiples of 2~*. Note that B, is a countable set. We 
need the following observations, which follow from the definitions of the 
sets B,: 


(1) if z € R”, then there is a unique B € By, such that x € B; 
(2) if B € B; and B’ € B, with j < k, then either B’ C Bor BN B’ = 9. 


Since G is open, if x € G then z is contained in an open sphere contained 
in G. Thus, for large enough k, there is a brick B € B, such that B CG 
and z € B. Set Bg (G) = {BE B,: BCG}. Thus, it follows that G = 
UR2, Uses, (a) B. Choose all the bricks in B, (G). Next, choose all the 
bricks in Bg (G) that are not contained in any brick in B, (G). Continuing, 
we keep all the bricks in B; (G) that are not contained in any of the bricks 
chosen in the previous steps. This construction produces a countable family 
of pairwise disjoint bricks whose union is G. O 


Using Lemma 3.44, we can prove an extension of Theorem 3.39. 


Theorem 3.45 If u is a translation invariant measure on B(R") which 
is finite on compact sets, then u = cM, for some constant c. 

Proof. Let I = (0,1)x---x[0, 1) be the unit brick in R™ and set c¢ = p (J). 
For any k EN, I is the union of 2 pairwise disjoint bricks of side length 
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2-*, so by translation invariance, each of these bricks has the same p- 
measure. If B is any brick with side length 2~*, we have 


1B) = sept (1) = gapertn (I) = oma (B). 


Hence, «(B) = cm, (B) for any such B. By Lemma 3.44, u (G) = cmn (G) 
for any open set G C R”. Since p is outer regular ([Sw1, Remark 7, page 
64]), we have that = cm, by the analog of Corollary 3.37. im 


3.4 Measurable functions 


Lebesgue’s descriptive definition of the integral led us, in a very natural 
way, to consider the measure of sets, which in turn forced us to consider a 
proper subset of the set of all subsets of IR. We already know that if E is 
an interval, then 


[xede= (6) = mE). 


In fact, in order for xy, to have an integral, E must be a measurable set. 
But, then, by linearity, if E,,...,£, C R are pairwise disjoint, measurable 
sets, then g(x) = >i, @iXg, (z) is also integrable. For property (6) of 
Lebesgue’s definition to hold, monotonic limits of such simple functions 
must also be integrable. We now investigate such functions. 

To begin, we extend the real numbers by adjoining two distinguished 
elements, —oo and oo. We call the set R* = RU {—co, 00} the extended real 
numbers. The extended real numbers satisfy the following properties for 
alla € R: 


(1) 
(2) co +2=2+00; 

(3) -00 +2 = x + (00); 

(4) ifa > 0 then c0-a=a-oo =o and (—00)-a=a- (—00) = —o; 
(5) ifa <0 then c0-a@=a- 00 = —oo and (—o0) -a@ =a: (—00) = o0. 


While 00+ 00 = 00 and —00+(—00) = —oo, both 004+ (—0o) and (—00)+00 
are undefined. Also, (4) and (5) remain valid if a equals oo or ~oo. Recall 
that we follow the convention 00 -0=0-co=0. 

Our study of measurable functions will involve simple functions. We 
recall their definition. 
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Definition 3.46 A simple function is a function which assumes a finite 
number of finite values. 


Let y be a simple function which takes on the distinct values a),...,@m 
on the sets FE; = {x: p(x) =a;},i=1,...,m. Then, the canonical form 
of ¢ is 


(a) =} axe, (2). 


Let E C R™. We call f an extended real-valued function if f : E — R*. 
Suppose that {y,}$2., is a monotonically increasing sequence of simple 
functions defined on some set E. Then, for each z € E, limp oo yy (2) 
exists in R*; the limit exists, but may not be finite. Thus, a monotonic 
limit of simple functions is an extended real-valued function. 


Definition 3.47 Let E be a measurable subset of R". We say that 
an extended real-valued function f : E — R* is (Lebesgue) measurable if 
{c €E: f(z) >a} eM, for allaeR. 


We first observe that a simple function y is measurable if, and only if, 
each set E; is measurable. 


Example 3.48 Let p(x) = 07") a:Xz, (x) be asimple function in canon- 
ical form, with F,,...,£m pairwise disjoint. Then 


{x EE: p(x) > a} = Ugsak; 


and it follows that y is measurable if, and only if, each E; is measurable. 
To see this, suppose that a) < ag <--> < am. If @Qn-1 < a < am, 
then {c € E: p(x) > a} = En, so the measurability of y requires that 
Em € Mn. If an-2 < @ < Qm-i, then {2 € E: p(x) > a} = En_1 U Em. 
Thus, if y is measurable, then E,,_; U Ej is measurable, and since Ej, € 
Mn, Em-1 = Em-1U Em \ Em € Mn. Continuing in this manner, we 
see that each E; € M,. On the other hand, if each E; € M,, then, 
{cx € E: p(x) >a} € M, for each a € R since it is a (finite) union of 
measurable sets, and consequently y is a measurable function. 


Below, we will always assume that a simple function is measurable, unless 
explicitly stated otherwise. 


Example 3.49 Let f:R—R be continuous. Since 


{x ER: f (x) > a} = f7' ((a, 00)) 
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is an open set, it is measurable. Thus, every continuous function defined 
on R is measurable. 


The measurability of a function, like the measurability of a set, has 
several characterizations. 


Proposition 3.50 Let E € M, and f: E — R*. The following are 
equivalent: 


(1) f is measurable; that is, {x € E: f(x) > a} € M,, for alla € R; 
(2) {ec €E: f(x) >a}eM,, for alla € R; 
(3) {cx €E: f(x) <a}EM, for alla€ R; 
(4) {cE E: f(z) <a}eEM, for allaeR. 


Proof. Since {rx € E: f(x) <a} = E\ {x €E: f(z) >a} and M, 
is a o-algebra, (1) and (4) are equivalent; similarly, (2) and (3) are 
equivalent. Since {x € E: f (x) > a} =U%, {2 EE: ie t)> a+ ;} and 
{ce E: f(x) >a} =e, {xe E: f (x) > a— Z}, (1) and (2) are equiv- 
alent, completing the proof. O 


Remark 3.51 We can replace the condition “for all a € R” by “for 
every a in a dense subset of R” in Definition 3.47 and Proposition 3.50. 
See Exercise 3.20. 


Since 
{cE€E: f(r) =a}={reE: f(x) <a}n{tek: f(x) >a} 
{re E: f(x) =oo} = {re E: f(x) > n} 
and 
{w € B: f (2) =—00} =, {e € E: f(z) <-n}, 
we see that 


Corollary 3.52 Let E € M, and f : E — R* be measurable. Then, 
{cE E: f(r)=a} eM, for alla € R*. 


It is a bit surprising that the converse to this corollary is false. 


Example 3.53 Let P Cc (0,1) be a nonmeasurable set. Define f : 
(0, 1) + R by 


t ifteP 
f= eer: 
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Then, f is one-to-one which implies that {x € (0,1) : f (z) = a} is Lebesgue 
measurable for all a € R*, but since {zx € (0,1): f(x) > 0} = P, f is not 
measurable. 


The next result contains some of the algebraic properties of measurable 
functions. 


Proposition 3.54 Let E € M,, and f,g: E — R* be measurable and 
assume that f + g is defined for allx € E. Letc ER. Then: 


(1) {ce €E: f (x) > g(x)} is a measurable set; 
(2) fte, cf, f+g9, fg, fVg and f Ag are measurable functions. 


Proof. ‘To prove (1), notice that 
{c€E: f(z) >g(z)} =VUreg {a CE: f(x) >r>g(z)} 
=Ureg {2 EE: f(t) >r}n{teE:r>g(z)}. 


Since each of these sets is measurable, {x € E: f (x) > g (x)} is a measur- 
able set. 
Consider (2). Fix a € R. Since 


{c€E:f(t)+ce>a}={reE: f(x) >a-c}, 
the function f +c is measurable. If c 4 0, then 
TEE: f(z)> 2) ite> 0 
fee Bier )>a)={ es : 
{ce E: f(x) < 2} ife<0 
If c= 0, then 


Eifa<0 


(ee Bief(e)>0h={ jas g- 


Thus, cf is measurable function. 
Note that 


{cE E:f(z)+g(z) >a} ={reE: f(x) >a-—g(z)}. 


Since g is measurable, a — g is a measurable function by (2) and so, by (1), 
f +g is measurable. 
To see that fg is measurable, note that for a < 0, 


{se E: f? (2) >a}=E, 
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while for a > 0, 
{ceE: f?(t)>a}={xeE: f(z) > ValsU{acE: f(z) <-Va}. 
Since all of these sets are measurable, f* is measurable. Writing 
_ (f +9) -(f-9)° 
4 > 
we see that fg is a measurable function. 
Finally, since 


fg 


{ce € B:(fV9) (2) >a} = {ee E: f(z) > a} U {ze E: (9) (2) > a} 
and 
{c € E:(f Ag) (2) >a} = {xe E: f(a) >a}N {ee B: (9) (2) >a}, 
it follows that f V g and f Ag are measurable. O 
Consequently, we get the following result. 


Corollary 3.55 Let EE M, and f:E— R*. Then, f is measurable if, 
and only if, ft and f~ are measurable functions. If f is measurable, then 
| f| is measurable. 


The converse to the last statement is false. See Exercise 3.21. 

As in the case n = 1, a statement about the points of a measurable set 
E is said to hold almost everywhere in E if the set of points in E for which 
the statement fails to hold has Lebesgue measure 0. Additionally, we use 
phrases like “almost every z” or “almost all x” to mean that a property 
holds almost everywhere in the set being considered. 


Proposition 3.56 Let E € M, and f,g: E — R*. Suppose that f is 
measurable and f = g a.e.. Then, g is measurable. 


Proof. Let Z = {r€E: f(x)#g(x)}. Then, Z is measurable and 
Mn (Z) = 0. Fix a €R. Then, 


{rE E:g(r)>as={reEE\Z:g9(x)>a}U{xe Z: g(x) >a} 
={réEE\Z: f(r) >a}U{re Z: g(x) >a}. 
Since Z has measure 0, all of its subsets are measurable. Thus, 
the measurability of f and the equality {r€E\Z:f(x)>a} = 


{cE€E:f(z)>a}\{xeZ: f(x) >a} imply that {rc € EB: g(r) > ase 
Mn. Oo 
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We next investigate limits of measurable functions. To do this, we first 
define some special limits. Given a sequence {abe C R, we define the 
limit superior and the limit inferior of {x,;}7°, by: 


lim sup x; = inf {sup on} = lim {sup on 
i t Vedi i00 UL RDi 


and 


lim inf x; = up {int on} = jim {ing on ; 
We always have that —oo < liminf;z,; < limsup;xz; < +oo. When they 
are finite, liminf;x; is the smallest accumulation point of {2,}$2, and 
lim sup, x; is the largest accumulation point. Further, by Exercise 3.22, 
lim;.. 2; exists if, and only if, limsup,;z; and liminf;z,; are equal, in 
which case lim;_,,. 2; equals their common value. 
~} CO 7 
Example 3.57 The sequence {(-1)'} satisfies lim sup; (—1)’ = 1 and 
i=1 
lim inf; (~1)’ = —1. Thus, the sequence does not have a limit. 


We now consider limits of sequences of measurable functions. 


Theorem 3.58 Let E € M, and suppose f, : E — R* is a measurable 
function for allk € N. Then sup, f,, inf, fx, limsup, f, and liminf, f;, 
are measurable functions. If lim f, exists a.e., then it is measurable. 


Proof. FixaéR. Note that 
{ee E:sup he) >a} Ug, (2 eB: file) >a}, 
k 


which implies that sup, f, is measurable. Next, the equality inf, f, = 
~ sup (—f;,) proves that inf, f;, is measurable. By definition, limsup, fe = 
inf, SUP; > f; and lim inf, f, = sup, inf;>, f;, which shows that lim sup, f, 
and liminf, f, are measurable. Finally, if lim, f, exists a.e., then it equals 
the limsup f;, a.e. and, consequently, is measurable. O 


The following result, which is due to D. F. Egoroff (1869-1931), shows 
that when a sequence of measurable functions converges, it almost converges 
uniformly; that is, the sequence converges uniformly except on a set of small 
measure. 


Theorem 3.59 (Egoroff’s Theorem) Let m,(E) < co. Suppose that 
te: E — R* ts a measurable function for each k, limgoo f (2) = f (x) 
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a.e. on E and f is finite valued a.e. on E. Then, given any € > 0, there is 
a measurable set F C E such that m, (E\ F) < € and {f,}72, converges 
uniformly to f on F. 


Proof. The function f is measurable since it is the pointwise limit a.e. 
of a sequence of measurable functions. For all m,i € N, set 


Bi = Mas {2 €E Ife (@)-£()1< 2} 
and 
w= {ee8: lim fe(a)= f(2)} 


Then, E,,; and H are measurable sets and, for all m, H C U%,Em,;. Fix 
m. Since Emi C Emi+1), by Proposition 3.34 


jim, Mn (Emi) = Mn (U721 Emi) > Mn (H) = Mn (E) ) 


and, since E has finite measure, limjo. Mn (E \ Emi) = 0. 

Therefore, given € > 0, for each m there is an i such that 
Mn (E\ Emin) < €2-™. Set F = 1%_,Emi,,, so that F is measurable 
and 


n(E\F)< 57 mn (E \ Ein) < yam ae. 
m=1 


m=1 


Finally, given 7 > 0, choose m so that > <n. Tfk >imandze FC Eni,,, 
then by the definition of Em;,,, |fx (x) — f (x)| < . Therefore, {fx }F4 
converges uniformly to f on F. O 


The next two examples show that we cannot relax the conditions that 
E have finite measure or f be finite valued. 


Example 3.60 Let E = R” and let f;, be the characteristic function of 
the ball centered at the origin and having radius k. Then, f;, (x) — 1 for 
all x but the convergence is not uniform on sets whose complements have 
finite measure. Thus, we need E to have finite measure. 


Example 3.61 Let E = [0,1] and f,(z) = k. Then, f, converges to 
the function which is identically oo on [0,1], so the convergence cannot be 
uniform. We need f to be finite valued a.e.. 
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The British mathematician J. E. Littlewood (1885-1977) summed up 
how nice Lebesgue measurable functions and sets are with his “three prin- 
ciples”: 


(1) Every measurable set is nearly a finite union of intervals. 

(2) Every measurable function is nearly continuous. 

(3) Every convergent sequence of measurable functions is nearly uniformly 
convergent. 


The third principle is Egoroff’s Theorem. The first principle follows from 
condition (2) of Theorem 3.36. Given E € M,, and e > 0, there is an 
open set G containing E such that m,(G\E) < «. By Lemma 3.44, 
G = UjseoB;, a countable union of disjoint bricks. If o is finite, we can 
approximate EF by the union of all the bricks. Ifo is infinite, since m, (G) = 
lim oo Mn (Uf_,B;), we can approximate E by a finite set of the B;’s (at 
least when the measure of E is finite). Finally, since the surface of a brick 
has measure 0, replacing B; by the largest open interval contained inside of 
B;, which has the same measure as B,;, we can approximate E by a finite 
union of open intervals. We now turn our attention the second condition. 

Let f be a nonnegative and measurable function on E Cc R”. We can 
define a sequence of simple functions that converges pointwise to f. To see 
this, for k € N, define measurable sets A¥ and Af? by 


FF <1@)< 3} and AS, = {ne E:k< f(2)}. 


At={2eB: 


Then, the function 


kak 
fi, (2) = > xat () + kx ax, (2) 


i=1 


is nonnegative and simple and { f,}°-., increases monotonically to f for all 
x € E. Further, if f is bounded then, once k is greater than the bound on 


Ifl, fe (2) -— f (x)| < 5 for all x € E. Thus, we have proved 


Theorem 3.62 Let E € M,, and suppose f : E — R* is nonnegative and 
measurable. There is a sequence of nonnegative, simple functions { fr}; 
which increases to f pointwise on E. If f is bounded, then the convergence 
is uniform on E. 
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If f is a measurable function on E, then f = ft — f-— and both ft 
and f— are nonnegative and measurable. Applying the theorem to each 
function separately, we get the following corollary. 


Corollary 3.63 Let E € M, and suppose f : E — R* is measurable. 
There is a sequence of simple functions {f,}~-_, which converges to f point- 
wise on E. If f is bounded, then the convergence is uniform on E. 


Littlewood’s second principle is contained in the following theorem of 
N. N. Lusin (1883-1950). 


Theorem 3.64 (Egoroff’s Theorem) Let E € M, and suppose f: E > 
R* is measurable and finite valued almost everywhere. Given € > 0, there 
is a closed set F C E such thatm, (E\ F) <«€ and f\|,, the restriction of 
f to F, is continuous. 


Proof. Assume that f is a simple function with canonical form f (x) = 
1 GX p, (x), where the a,’s are distinct, the E;’s are measurable and 
pairwise disjoint, and E = U7, £;. (If f (x) = 0 for some z, then a; = 0 
for some j.) Fix e > 0. By Theorem 3.36, there are closed sets F; C E; 
such that mp (E; \ F;) < ~ Set F = UrL, Fj. Then, F is a closed set, and 
since the sets F; are pairwise disjoint and f is constant on each of these 
sets, {| is continuous. Since E = U7, E;, we have E\ F C U™, (E;\ F) Cc 
Um, (E; \ F;) which implies that 


Mn (E \ F) thn (URLs (Bi \ Fi) = Sttn (Bi \ FR) < 


Next, suppose that f is measurable and m, (E) < oo. Choose a se- 
quence of simple functions {f;,};., that converges pointwise to f. Choose 
closed sets F, C E such that m, (E\ Fr) < e2-(F+1) and fel p, is con- 
tinuous. By Egoroff’s Theorem and Theorem 3.36, there is a closed set 
Fy C E such that m, (EZ \ Fo) < €27' and {f,}72., converges uniformly 
to f on Fo. Set F = fof. Then f;,|, is continuous and {f;,};-, con- 
verges uniformly to f on F. Since a uniform limit of continuous functions 
is continuous, f|,, is continuous. Further, 


mn (E\ F) <> 2 HH) He. 
=0 
Finally, suppose m, (EZ) = oo. Let Aj = {x ER": 7-1 < |lz|] <7} 
and write EF = U72,EA;. Since m, (Aj) < oo, there is a closed set 
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F; C ENA; such that fle, is continuous and m, (E 1 A; \ Fj) < e274. Set 
F = UR, F;. Note that by construction Fj and F; are at a positive distance 
for j £1. Thus, F is closed, m, (E \ F) < and f|, is continuous. Oo 


Remark 3.65 The conclusion is not that f is continuous on F but that 
the restriction of f to F is continuous. See the next example. 


Example 3.66 Let f be the Dirichlet function defined on all of R. Let 
G be an open set containing Q with m(G) < «. Set F = G*. Then, 
m(R\F) = m(G) < € and since f|, = 0, f|, is continuous. However, 
when considered as a function on R, f is not continuous on F’. 


In the one-dimensional case, a step function is a finite-valued function 
which is constant on a finite number of open intervals of finite length. 
We can define a step function on the entire real line by setting it equal 
to 0 on the complement of the union of these open intervals. We extend 
this idea to higher dimensions by calling y a step function if there are 
finite sets of pairwise disjoint bricks, {B;}7_,, and scalars {a;}/", such that 
y (x) =a; for x € B; and y(x) = 0 for x ¢ UZ, B;. We now show that a 
measurable function defined on a set of finite measure can be approximated 
by a sequence of step functions. 


Theorem 3.67 Let E € M, and suppose f : E — R* is measurable. 
Then, there is a sequence of step functions {p,};_, that converges to f 
a.e. in E. Moreover, if |f (x)| < M for all x € E, then |p, (x)| < M for 
alxe BE andk EN. 


Proof. Suppose, first, that m(E) < oo and f is bounded. Let M be the 
bound on f and suppose k > M. Let f, be the simple function 


= 


where AY = {xe E: 52 <f(x)<%}. By construction, we have 
\fe (x) — f (x)| < 27-* for all z. Since each Af is a measurable set, 
: k\ Ak 1_o-k 
there is an open set H¥ > AF such that m, (Hf \ AF) < ge27*. By 
Lemma 3.44, HF = WyeoieBy where {Br} is a countable union 
kt 
of disjoint bricks. If o,,; is finite, we set Gr = eB, where J, ; 
equals the number of bricks in o%,;. If ox, is infinite, since m, (Hf) < 
mn (AF) + ge2-* < mn (E) + par2-* < 00, we can choose J;,; such that 
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Mn (UR 41 By") < Ge27*. Set GF = Ui BE. Then, 


Mn (GEAAP) < mn (HE \ AB) +n (URy BM) < 2 ok 


Set 


Kak, k2* lea, 


ve (2) = > Sexes (2) = 2 exes (2), 


i=1 j=l 


so that y, is a step function and y, (x) = fr (x) for all x ¢ UE2, (GEAAF). 
Further, 


kk kak 
k2* (xk k 2. 5-8 - 
mn (Ui; (GEAAB)) < om (GEAAR) < age? bed, 

We now show that y, — f ae.. Let Fy = {x : |y, (z) — f (x)| > 27*}. 
Then, F, C UF? (GEAAF) so that m,, (Fy) < 27**). Ife ¢ US, Fe, then 
|p, (x) — f (x)| < 27* for all k > m so that y, (z) — f (x). Consequently, 
if ¢ N_, URL, Fe, then y, (x) — f (x). Finally, since 


Mn (N=1 2 yas Fy) Mn (Ufa mF) 


Ss > Mn (Fe) < e g-k+1 _. g-mt2 
k=m 


k=m 


for all m, Mn (NF, Um Fe) = 0 and {y,}%2, converges to f ae.. By 
construction, |y, (x)| < M for alla ce E andkeEN. 

Now, suppose that f is a measurable function defined on a measurable 
set EF. Let Iy be the interval in R” that is the n-fold product of the interval 
[-N,N]. Set Ey = EN In and define fy by 


N if c€ Ey and f(r) >N 
f _ J f (2) ifx € Ey and |f (x)|< N 
WEY) aN atlas Dy and f(a) aN 


0 if z¢ En 


Note that EF = U¥_,En, En C En4i1, m(En) < 00, fx is bounded on 
En and {fy}y., converges to f for all sx € E. By the previous part 
of the proof, there is a step function y,, supported in Ey, and a set 
Fy C Ey such that |p y (x) — fn (x)| < 27-% for all x € En \ Fy and 
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Mn (Fv) < 2-(N+)). We claim that for each fixed K, {yy }S?_, converges 
to f on Ex except for a set of measure 0. For, if that were true, then 


Mn ({2 € Bs py (2) f(2)}) < D5 mn ({2 € Ex : py (t) » f (z)}) =0 
K=1 
and {yy }y—, converges to f ae. in E. 
So, fix K and argue as in the previous part. Set Zq = N9_~ UN Fu. 
Since 


Mn (Zx) S mn (UNamFw) S 55 mn (Fu) < S> aNt a aM, 
N=M N=M 


Mn (ZK) = 0. It remains to show that yy (x) — f (x) for all x ¢ Zz. 

If M > K and c ¢ U¥_y,Fw, then |yy (x) — fy (x)| < 27% for all 
N > M so that yy (z)— fn (x) — 0. Consequently, if ¢ N3_.~UR_y FN, 
then yy (rz) — fn (x) — 0. If |f(z)| < oo, then fy (x) = f (x) for all 
sufficiently large N and yy (x) — f (2); if |f (x)| = 00, then {py (z)}y_, 
tends to oo (or —0o) so that yy (x) — f (x). This completes the proof of 
the proposition. O 


3.5 Lebesgue integral 


Lebesgue’s descriptive definition of the integral led, in a very natural way, 
to the development of the Lebesgue measure of sets in IR” and, via limits of 
simple functions, to a study of measurable functions. If f is a step function 
(on R), f(z) = ae aix7, (x) where the J;’s are pairwise disjoint intervals, 
then by using properties (1), (2), (3) and (5) of Lebesgue’s descriptive 
definition, we see 


k k 
| f (x) dz = Soak (i) = S > aim (Ii) ; 
R i=1 i=1 

as long as £ (I;) < 00 for all 1. This equality will guide our definition of the 
Lebesgue integral. 

Recall that a simple function y takes on a finite number of distinct 
nonzero values a1,@2,...,@e. If A; = {x:y(r) =a;}, then »y has the 
canonical form 


p(t) = Sraixa, (2). 


i=1 
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Definition 3.68 Let y: R" — R be a nonnegative, simple function with 
canonical form waar a:X a, (x). We define the Lebesgue integral of p to be 


Je = fo a)de= | o(2)d2= 3 aima (Ay). 


j=l 
If Ee M,, set 


[e= [e@e= [xeeeear 


: k 
Since X¥gX a, = Xena;, we see that fp = ja) ain (Ai £). 


Remark 3.69 For the remainder of this chapter, we will use [ to denote 
the Lebesgue integral. 


The definition of the Lebesgue integral of a simple function is indepen- 
dent of its representation. 


Proposition 3.70 Let y (x) = 0%", bjxp, (x) where the sets F; are pair- 
wise disjoint measurable sets. Then, 


[e- S- bjmn (F5) 
j=l 


Proof. Let ye aX A, (2) be the canonical form of y. Then, A; = 
Ub, =a: F5, and Sen Mn (F;) = Mn (A,). Thus, 


fe =e = doa >> mn (K) = >> by (F), 
=1 w=1 b;=a; j=l 
as we wished to show. O 


The next result collects some of the basic properties of the Lebesgue 
integral of nonnegative, simple functions. 


Proposition 3.71 Let » and yp be nonnegative, simple functions and 
a>0. Then, 


(1) fap=afy; 

(2) fe 29; 

(3) f(etv)=feot fyi 

(4) The mapping ® : Mn — [0,00] defined by O(E) = J, is countably 
additive. 
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Proof. Let y(z) = pee aX, (x) and p(x) = jet b;Xp, (x) be the 
canonical forms of y and y. To prove (1), since ay (x) = Se aa;X 4, (Z), 


k k 
i = ¥ > aaimn (A;) = a) ajMn (Ai) = a | y. 
i=1 i=1 


To prove (2), we need only note that since y is nonnegative, a; > 0 for 
all 7, so that 


[o=Soeame > 0, 


For (3), we set E;; = A; B; forl <i<kand1< j<m. Let 
S = (i,j) 1 SiS b1S J <m}. Then, o(2) = Danes Aix, (2) and 
yp (x) = uaes b;Xn,, (x). By the proposition above, 


[etw= XS +85) Ey) 


(i,g)ES 
= D0 am, (Ey) + S> bymn (Ey)= fot fv. 
(i,7)ES (i,j)ES 


Finally, to prove (4), let {E;} 
pairwise disjoint sets. Thus, 


jee M,, be a countable collection of 


k 
® (UjeoE;) = i a Slam, (A; Nn UjeoE;) 


Ujea By i=1 
k 
= Soa: So mn (Ain E;) 
i=1 jEeo 
k 
= > > wt, (A; NE;) 
j€o i=1 
=> f e= Dew). 
jeo Bi J€o oO 


Applying part (2) to the function y — y, we get the following corollary. 


Corollary 3.72 Let y andy be nonnegative, simple functions. If p < », 
then fos fy. 
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In fact, it is only necessary that » < w except on a null set, as we will 
discuss below. 
Suppose y is a nonnegative, simple function on R”. Then 


® (0) = So aimn (A; nN 0) = 0. 


Since ® is countably additive, we see 


Corollary 3.73 If y is a nonnegative, simple function on R", then ® : 
M,, ~ (0, 00] defined by ®(E) = J, ts a measure on My. 


Using simple functions, we extend the definition of the Lebesgue integral 
to nonnegative, measurable functions. 


Definition 3.74 Let E € M, and f : E — R be nonnegative and 
measurable, Define the Lebesgue integral of f over E by 


[t= [ reyar=sup{ [ 9:0 ses f and gis simple}. (3.3) 
E E E 


If A is a measurable subset of E, we define 


[te [sees [xs @terer 


Remark 3.75 Equation (3.3) is analogous to a “lower integral”. Since 
we are considering functions which may be unbounded, there may be no 
simple functions that dominate f, so it would then be impossible to define an 
“upper integral”. However, even for bounded functions, it is not necessary 
to compare upper and lower integrals. This is pointed out in Proposition 
3.102 after we have developed some of the basic properties of the Lebesque 
integral. 


The next result shows that the Lebesgue integral is a positive operator 
on nonnegative measurable functions. 


Proposition 3.76 Let E € M, and f,h: E — R be nonnegative and 
measurable and a > 0. Then, 


(1) Ifh<f, then fah< Jel; 
(2) IfO< f, thenO< fpf; 
(3) Jgof =a fy f. 
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Proof. To prove (1), note that if y < A then » < f, so the Lebesgue 
integral of f is the supremum over a bigger set. Setting h = 0 in (1) proves 
(2). For (3), note first that if a = 0, then af = 0 and by our convention 


that 0-co = 0, 
ota [ oie=0-0 ff. 
E E E 


If a > 0, we see that if y is a simple function and 0 < » < f, then ay isa 
simple function and 0 < ay < af. Further, if ~ is a simple function and 
0<¥<af, then +y simple function and 0 < Ly < f. Thus 


[of = sup { [v0 <u < af and vis simpte} 
E E 
1 1 ie ace, 
= sup [ a (4) :0< —y < f and —y is simple} 
ez \@ a a 
=sup{ [ ap:0< yf and ys simple 
E 


=asup{ f pide fandyis simple} ~a ff 
E E O 


Note that (2) is the statement that the Lebesgue integral is a positive 
operator on nonnegative measurable functions 

We now come to our first convergence theorem for the Lebesgue integral, 
the Monotone Convergence Theorem. 


Theorem 3.77 (Monotone Convergence Theorem) Let E € M,, and 
{fr}pe, be an increasing sequence of nonnegative, measurable functions 
defined on E. Set f (x) = limp oo fe (x). Then, 


[t= jm, [ih 


Proof. Note first that f is nonnegative and measurable since it is a limit 
of measurable functions. Since 0 < fk < fii < f, by the previous propo- 
sition, { J, fees is a monotonic sequence and lim, J, fe < fpf. 

To prove the reverse inequality, fix 0 < a < 1 and let » be a simple 
function with 0 < » < f. Set R = {xe E: f, (x) > ay(z)}. Since 
fx (x) increases to f (x) pointwise, it follows that FE, C E,+4, for all k and 


E = U2, Ey. Thus, 
/ fkk>] fe&= a | y. 
E Ex Ex 
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By part (4) of Proposition 3.71, ®(E£) = J, defines a measure, so by 
Proposition 3.34, 


= i < 
a fremojim fos tim ff 


If we let a — 1, we see that lim, f, fr > Jy. Since this is true for all 
simple functions y < f, we get 


jim [> fis 


which completes the proof. O 


Suppose that f and g are nonnegative and measurable. By Theorem 
3.62, there are sequences of nonnegative, simple functions {y,}/°, and 
{y,}92, which increase to f and g, respectively. Thus, 0 < y,; +; and 
{y; + ¥,}72, increases to f + 9. By Proposition 3.71, 


[wtvo= [ot [iv 


so by the Monotone Convergence Theorem, 


[ura= [r+ fo 


Thus, we see that the Lebesgue integral is linear when restricted to non- 
negative, measurable functions. 

Using this result, we can easily show that the Lebesgue integral is count- 
ably additive. 


Corollary 3.78 Let E€ M,, and {fi}; be @ sequence of nonnegative, 
measurable functions defined on E. Then, 


[umd fm 


Proof. The proof is almost done. We use linearity and induction to show 
that 


N N 
[ymnd ft 


for all N € N. Since all the functions are nonnegative, we can apply the 
Monotone Convergence Theorem to complete the proof. O 
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In fact, this corollary is equivalent to the Monotone Convergence Theorem. 
See Exercise 3.36. 

We saw above that the Lebesgue integral of a nonnegative, simple func- 
tion defines a measure. The same is true for all nonnegative, measurable 
functions. This will follow from the next two results. 


Proposition 3.79 Let f be a nonnegative, ora ee on R”. 
Then, the mapping ® : M,, — R* defined by ®(E) = J, f is countably 
additive. 


Proof. Pick a sequence of nonnegative simple functions {y,}72, that 
increases to f. By the Monotone Convergence Theorem, f,y, — fpf 
Suppose {Ej} jeo 8 a countable collection of pairwise disjoint measurable 
sets and E =U;¢,E;. By part (4) of Proposition 3.71 and Exercise 3.3, 


[of im, a= in fe Pe im, a-Df f. 


j€o 


Proposition 3.80 Let E € M, and f be a nonnegative, measurable 
function on R". Then, J, f =0 tf, and only if, f=0 ae nL. 


Proof. Suppose f(z) = pea a;x 4, (z) is simple function. If f = 0 ae. 
in E and a; > 0, then m, (A; EZ) = 0. Thus, f, f = 0. For general, 
nonnegative functions f, the result follows by approximating f by simple 
functions. Thus, if f = 0 a.e. in EZ, then f, f =0. 

Now, suppose that tea = 0. Set A, = {x CE: f(x)> i}, so that 
A= {xe E: f(z) >0} =UR, Ax. If m, (A) > 0, then m, (Ay) > 0 for 


some k which implies 
il 
ibe) f > 7M (Ax) > 0 
E Ak k 


This contradiction shows that m, (A) =0 and f =Oae. in E. O 


Consequently, ® (0) = J, f = 0 and the Lebesgue integral of a nonneg- 
ative, measurable function defines a measure. 


Remark 3.81 The previous proof uses a very important inequality in 
analysis, know as Tchebyshev’s inequality after P. L. Tchebyshev (1821- 
1894). Suppose that f is a nonnegative, measurable function on a measur- 
able set E. Let X > 0. Then, Ax ren: f(ey>a} (2) S f(@) for all x € E. 
Thus, 


Amn ({x € E: f (z) > A}) = [rxwee.serom (x) dz < iz 
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from which we get Tchebyshev’s inequality, 


ma (BEB: f(e) >A) <5 fF 


Example 3.82 Let Aé M,, and set f (rz) =x, (x). Then, the measure 
© defined by ®(E£) = fnxX4 = Mn (ANE) is the restriction of Lebesgue 
measure M, to A. 


For a general measurable function, we can use the Lebesgue integrals 
of f+ and f~ to define the Lebesgue integral of f, whenever we can make 
sense of their difference. 


Definition 3.83 Let E € M,, and f be a measurable function on E. We 
say that f has a Lebesgue integral over E if at least one of J, f * and f me 
is finite and in this case we define the Lebesgue integral of f over E to be 


fo bre ke 


We say that f is Lebesgue integrable over E if the Lebesgue integral of f 
over EF exists and is finite. 


Remark 3.84 If f has a Lebesgue integral over E, then [ pif may equal 
too. In order for f to be Lebesgue integrable, the integral must exist and 
be finite. 


Note that if y is a simple function, then y has a Lebesgue integral 
over E if, and only if, (at least) one of the sets {t € E: p(t) > 0} and 
{t € E: y(t) < 0} has finite measure. When this is the case and y(x) = 
De MX A; (z), 


[ e=Soesma (en Ay, 


i=1 
Further, y is Lebesgue integrable over E if, and only if, mz (EM A;) < oo 
for alli=1,...,k. 

An important consequence of Tchebyshev’s inequality is that a Lebesgue 
integrable function is finite almost everywhere. 


Proposition 3.85 Let EE M, and f be a Lebesgue integrable function 
on E, Then, 


(1) for alla > 0, the set Ey = {te E+ |f (t)| > a} has finite measure; 
(2) f is finite valued a.e. in E. 
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Proof. By hypothesis, both ft and f~ are Lebesgue integrable. Fix 
a > 0. We see that 


Ea={tEE: ft(t)>a}U {te E: f- (t)>a}, 


so it is enough to prove (1) for nonnegative functions f. Then, by Tcheby- 
shev’s inequality, 


m,({2€ Bi f(e) >a) <= ff <0. 


To show the second part, it is, again, enough to show that ft and f— 
are finite valued a.e. in EF, so we assume that f is nonnegative. Since 


{tEE: f(t)=o}c {tek: f(t)>a} 


for all a > 0, 
in: (HER: FO aco) Sm, Uke Bey Gay) < aft 


so letting a tend to oo shows that m,, ({t € E: f (t) =0o}) = 0 and f is 
finite a.e. in E. O 


For Lebesgue integrable functions, we can get an improvement of the 
Monotone Convergence Theorem. See Exercise 3.37. 


Corollary 3.86 Let E € M, and {f,}7, be an increasing sequence 
of nonnegative, Lebesgue integrable functions defined on E. Set f(x) = 
limp oo fk (2). Then, f is Lebesgue integrable if, and only if, sup, Jp fk < 
oo. In this case, f is finite a.e.. 


Example 3.87 In Example 3.3, we defined a sequence of simple functions 
that increase pointwise to the Dirichlet function on [0,1]. Since each f, is 
Lebesgue integrable, the Monotone Convergence Theorem implies that the 
Dirichlet function is Lebesgue integrable with integral 0. Note that each f, 
is also Riemann integrable while the limit function is not, which shows that 
the Riemann integral does not satisfy the Monotone Convergence Theorem. 


Using the relationships between f, |f|, ft and f—, we get the follow- 


ing result which shows that Lebesgue integrable functions are absolutely 
integrable. 


Proposition 3.88 LetE EM, and f:E — R* be measurable. Then, f 
is Lebesque integrable over E if, and only if |f| is Lebesgue integrable over 
f|< Jalil: 
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Proof. If f is Lebesgue integrable, then both f, f* and f, f~ are finite, 
so that fp |fl= J, ft+ J, f~ <0 and |f| is Lebesgue integrable. On the 
other hand, if |/| is Lebesgue integrable, by the positivity of the integral 
and the pointwise inequalities f+ <|f| and f~ < |f|, the integrals f,, ft 
and f,, f~ are finite, and so is f, f. Finally, 


-[r|s fre pr=forery= fin 


and the proof is complete. 


The null sets, that is, sets of measure 0, play an important role in 
integration theory. The next few results examine some of the properties of 
null sets. 


Proposition 3.89 Suppose that ZH € M,, and f : E — R* is measurable. 
If my (E) =0, then f is Lebesgue integrable over E and J, f =0. 


Proof. Since 0= f = ft =f ae. in E, f, ft = J, f~ =0 and the 
result follows. 


On the other hand, for general measurable functions, it is not enough 
to assume that f,, f = 0 to derive m, (EZ) = 0, or that f =Oa.e. in E. 


Example 3.90 Let f : [—1,1] — R be defined by f (x) = Te fore #0. 
Then, Seay f =0 while f 40 ae. in [—1,1] and m([-1,1]) 40. 


However, if the Lebesgue integral of f is 0 over enough subsets of E, 
then it follows that f =Oae. in E. 


Proposition 3.91 Suppose that f has a Lebesgue integral over E. If 
J, f =0 for all measurable sets A C E, then f =0 ae. in E. 


Proof. Since f, f* = Jan{wee:s(z)>0y f 2nd fy FO = Santee: s(x) <0} fs 


we see that f, ft = 0 and f, f— = 0 for all measurable subsets A C 
E. Thus, we ery assume that f is nonnegative. As above, set A, = 
{x E€E:f(zr)> > t}. Then, by Tchebyshev’s inequality, 


1 
pm (An) < | f=, 


so that my (Ax) = 0. Thus, m, ({z € E: f (x) > 0}) < DP, mn (Ax) = 0 
which implies f = 0 ae. in E. O 
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If f is measurable, then f,, f = 0 for every set E of measure 0. When 
f is Lebesgue integrable, this this happens in a continuous way. 


Theorem 3.92 Let E € M,, and f : E — R* be Lebesgue integrable. 
Then, 


lim / = 0, 
mn{A)—0 a 


where the limit is taken over measurable sets A C E. 


Proof. Since | pad | < J, \f| for Lebesgue integrable functions f, it is 
enough to prove the result for f > 0. Set f(z) = min{f (x) ,k} so that 
fe > O and {f,}72, increases to f. By the Monotone Convergence Theo- 


rem, 
R00 JE E 


Fix € > 0 and choose k such that fp (f — fe) < 9. Fix 6,0<6< g. If 
Mn (A) < 6, then 


[rs [u-ms fa<gregns 


as we wished to show. O 


Remark 3.93 If f > 0 is Lebesgue integrable, then ®(E) = J, f defines 
a measure. This theorem says that given any € > 0, there is ad > 0 so that 
if Mm, (E) < 6 then ®(E) < €. When this condition is satisfied, we say that 
the measure ® is absolutely continuous with respect to mn. 


If f and g are equal ae. in E, then f—g = Oae. in Eso f,(f —g) =0. 
When one of the functions is Lebesgue integrable, so is the other and their 
integrals are equal. 


Proposition 3.94 Suppose that E € M,, and f,g: E — R* are measur- 
able. 


(1) If |f| <9 ae in E and g is Lebesgue integrable over E, then f is 
Lebesgue integrable over E. 

(2) If f is Lebesgue integrable over E and f = g a.e. in E, then g is 
Lebesgue integrable over E and f, f = fpg- 
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Proof. To prove (1), set Z = {xe E: f(r) > g(x)} and note that 
Mn (Z) = 0 so that f,|f| = f79 = 0. Since |f| and g are nonnegative 
and measurable functions, 


f= fl ie fui- fl uis f= [e+ fo= fe 


Thus, |/| is Lebesgue integrable over E and, consequently, f is Lebesgue 
integrable over E. 

For the second part, note that by hypothesis, f+ = gt ae. in E and 
f— =g° ae. in E and both ft and f- are Lebesgue integrable. By part 
(1), since gt < ft and g- < f~ ae. in E, gt and g~ are Lebesgue 
integrable over E. Thus, g is Lebesgue integrable over E. Moreover, 
leo = fog? and Je9” < Jp f - Reversing the roles of f and g, we 
conclude that f, gt = f, ft and f,9” = J, f7. It follows that 


fe be-he=krekreke 


Suppose that h < f <ga.e. in E. Then, |f| < |g|+ Al. If g and h are 
Lebesgue integrable over E, then so is |g|+|h|. Thus, we have the following 
corollary. 


Corollary 3.95 Suppose that E € M, and f,9,h: E — R* are measur- 
able. Ifh < f <g ae. in E and g andh are Lebesgue integrable over E, 
then f is integrable over E. 


The sum of measurable functions is measurable if the sum is defined but, 
since that is not always the case, in general we cannot integrate the sum of 
measurable functions. However, if a function is Lebesgue integrable, then 
we have seen that it is finite almost everywhere. Thus, the sum of Lebesgue 
integrable functions is defined almost everywhere and, since sets of measure 
0 do not effect the value of the Lebesgue integral, we may assume that the 
Lebesgue integral of the sum is well defined. The next result shows that 
the Lebesgue integral is linear for Lebesgue integrable functions. 


Theorem 3.96 (Linearity) Suppose f and g are Lebesgue integrable over 
a measurable set E. Then, for alla,B € R, af + Bg is Lebesgue integrable 


and 
[or+sy-0f t+6 fo 
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Proof. We have already proved this result when f and g are nonnegative 
and a, 8 > 0. If a < 0, then (af)* = —af~ and (af) = —af*, so that 


[oar= [ent- [en 
“af faa /ieaal fre | rjeals 


Thus, we only need consider the sum of Lebesgue integrable functions. 
If f and g are nonnegative and h = f —g, then ht = f and h~ =g so 


that 
[naa fina far-fr=fir- fio 


since h is defined and finite almost everywhere. Consequently, for Lebesgue 
integrable functions f and g, 


[usaf ut-r+st-o) 
= ftsot-r soya ftseh— free) 


saa hee al ce aa 


since all the integrals are finite. O 


Suppose f and g are Lebesgue integrable functions over a measurable 
set E. It follows that f — g and, hence, |f — g| are Lebesgue integrable. 
Consequently, f Vg = 3(f+9+If—gl) and fAg = 3(ft+9—If—9l) 
are Lebesgue integrable over EF. Thus, analogous to the set of Riemann 
integrable functions on an interval [a,b], the set of Lebesgue integrable 
functions on a measurable set EF is a vector lattice. See Theorem 2.23 and 
the following paragraph. 

As we have seen, the Monotone Convergence Theorem is a very useful 
tool in analysis. However, in many situations, the monotonicity condi- 
tion is not satisfied by a convergent sequence and other conditions which 
guarantee the exchange of the limit and the integral are desirable. We next 
consider Lebesgue’s Dominated Convergence Theorem. This result replaces 
the monotonicity condition of the Monotone Convergence Theorem by the 
requirement that the convergent sequence of functions be bounded by a 
Lebesgue integrable function. As a corollary of the Dominated Conver- 
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gence Theorem, we will get the Bounded Convergence Theorem. We begin 
with a result due to P. Fatou (1878-1929), known a Fatou’s Lemma. 


Lemma 3.97 (Fatou’s Lemma) Suppose that E € M, and f, : E — R* 
is nonnegative and measurable for all k. Then, 


se 


Proof. Set hy (x) = inf;>, f; (x), so that hy is nonnegative and measur- 
able, and {hx}%_, increases to lim inff,. By the Monotone Convergence 
+ OO 


[imine = ji lim nf hx. 


Since hy, < f, for all ze E, 


Theorem, 


lim he < Himint f res 
oo Jp k>00 Jp 


and the proof is complete. O 


Suppose that g is a Lebesgue integrable function and each f;, is a mea- 
surable function such that f, > g fora.e. x € E and allk EN. Then f,—g9 
is 2 nonnegative function and we can apply Fatou’s Lemma to get that 


[imine — [a= f timint (A 9 
E k-oo E E k-oo 
< limint f (fe 9) = timint [ fe- | 9 
k->00 Jp k->00 JR E 


Since g is Lebesgue integrable, we have 


Corollary 3.98 Suppose that E € My and fy,g: E — R* are measur- 
able andg < fx for all k. If 9 is Lebesgue integrable over E, then, 


/ lim inf f;, < limint | fre 
E k- 00 k-oo JR 
There is also a result dual to Corollary 3.98. See Exercise 3.38. 


Corollary 3.99 Suppose that E € My, and fx,g : E — R* are measur- 
able and f, < g for all k. If g is Lebesgue integrable over E, then, 


/ limsup f, > limsup [ Fr: 
E E 


k—- 00 k- 00 
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We can now prove Lebesgue’s Dominated Convergence Theorem. 


Theorem 3.100 (Dominated Convergence Theorem) Let {fx}7, be a 
sequence of measurable functions defined on a measurable set E. Suppose 
that {fr}; converges to f pointwise almost everywhere and there is a 
Lebesgue integrable function g such that | fx (z)| < g(x) for all k and almost 
every x € E. Then, f is Lebesgue integrable and 


[t=tim [te 


tim f If - fel =0. 


Proof. By hypothesis, -g < f, < g a.e., so Corollaries 3.98 and 3.99 
apply. Since { f,};_, converges to f pointwise almost everywhere, 


limsup | fe [ limsup f= [ f= Hmint fi, < timint [ fr. 
k>00 JE E k-0o E E k-oo ko Jr 


Thus, fp f = lim fp fe. 

To complete the proof, note that | f — f,,| converges to 0 pointwise a.e. 
and |f (x) — fx (x)| < 2g (2) for all k and almost every x. Thus, by the first 
part of the theorem, lim J, |f — fx| = 0 and the proof is complete. | 


Moreover, 


For a more traditional proof of the Dominated Convergence Theorem, 
see [Ro, Pages 91-92]. 

If the measure of F is finite, then constant functions are Lebesgue in- 
tegrable over FE. From the Dominated Convergence Theorem we get the 
Bounded Convergence Theorem. 


Corollary 3.101 (Bounded Convergence Theorem) Let {fi}; be @ se- 
quence of measurable functions on a set E of finite measure. Suppose there 
is a number M so that |f;,(x)| < M for all k and for almost all x € E. If 
f(z) = limgoo fe (2) almost everywhere, then 


[1a | 


We defined the Lebesgue integral by approximating nonnegative, mea- 
surable functions from below by simple functions. At the time, we men- 
tioned that for bounded functions we could also consider approximation 
from above by simple functions. We now show that the two constructions 
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lead to the same value for the integral. Thus, we do not need to show 
that an upper integral equals a lower integral to conclude that a function 
is Lebesgue integrable. 


Proposition 3.102 Let E be a measurable set with finite measure and 
f : E — R* be bounded. Then, f ts measurable on E if, and only if, 


sup{ [ y:yp<f, gis simple = int { | pif<y,y is simple 
E E 
(3.4) 


Proof. Suppose that f is measurable. Choose / and L such that ] < 
f(z) < L for all x € E. Let e > 0 and P = {yo, y1,..-, Ym} be a partition 
of [!,Z] with mesh p(P) < «. Set E; = {2 € E: yi < f(z) < lj}, for 
i= 1,...,m, and define simple functions y and wy by 


yg (2) = So li-aXe, (x) and y (2) = So lixe, (2). 
i=] t=1 


Then, » < f < w and 


m 
[oe 0)= Duta) (Bd) < a1m9 (B), 
i=1 
which implies (3.4). 

On the other hand, suppose (3.4) holds. Then, there exist simple func- 
tions y, and y, such that y, < f <p, on Eand f, (vy, — 9) < %- Define 
y and w by y (x) = sup, », (x) and y (x) = inf, y, (x). Then, y and y are 
measurable and » < f < y on L. Further, 


[w-es | e-w<; 


for all k, so that f,(~—y) = 0. Thus, y—y = 0a. in E. Therefore, 
wy = f=y ae. in F£ and it follows that f is measurable. O 


3.6 Riemann and Lebesgue integrals 


The Dirichlet function, which is 0 on the irrationals, provides an example 
of a function that is Lebesgue integrable but is not Riemann integrable 
on any interval. Thus, Lebesgue integrability does not imply Riemann 
integrability. The next result shows that the Lebesgue integral is a proper 


112 Theories of Integration 


extension of the Riemann integral. In the proof below, we use R f for the 
Riemann integral. 


Theorem 3.103 Let f : [a,b] > R be Riemann integrable. Then, f is 
Lebesgue integrable and the two integrals are equal. 


Proof. Let {Q,}7-., be a sequence of partitions of (a, b] such that: 


(1) limp soo p (Qe) = 0; 
(2) limp oo DL ss O%) = fe f; 


(3) limp oo U oe Ox) = ie fe 


If we then set P, = Uf_,Q;, then {P,.}¥2, is a sequence of nested 
partitions, P, C P41, that satisfy conditions (1), (2), and (3). 

Fix k and suppose Py, = {29,21,.--,2;}. Set m = 
inf {f (t): 2-1 <t<a;} and M,; =sup{f (t): 2-1 <t < 2;}, and define 
simple functions J, and u, by 

j-l 
de (2) = S> miX05-1,0,) (2) + MX |o5_1,25) (2) 
i=1 
and 
j-l 


Uk (x) = > M:X{x;_1,28) (x) ok MjX{e;-1,23] (x) ’ 


i=1 


so that Sa,t) l, = L(f,P.) and Ja,0) ur = U(f, Px). Since the partitions 
are nested, it follows that 1, < f <u, and the sequence {/,}7°., increases 
and {ux}f-., decreases. Define / and u by J (x) = lim, J, (x) and u(x) = 
lim, wu, (x). By the Monotone Convergence Theorem, 


b 
if = lim L, = lim L(fPa) = f f 
[a,b] k- 00 ah 


k—- 00 [2,6] 


and 
—b 


/ u= lim U, = lim UP = | F. 
[a,] k- 00 [a,b] k-00 a 


ab 
Since f is Riemann integrable, [ ; f= Jf, so that 


/ l= : uU 
[2,0] [2,6] 
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Thus, because! < f < u,] = f = uae. in [a,b]. Hence, f is Lebesgue 


integrable over {a, b] and 
b 
[ fer t. 
[a,6] a 


There is no direct comparison of the Lebesgue and Cauchy-Riemann 
integrals. Again, the Dirichlet function is an example of a Lebesgue in- 
tegrable function that is not Cauchy-Riemann integrable. The function 
f (x)= we of Example 2.49 is Cauchy-Riemann integrable but, as shown 
in that example, is not absolutely integrable. Thus, it is not Lebesgue 


integrable. 


O 


3.7 Mikusinski’s characterization of the Lebesgue integral 


We next give a characterization of the Lebesgue integral due to J. Mikusin- 
ski (see [Mit]; see also [MacN]). The characterization is of interest because 
it involves no mention of Lebesgue measure or the measurability of func- 
tions. The characterization will be utilized in the next section where we 
discuss Fubini’s Theorem on the equality of integrals on R” for n > 2 and 
iterated integrals. 

We saw in Theorem 3.67 that a measurable function can be approxi- 
mated a.e. by step functions on a set of finite measure. When the function 
is Lebesgue integrable, we can say more, that the Lebesgue integrals of the 
step functions converge in a very strong sense. In the following proof, we 
refer to the notation used in the proof of Theorem 3.67. 


Theorem 3.104 Let f :R” — R* be Lebesgue integrable. Then, there is 
a sequence of step functions {p,};— that converges to f a.e. such that 


fim | \ee-fl=0. 


Proof. By considering ft and f~ separately, we may assume that f > 0. 
Also, f is finite valued a.e. since f is Lebesgue integrable. Without loss of 
generality, we may assume that f is finite valued on all of R”. Let 


B, = {c € R": f (z) < k and a; € [-k,k),i=1,...,n}. 


Then, the sets B, are measurable with finite measure and increase to R”. 
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Using the notation of Theorem 3.67, we define the function f, and the 
sets Af, HF and Gf relative to the function fy,,. Then, the support of 
fr is contained in B, and {febp ei increases to f a.e. in R”. Define step 
functions y, by 


ara 
x (2) = D | >e-Xat (2) 
t=1 
and set Fy, = {r€ Be: ly, (x) — f(x)| >27*}. Since Fh C 


k2" (GEAAS), we see that my, (Fk) < 27*+!, Since 


Kak, 


fi (2) - x (2) = > (xas (2) — x8 (@)), 


i=] 


it follows that 


eek 
[te vul sae [frat ~xot 


ee 
2 meen 
t=1 
k2* ; 


> ara =m n(GiMAz) < <i € ae? a 


tk 
~~ Qk-1? 


2 
< K29k - 
< Wak 2 


so that limz_,oo f lf — Yy| = 
Set Z = MRa1 Uflim Fe. Since Z C UZ, Fk for all m, we see that 


An Loma(h)s S sei = 


k=m 


so that mn(Z) = 0. We claim that {y, (x)}¥2, converges to f(z) for 
almost every z ¢ Z. For, suppose that x ¢ Z and f (z) is finite. Then, 
there is an m such that x ¢ Usem/y and a j such that x € B;. Set 
N = max {m,j}. Then, fork > N, x ¢ F, and x € Bx, which implies that 
ly, (x) — f (x)| < xe. Thus, {p, (x)}¥2, converges to f (x) for almost every 
z ¢ Z. By the Monotone Convergence Theorem, limo f |fx — f| = 0, so 
that 


fim [len s1< fim [lem —fal+ jim, | Ife - f1=0, 


as we wished to show. O 
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To prove the Mikusinski characterization, we will use the following two 
lemmas. 


Lemma 3.105 Let E be a null set ande > 0. Then, there is a sequence 
of bricks {By }F_, such that yy, Mn (Br) < co and TR, xp, (t) = « 
for allt € E. 


Thus, the sum of the measures of the bricks is finite but each t € EF belongs 
to infinitely many of the bricks. 


Proof. Since m, (£) = 0, for each 7 € N, there is a countable collection 

of open intervals {Ij : j € oi} covering E such that }05¢,, mn (Iij) < €/2". 

Let K;; be the smallest brick containing I;;, so that E C Ujeo,Kiz and 

Yjeo, Mn (Kiz) < €/2' for each 7. Arrange the doubly-indexed sequence 

{Kijhicnjeo, into a sequence {By};2.,. Since t € E C Ujeo, Kiz for all i, t 

belongs to infinitely many bricks B, so that )>7°, Xz, (t) = co. Finally, 
oO 


Yom (Be) = 32 YS ma (iz) < = 
k=1 = 


i=1  3€0, i=1 


=6 
O 


Suppose that a series of functions }\7°., ¥, converges to a function f 
pointwise (almost everywhere). If the series converges absolutely, that is, if 
yo he1 [Yx (Z)| is finite for almost every x, we say that the series is absolutely 
convergent to f ae.. 


Lemma 3.106 Suppose f : IR” — R* is Lebesgue integrable. Then, there 
exists a sequence of step functions {p,}¥-, such that the series oy, vy, 
converges to f absolutely a.e. and 


ys | Wel < 00. 
k=1 Re 


Proof. By Theorem 3.104, there is a sequence of step functions {y,}7., 
which converges to f a.e. and f |», — f| > 0. Thus, there is a subsequence 


{¥4, pe of {%,}g—1 Such that f esa - %,| < g- Set Y; = Op, — Pra» 
for 7 > 1, where we define Pho = 0. Then, yes = 


ie Ye = f ae.. Since 


co co 1 
> | Wal< [leml+ 035 <% 
j=l j=2 


x 2 f ae., or 
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by Corollary 3.78, S02, 1b, | is Lebesgue integrable and hence 
ei |v; (x)| converges in R for almost all x € R”. Thus, the series 
dj=1 ¥; is absolutely convergent to f ae. oO 


Mikusinski characterized Lebesgue integrable functions as absolutely 
convergent series of step functions. 


Theorem 3.107 Let f : R" — R*. Then, f is Lebesque integrable if, 
and only if, there is a sequence {y,}7-., of step functions satisfying: 


(1) Vea S lPel < 09; 
(2) if Yoke |Yx (2)| < 00 then f (x) = S721 Ys (2). 


In either case, 
Jt- > | 
k=1 


Proof. Suppose first that such a sequence of functions exists. By Corol- 
lary 3.78, Soyo) ly, is Lebesgue integrable and the series }75°, ly; (x)| 
converges in R for almost all x € R”. By (2), f (x) = 32, 4 (x) at such 
points and /, the almost everywhere limit of a sequence of measurable func- 
tions, is measurable. Since |f| < 7%, ly,| a.e., the Dominated Conver- 
gence Theorem implies that f is Lebesgue integrable and f f = 77, f ¥x- 

Now, suppose that f is Lebesgue integrable. Choose {y,}7°., by Lemma 
3.106 and let E be the null set of points at which )>7-, |W, (z)| diverges. 
Let {Bx}f2, be the bricks corresponding to E in Lemma 3.105. Define a 
sequence of step functions {y, }7_, by 


yy, ifk=3l—2 


r= 4 Xp, ifk=3l-1. 
~¥p, if k = 31 
If x € E, then the series )>7.,|~,(x)| = co by construction. If 


re lee (2)| < 00, then x ¢ E and 0, xz, is finite and, hence, equal 
to 0, so that SF", y, (2) = OL, vy (x) = f (x) a.e.. Moreover, 


> f leu £5} el +290 | XB, 
k=1 k=1/R" k= YR 
= aa by] +2 5° mn (Br) < 00 
k=1 7 Re k=1 
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by Lemmas 3.105 and 3.106. Oo 


Remark 3.108 Note that if (1) and (2) hold, then f = \\p, Gp @-€. 
and f is measurable. Note also that the conditions (1) and (2) contain no 
statements involving Lebesgue measure. These conditions can be utilized to 
give a development of the Lebesgue integral in R” which depends only on 
properties of step functions and not on a development of Lebesgue measure. 
For such an exposition, see [DM], [Mi2], or [MM]. 


3.8 Fubini’s Theorem 


The most efficient way to evaluate integrals in R” for n > 2 is to calculate 
iterated integrals. Theorems which assert the equality of integrals in R” 
with iterated integrals are often referred to as “Fubini Theorems” after G. 
Fubini (1879-1943). In this section, we will use Mikusinski’s characteri- 
zation of the Lebesgue integral in R” to establish a very general form of 
Fubini’s Theorem. 

For convenience, we will treat the case n = 2; the results remain valid 
in R"+™ — R" x R™. Suppose f : R? = R x R — R*. We are interested in 
equalities of the form 


[it~ Lf tena) ax 


in which the integral on the left is a Lebesgue integral in R? and the ex- 
pression on the right is an iterated integral. If f = x; is the characteristic 
function of an interval in R?, then J = J, x Iz, where J; is an interval in R, 
i= 1,2. Since 


[xr= me =mnym (y= (fxn) (fxn) 


= [ [ Xn (2)X1, (y) dydx = [ [ Xz (2, y) dydz, 


Fubini’s Theorem holds for characteristic functions of intervals and, by 
linearity, it holds for Lebesgue integrable step functions. 

If f is a function on R?, we can view f asa function of two real variables, 
f (x,y), where z,y € R. For each xz € R, define a function f, : R — R* 
by fr (y) = f(x,y). Similarly, for each y € R, we define f¥ : R — R* by 
f¥ (x) = f (x,y). For the remainder of this section, we make the agreement 
that if a function g is defined almost everywhere, then g is defined to be 
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equal to 0 on the null set where g fails to be defined. Thus, if {9,}2., is 
a sequence of measurable functions which converges a.e., we may assume 
that there exists a measurable function g : R” — R* such that {g,}7°) 
converges to g a.e. in R”. This situation is encountered several times in 
the proof of Fubini’s Theorem, which we now prove. 


Theorem 3.109 (Fubini’s Theorem) Let f : R x R— R* be Lebesgue 
integrable. Then: 


(1) fz is Lebesgue integrable in R for almost every x € R; 
(2) the function r+— Jf, fe = Ja f (x,y) dy is Lebesgue integrable over R; 
(3) the following equality holds: 


[taf ft) em f ft enravee. 


Proof. By Mikusinski’s Theorem, there is a sequence of step functions 
{%u pe, on R x R such that: 


i. Weel Sex Px] < 095 
ii, if Dop1 lee (2,9) < 00 then f (2, y) = D721 Ye (29); 
iil, Jaya f= Doei Jrep Pr: 


By Corollary 3.78, the fact that Fubini’s Theorem holds for step func- 
tions, and (i), 


[> [im celdvde= 3° ft [tr (x, y)| dydzx 
=> [ints (5) 


which implies that there is a null set E Cc RR _ such that 
one Jp le (2, ¥)| dy < oo for all c ¢ E. Now, for x ¢ E, Corollary 
3.78 implies 


[dleenldy =X fee levlay < co 
Ryo kal’ R 


so that S77, |¢%x (2, y)| < co for almost all y € R, where the null set may 
depend on x ¢ E. For such a pair (z,y), f (t,y) = ogc (2, y) by (ii) 
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and, in particular, for z ¢ E, fz = S71 (Yx)_ ae. Since pall (Yxr)a 

p21 l(¥%%),|, the Dominated Convergence Theorem implies that f, is 

Lebesgue integrable over R, proving (1), and fp fz = ries Ja ¥ (2) ay. 
If x ¢ E, then 


N foe) 
yf eelav ey <> flee (e.a)ley, 
k=1°R k=1°R 


and the function on the right hand side of the inequality is Lebesgue in- 
tegrable over R by (3.5). By the Dominated Convergence Theorem, (2) 
holds, and by (iii), we have 


[f= fae df fv (x, y) dydx 
= [ [dvctenavae= ff semanas, 


so that (3) holds. Oo 


< 


Fubini’s Theorem could also be stated in terms of f¥. Thus, if f is 
Lebesgue integrable on R?, then f¥ is Lebesgue integrable on R for almost 
every y € R, the function y+— f, f (x,y) dz in Lebesgue integrable over 


IR, and 
Lote href freezer. 


The main difficulty in applying Fubini’s Theorem is establishing the 
integrability of the function f on R?. However, when f is nonnegative, we 
get the equality of the double integral with the iterated integral. Thus, 
in this case, f is Lebesgue integrable if either the integral of f or the 
iterated integral is finite. Tonelli’s Theorem, named after L. Tonelli (1885- 
1946), guarantees the equality of multiple integrals and iterated integrals 
for nonnegative functions. 


Theorem 3.110 (Tonelli’s Theorem) Let f : Rx R — R* be nonnegative 
and measurable. Then: 


(1) fx ts measurable on R for almost every x € R; 


(2) the function xt— fp fx = Ja f (x,y) dy is measurable on R; 
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(3) the following equality holds: 


het hh) ae= | | f(eaauae. 


Proof. Let Ij, = [—k,k] x [—k,k] so that US, J, = R*. For each k, set 
fi (x,y) = (max {f (x,y), k}) xz, (z,y), so that f;, is Lebesgue integrable 
over R?. By Fubini’s Theorem, ( fx), is Lebesgue integrable for almost all 
x and since {( foek increases to f, on R, f, is measurable for almost 
every z. By the Monotone Convergence Theorem 


i: (Fede = ff (aru) dy 1 [t= [rene (3.6) 


By Theorem 3.58, the function x+—» f, fe = Jp f (z,y) dy is measurable 
and the Monotone Convergence Theorem applied to (3.6) yields 


lim, i [ fu (ea)dvde = [ff (e,v)avae. (3.7) 


By Fubini’s Theorem, fae fr = Je Sa fe (2, y) dydx and since {f,}72, in- 
creases to f pointwise, by the Monotone Convergence Theorem, fp. f = 
lim, fg fe. Combining this with (3.7) implies 


[otf [tena 


Note that we cannot drop the nonnegativity condition in Tonelli’s The- 
orem. See Exercise 3.47. For alternate proofs of the Fubini and Tonelli 
Theorems, see [Ro, pages 303-309]. 

Tonelli’s Theorem can be used to check the integrability of a measurable 
function f : R? — R*. If the iterated integral f, J |f (x, y)| dydz is finite, 
then | f| and, consequently, f are Lebesgue integrable by Tonelli’s Theorem 
and then, by Fubini’s Theorem, fp. f = fp fe f (x,y) dydz. 

As an application of Fubini’s Theorem, we show how the area of 
a bounded subset of R? can be calculated as a one-dimensional inte 
gral. If E c R? and z € R, the z-section of E at zx is defined to be 
E, = {y: (x,y) € E}. Similarly, for y € R, the y-section of FE at y is 
defined to be EY = {x: (x,y) € E}. We have the following elementary 
observations. 


0 
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Proposition 3.111 Let E,E, Cc R?,a¢€A, andzeR. Then, 


(1) xz (2, y) = XE; (y); 
(2) (E°),, = (Bx); 
(3) (UneaEa), = Uaed (Ea)z3 


(4) (NacaEa), =NaeA (En): 


For example, Xg (t,y) = (Xz)q (y) = Xx, (y) since all three equal 1 if, and 
only if, (z,y) € E. 
From this proposition and Tonelli’s Theorem, we have 


Theorem 3.112 Let EC R® be measurable. Then, 


(1) for almost every x € R, the sections E, are measurable; 
(2) the function x +—+ m(E,) is Lebesgue integrable over R; 
(3) m2 (E) = fam (Ez) de. 


When f is a continuous function on an interval [a,b], we can use this 
result to compute the area under the graph of f. 


Example 3.113 Let f : [a,b] — R be nonnegative and contin- 
uous. Then, the region under the graph of f is the set E = 
{(z,y): 2 € [a,b] andO<y</f(z)}. By considering the points where 
r<a,x>b,y < 0 and y > f(x) separately, one sees that the com- 
plement of E is an open set, so that E is closed and hence measurable. 
Thus, by the previous theorem, m2 (FE) = f,m (Ez) dx. Notice that 


E, = {y:(z,y) € E} = 2 he o 4 ea : 


which implies that 
b 
M2 (EF) = / f (2) dz. 


This result can be used to compute the area and volume of familiar 
regions. See Exercises 3.48 and 3.49. 
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3.9 The space of Lebesgue integrable functions 


The space of Lebesgue integrable functions possesses a natural distance 
function which we will study in this section and use to contrast the Lebesgue 
and Riemann integrals. If X is a nonempty set, a semi-metric on X is a 
function d: X x X — [0,00) which satisfies for all x,y,z € X: 


(1) d(z,y) = dy, 2) [symmetry]; 
(2) d(z,z) <d(z,y)+d(y,z) [triangle inequality]. 


A semi-metric d is a metric if 
(3) d(x,y) = Oif, and only if, z= y. 


If d is a (semi-)metric on X, then the pair (X,d) is called a (semi-)metric 
space. Standard examples of metrics are the function d(z,y) = |x — y| in 
R and d(z,y) = ||xz — y|| in R®. For a proof of the triangle inequality in 
IR”, see Exercise 3.12. 


Example 3.114 If § is any nonempty set, the function d: Sx S — [0, 00) 
defined by 


_ foife=y 


defines a metric on S. The metric d is called the discrete metric or the 
distance-1 metric. 


It is common for a (semi-)metric in vector space to be induced by a 
function called a (semi-)norm. If X is a real vector, a semi-norm on X is 
a function || || : X — [0,00) which satisfies for all x,y,z € X: 


(1) [lz|| > 0; 
(2) |||] = |4| Il2l| for all t € R; 
(3) |lz + yll < Ill + llyll. 


Inequality (3) is known as the triangle inequality. From (2) it follows that 
||0|| = 0. A semi-norm || || is called a norm if, and only if: 


(4) ||z|| = 0 if, and only if, c = 0. 


If || || is a (semi-)norm on X, then || || induces a (semi-)metric d, often 
denoted dj y, defined by d(x, y) = ||z — y|| (see Exercise 3.52). For example, 
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the standard distances in R and R” are induced by the norms ||¢|| = |t| for 
1/2 
t € Rand ||z|| = oa Ini?) for 2 eR", 
Let E c R” bea measurable set and let L! (E) be the space of all real- 


valued Lebesgue integrable functions on E. We define an integral semi-norm 
|| ||, on Z* (EZ), called the L'-norm, by setting 


lll, = fia. 


The semi-metric d, induced by || ||, is then d (f,9) = f,|f —9|, for all 
f,g © L' (EB). Since ||f||, = 0 if, and only if, f = 0 ae. in £, |} ||, is not a 
norm (and d, is not a metric), However, if we identify functions which are 
equal almost everywhere, then || ||, is a norm and d; is a metric on L} (FE). 

Let d be a semi-metric on X. A sequence {x;,}¥2, C X is said to 
converge to x € X if for every € > 0, there is an N € N such that d(z,z,) < 
¢ whenever k > N. We call x the limit of the sequence {x,};-_,. A sequence 
{rp}, C X is called a Cauchy sequence in X if for every € > 0, there is 
an N € N such that j,k > N implies that d(x;,2,) < ¢. By the triangle 
inequality, every convergent sequence is Cauchy. A semi-metric space is 
said to be complete if every Cauchy sequence in (X,d) converges to a point 
in X. For example, R is complete under its natural metric, while the subset 
Q of rational numbers is not complete under this metric. Similarly, R” is 
complete under its natural metric. See Exercise 3.13. 


Example 3.115 Let (S,d) be a discrete metric space. Then, every 
Cauchy sequence {z,};-, C S converges to an element of § since the 
sequence must eventually be constant. Thus, every discrete metric space is 
complete. 


Completeness is an important property of a space since in a complete space, 
it suffices to show that a sequence is Cauchy in order to assert that the 
sequence converges. 

We establish a theorem due to F. Riesz (1880-1956) and E. Fischer 
(1875-1954). The Riesz-Fischer Theorem asserts that L'(E) is complete 
under the semi-metric d). 


Theorem 3.116 (Riesz-Fischer Theorem) Let E © Mn and let {fi} 7, 
be a Cauchy sequence in (L'(E),d,). Then, there is an f € L!(E) such 
that {fi };., converges to f in the metric dy. 


Proof. Let {fx}, C L' (E) be a Cauchy sequence. We first show that 


there is a subsequence { f,, Fa C {fr}zc, which converges to f € L!(E) 
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a.e.. Since {fi };-., is Cauchy, we can pick a subsequence ties Ie such 
that 


dy SFajisi fez) < 


It follows that 


ae (fipciy te) Ss 


increases to the function g 


Set 9 = am ben —_ Frei : 
defined by 


Then, {9; he i 


= 7M fis: (2) ~ Fry (2) 


j=l 


Since f,9; < 1, by the Monotone Convergence Theorem, g is Lebesgue 
integrable, 
Define f by 


f(a) Dye { fej. () — fie; ()} if the series converges absolutely 
. otherwise 


Then, 


< 9; (2) <9 (2) 


ys {Fess (2) -_ Fee, (z)} 


t=1 


for almost every z. By the Dominated Convergence Theorem, f is ab- 
solutely Lebesgue integrable and 


dy (f + firs fr, ) -f I(f + fer) — fess | 


= fp) Ya (x) - fr ( (x)}| > 


as j — oo. Thus, Linke converges to f + fx,. Since f and fx, are 
Lebesgue integrable, f + fx, € L’(E). It remains to show that {f,}7°, 
converges to f + fi,. 
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Fix € > 0. Since {f,}f2, is a Cauchy sequence in L'(F) and fk, — 
f + fr,, there is a K > 0 such that for k;,k > K, 


[lta - tal < Sand f Met + ted tal < § 


Fix k; > K. Ifk > K, then 


[itt tnd-tls [t+ ta)-tyl+ [le tul<5+5=6 


which implies that {f,}72, converges to f + f,, in the metric d). O 


In contrast to the case of the Lebesgue integral, we show that the space 
of Riemann integrable functions is not complete under the natural semi- 
metric d,, further justifying that the Lebesgue integral is superior to the 
Riemann integral. Let R({a,6]) be the space of Riemann integrable func- 
tions on {a, )]. 


Example 3.117 Define f;, : [0,1] — R by setting 


0 f0<2r<? 
he)={ pingiceci ' 


It is easily checked that {f,}¢2., is a Cauchy sequence in (R((0, 1], d1)). 
However, {f,};-, does not converge to a function in R({0,1}). For, sup- 
pose that {f,}72, converges to f with respect to d,. It follows from the 
Monotone Convergence Theorem that {f,}72. converges in d, to the func- 
tion g: [0,1] — R defined by 


a Of a e0 
II) pV Qe a <1’ 


This implies that f = g a.e. in [0,1] so that the function f does not belong 
to R([0,1]) since f is unbounded. 


Note that another counterexample is provided by the functions in Ex- 
ample 3.3. 


3.10 Exercises 


Measure 


Exercise 3.1 Prove that outer measure is translation invariant. 
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Exercise 3.2 Let {J;,;} 
Prove that 


ijl be a doubly indexed collection of intervals. 


>> (hs) = > es) - 


igj=1 j=1 j= 


Exercise 3.3 Let {a;x Vem) be a doubly-indexed sequence of nonnegative 
terms such that aj, < @(¢41) for all 7 and k. Prove that 


dim, Dave = (ima): 
j j 
Exercise 3.4. Prove that every subset of a null set is a null set and that a 


countable union of null sets is a null set. 


Exercise 3.5 Prove that 
A= {FC (0,1): F or (0,1) \ F is a finite or empty set} 
is an algebra. 


Exercise 3.6 Let X bea set and Sc P(X). Let 
F = {B:S Cc Band B is a o-algebra}. 


Prove that C = NgcrB is the smallest o-algebra that contains S. 


Exercise 3.7 Show that we can replace “there is a closed set F” in Theo- 
rem 3.36 part (3) by “there is a compact set F”. 


Exercise 3.8 A measure yz defined for all elements of B (IR) is called inner 
regular if 


(FE) = sup {u(K):K c E,K compact} 


for all E € B (IR). Prove that Lebesgue measure restricted to the Borel sets 
is an inner regular measure. 


Exercise 3.9 Prove that the complement of the Cantor set is dense in 
[0, 1}. 


Exercise 3.10 Show that every countable set is a Borel set. 
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Lebesgue measure in R”® 


Exercise 3.11 Prove the Cauchy-Schwarz inequality. That is, ifz,y € R”, 
show that |x-y| = |S7_, xy: < |lz|l lly] by expanding the sum 


n n 
2 

S> >> (wiyy — 234s)”. 

i=l j=l 
Exercise 3.12 Use the Cauchy-Schwarz inequality to prove that d(z,y) = 
[x — y|{ defines a metric on R”. 
Exercise 3.13 Prove that (IR", d) is a complete metric space. 
Exercise 3.14 Prove that m* is translation invariant; that is, given EC 
R” and h € R", m*§ (E+ h) = m* (E£). 
Exercise 3.15 Prove that m* is homogeneous of degree n; that is, 
given FE Cc R” and a > 0, m* (aE) = a™m*(E), where aE = 
{y € RR": y = az for some z € EF}. 


Exercise 3.16 Let EC R”. 

(1) Prove that E is measurable if, and only if, E +A is measurable for all 
he R". 

(2) Prove that E is measurable if, and only if, aZ is measurable for all 
a>0. 


Exercise 3.17 Suppose that E Cc R? is a null set and F C R*. Prove that 
E x F is a null set in R’t*, 


Exercise 3.18 Either prove or give a counterexample to the following state. 
ment: if E C R is measurable and m(E£) > 0, then E must contain a 
non-degenerate interval. 


Measurable functions 


Exercise 3.19 Prove that E C R is a measurable set if, and only if, x, is 
a measurable function. 


Exercise 3.20 Prove that the remark following Proposition 3.50 is valid. 


Exercise 3.21 Give an example of a nonmeasurable function f on [0, 1] 
such that |f| is measurable. 


Exercise 3.22 Let {oi yes CR. Prove that lim;... 2; exists if, and only 
if, lim sup x; = lim inf z,. 
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Exercise 3.23 Suppose that f and g are measurable functions. Prove that 
|f|* is measurable for all a > 0. Prove that f/g is a measurable function if 
it is defined a.e.. 


Exercise 3.24 Suppose that f : & — R* is measurable. Show that there 
is a sequence of bounded measurable functions { f;,}72., which converges to 
f pointwise on E. 


Exercise 3.25 Show that any derivative is measurable by showing that a 
derivative is the pointwise limit of a sequence of continuous functions. That 
is, if f : [a,b] — R is differentiable on [a,b], then f’ is measurable on [a, }]. 


Exercise 3.26 Suppose that f : R" — R and g: R* — R are measurable. 
Define f @g: R™+* = R" x R* > R by f @g(z,y) = f (x) g(y). Prove 
that f @g is a measurable function on R”**. 


Exercise 3.27. Let E C R” be a Lebesgue measurable set. Suppose that 
f : E — R is Lebesgue measurable and g : R — R is continuous. Prove 
that go f is a Lebesgue measurable function. Note that we cannot conclude 
that f og is measurable. See [Mu, pages 148-149]. 


Lebesgue integral 


Exercise 3.28 Suppose that f : E — R is measurable. If E has finite 
measure and f is bounded, show that f is Lebesgue integrable. 


Exercise 3.29 Suppose that f is a bounded, measurable function on E 
and g is Lebesgue integrable over E. Prove that fg is Lebesgue integrable 
over FE. 


Exercise 3.30 Let f : & c R” — R* be Lebesgue integrable and let 


a € R". Define fy: E+a— R* by fa (t) = f (§-—@). Prove that fy is 
Lebesgue integrable and satisfies the linear change of variables 


es fattmin = ff fain 


Exercise 3.31 Let f : [0,1] — R be continuous. Show that the functions 
xz — f (x™) are Lebesgue integrable for all m and iN f (2™) dx — f (0). 


Exercise 3.32 Evaluate lim, fy’ (1+ 2)" e~?"dz. 

Exercise 3.33 Let f be Lebesgue integrable on R” and define F by 
F(E) = fy fdmy for all E € My. Show that F is countably additive; 
that is, F (US, E:) = 532, F (E) for all sequences of pairwise disjoint sets 
{Es}jey G Mn. 
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Exercise 3.34 Suppose that f : R — R is Lebesgue integrable. Show that 
z+l 
lim f=0. 


zmI—co 


Exercise 3.35 Suppose that f,,h: FE CR” — R* are Lebesgue integrable 
over EF andh < f;, a.e. for all k. Prove that inf; f, is Lebesgue integrable 
over F. Can the boundedness condition be deleted? 


Exercise 3.36 Prove that Corollary 3.78 implies Theorem 3.77, and hence 
show that the two are equivalent. 


Exercise 3.37 Prove Corollary 3.86. 
Exercise 3.38 Prove Corollary 2.23. 


Exercise 3.39 Let f : [0,1] —- R be Lebesgue integrable. Show that the 
functions z — x* f (x) are Lebesgue integrable for all k and Fe ak f (x) dx > 
0. 


Exercise 3.40 If f : EB c R" — R* is Lebesgue integrable and A, = 
{x:|f (z)| > k}, prove that m, (Ax) > 0 as k > 0. 


Exercise 3.41 Let Ac R’ and B c R* be compact ~~ ae that 
f : Ax B — Ris continuous. Define F : A > R by F(z) = fp f (2, y) dy. 
Show that F is continuous. 


Exercise 3.42 If f : R— R is Lebesgue integrable over R and uniformly 
continuous on R, show that limjz)00 f (2) = 


Exercise 3.43 Suppose { f,};-, is a sequence of Lebesgue integrable func- 
tions such that f,|fx| < M for all k. Show that if {t,}%°, satisfies 
> ne Ite] < 00, then the series 77°, th fx (x) is absolutely convergent for 
almost all x € EF. 


Riemann and Lebesgue integrals 


Exercise 3.44 Let R = {Ac [0,1]: x, is Riemann integrable}. Prove 
that 7? is an algebra which is not a o-algebra. 


Exercise 3.45 Prove that a function which is absolutely Cauchy-Riemann 
integrable is Lebesgue integrable and the integrals agree. 


Fubini’s Theorem 
Exercise 3.46 Define f : R? — R by 
0 if (z,y) = 
L,y)= : ; 
ee) er (2? +-y°) if (x,y) # (0,0) 
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Show that 


ie a f (2, y) dardy = - iE, f (x,y) dydz 


but f is not integrable over [—1,1] x [—1,1]. Hint: Consider the integral 
over the set [0, 1] x [0, 1]. 


Exercise 3.47. Define f : R? > R by 
_ 0 if (x,y) = (0,0) 
GS ve — 9?) / (2? +9)? if (9) # (0,0) 


Compare Paks f (x,y) dxdy and fe Pif@y) dydz. 


Exercise 3.48 Find the area inside of a circle of radius r and of an ellipse 


2 
x ¥y 
mR + a 1 
a2 y2 2? 
Exercise 3.49 Find the volume inside of the ellipsoid a +- RB +- an 1. 


Exercise 3.50 Suppose that f :R” — R and g: R* — R are Lebesgue in- 
tegrable. Prove that f @g, defined in Exercise 3.26, is a Lebesgue integrable 
function on R"+* and 


[ f @ gdmnsk = [ fdmn ff gdm. 
Retk Rr R* 


The Space of Lebesgue integrable functions 


Exercise 3.51 If X £ {0} is a vector space, show that the distance-1 
metric on X is not induced by a norm. 


Exercise 3.52 Let || || be a (semi-)norm on a vector space X. Prove that 
d (x,y) = ||x — y|| defines a (semi-)metric. 


Exercise 3.53 Show that 
dy (x,y) = D> [xe — ysl 
i=] 


and 
doo (2, y) = max {|z; — yi|: 1 <i <n} 


define metrics on R”. 


Lebesgue integral 131 


Exercise 3.54 A set D in a semi-metric space (S,d) is called dense if 
D = S, where D is the union of D with the set of all of its limit points. 
Show that the step functions on E are dense in L’ (E). 


Exercise 3.55 Prove that the continuous functions on [a,b] are dense in 
L" ([a, 8). 
Exercise 3.56 Suppose that f € LZ! (IR). Show that limp. Eas fh=0: 


Exercise 3.57 Suppose that ¢ is a step function on [0,27]. Prove that 


2n 
lim y (x) cosnadz = 0. 


n—-0o 
0 


Deduce from this the Riemann-Lebesgue Lemma: Suppose that f 
[0,27] — R is a Lebesgue integrable function. Then 


27 
lim f (z) cosnadz = 0. 
noo 0 


Exercise 3.58 Suppose that f is Lebesgue integrable on R”. Show that 
im, (G4 i Ai @iaeso. 
h-0 Rr 


To prove this, consider first the case where f is a step function. 
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Chapter 4 


Fundamental Theorem of Calculus 
and the Henstock-Kurzweil integral 


In Chapter 2, we gave a brief discussion of the Fundamental Theorem of 
Calculus for the Riemann integral. In the first part of this chapter, we 
consider Part I of the Fundamental Theorem of Calculus for the Lebesgue 
integral and show that the Lebesgue integral suffers from the same defect 
with respect to Part I of the Fundamental Theorem of Calculus as does the 
Riemann integral. We then use this result to motivate the discussion of the 
Henstock-Kurzweil integral for which Part I of the Fundamental Theorem 
of Calculus holds in full generality. 

Recall that Part I of the Fundamental Theorem of Calculus involves the 
integration of the derivative of a function f and the formula 


b 
‘, f'=f()-f(). (4.1) 


In Example 2.31, we gave an example of a derivative which is unbounded 
and is, therefore, not Riemann integrable, and we showed in Theorem 2.30 
that if f’ is Riemann integrable, then (4.1) holds. That is, in order for 
(4.1) to hold, the assumption that the derivative f’ is Riemann integrable 
is required. It would be desirable to have an integration theory for which 
Part I of the Fundamental Theorem of Calculus holds in full generality. 
That is, we would like to have an integral which integrates all derivatives 
and satisfies (4.1). Unfortunately, the example below shows that the general 
form of Part I of the Fundamental Theorem of Calculus does not hold for 
the Lebesgue integral. 


Example 4.1 In Example 2.31, we considered the function f defined 
by f (0) = 0 and f(x) = x? cos% for0 < « < 1. The function f is 
differentiable with derivative f’ satisfying f’ (0) = 0 and f’ (x) = 2xcos 5+ 
2m sin 4, for 0< x < 1. We show that f’ is not Lebesgue integrable. 


x 
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If0 < a < } < 1, then f’ is continuous on [a,}] and is, therefore, 
Riemann integrable with 
b 
+ 22 us 2 us 
[ fi=b cos Fa cos “5. 
Setting b, = 1/V2k and a, = ,/2/ (4k +1), we see that fie f= 12k 


Since the intervals [a,, 0,] are pairwise disjoint, 
1 co bp ‘ co 1 
"> > — =O. 
fines frie vg =~ 
k=1 k=1 


Hence, f’ is not absolutely integrable on [0,1] and, therefore, not Lebesgue 
integrable there. 


The most general form of Part I of the Fundamental Theorem of Cal- 
culus for the Lebesgue integral is analogous to the result for the Riemann 
integral; it requires the assumption that the derivative f’ be Lebesgue in- 
tegrable. This result is somewhat difficult to prove, and we do not have 
the requisite machinery in place at this time to prove it. In order to have 
a version of the Fundamental Theorem of Calculus for the Lebesgue inte- 
gral, we prove a special case and later establish the general version for the 
Lebesgue integral in Theorem 4.81 after we discuss the Henstock-Kurzweil 
integral and show that it is more general than the Lebesgue integral. 


Theorem 4.2 (Fundamental Theorem of Calculus: Part I) Let f : 
[a,b] — R be differentiable on [a,b] and suppose that f’ is bounded. Then, 
f' is Lebesgue integrable on (a, b] and satisfies (4.1). 


Proof. Note first that f’ is Lebesgue integrable since it is bounded by 
assumption and measurable by Exercise 3.25. For convenience, extend f to 
[a,b +- 1] by setting f (t) = f(b) forb<t<b+1. Define f, : [a,b] > R by 


ty = ft af 


ai 


By the Mean Value Theorem, for every n, n > a and ¢t € [a,b — +], 


there exists an s,,; € [a,}] such that f, (t) = f’ (sn 2). Fort € [b — 1,0], 
there is an sn, € (a, b] such that 


4 = — 
FC ea aes ee 2 A A) 


=n(p- j LO-L0 _ 


n 


n(b A t) f' (Sn,t), 
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where n(b—t) < 1. Since f’ is bounded, it follows that {f,}°°, is uni- 
formly bounded. Since {f,}?-_, converges to f’ everywhere in [a,b], except 
possibly b, the Bounded Convergence Theorem shows that 


[r= im, [ te=gin {fea [Pa 


By Exercise 3.30, the linear change of variables s = t + 1 in the next to 
last integral above shows that 


[r= sm {n [ren Pro (4.2) 


1 


b+4 att 
= lim {»[" f(s) ds—n f joa} 
parce b a 


The function f is continuous and, therefore, Riemann integrable so from 
the Mean Value Theorem (Exercise 2.18), for every 7 there are b, and Gp, 
b<b, < b+2 anda <an< a+, such that n perm f = f (bn) and 
n porn f =f (an). Since b, — b, an — a, and f is continuous on [a,b + 1], 
from (4.2) we obtain 


b 
[1 fim U1 bn) = Fen) = FO - 


as we wished to show. Oo 


4.1 Denjoy and Perron integrals 


Upon noting that the general form of Part I of the Fundamental Theorem 
of Calculus failed to hold for the Lebesgue integral, mathematicians sought 
a theory of integration for which Part I of the Fundamental Theorem of 
Calculus holds in full generality, i.e., an integral for which all derivatives are 
integrable. In 1912, A. Denjoy (1884-1974) introduced such an integration 
theory. His integral is very technical, and we will make no attempt to 
define or describe the Denjoy integral. Lusin later gave a more elementary 
characterization of the Denjoy integral, but this is still quite technical. For 
a description of the Denjoy integral and references, the reader may consult 
the text of Gordon [Go]. 

Later, in 1914, O. Perron (1880-1975) gave another integration theory 
for which the Part I of the Fundamental Theorem of Calculus holds in full 
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generality. The definition of the Perron integral is quite different from that 
of the Denjoy integral although later Alexandrov and Looman [Pe, Chap. 
9] showed that, in fact, the two integrals are equivalent. We will give a very 
brief description of the Perron integral since some of the basic ideas will 
be used later when we show the equivalence of absolute Henstock-K urzweil 
integrability and McShane integrability. 


Definition 4.3 Let f : [2,5] — R and z € [a,b]. The upper derivative of 
f at x is defined to be 


Df (x) = limsup ft) =F (2) 


toa — 2 


Similarly, the lower derivative is defined to be Df (x)= lim inft_,. £O=f) 


—x 


Thus, f is differentiable at z if, and only if, Df (xz) = Df (x) and both 
upper and lower derivatives are finite. 


Definition 4.4 Let f : [a,b] > R*. A function U : [a,b] — R is called a 
major function for f if U is continuous on [a, 6], U (a) = 0, DU (x) > —co 
and DU (x) > f (x) for all x € [a,b]. A function u : [a,b] — R is called a 
minor function for f if u is continuous on [a, }], u(a) = 0, Du (x) < oo and 
Du (x) < f (x) for all x € [a, B). 


It follows that if f is differentiable on [a, b] and has finite-valued deriv- 
ative, then f — f (a) is both a major and a minor function for f’. 

If U is a major function for f and u is a minor function for f, then it 
can be shown that U — u is increasing. Therefore, 


—oo < sup {u(b) : u is a minor function for f} 


< inf {U (6) : U is a major function for f}< oo. 


Definition 4.5 <A function f : [a,b] — R is called Perron integrable over 


[a, b] if, and only if, f has at least one major and one minor function on 
[a, b] and 


sup {u(b) : u is a minor function for f} 
= inf {U (b) : U is a major function for f}. (4.3) 


The Perron integral of f over [a,b] is defined to be the common value in 
(4.3). 
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If a function f : [a,b] — R has a finite derivative on [a,}], it then 
follows from the definition that f’ is Perron integrable over [a, 6] with Perron 
integral equal to f (b) — f (a). That is, Part I of the Fundamental Theorem 
of Calculus holds in full generality for the Perron integral. For a description 
and development of the Perron integral, see [Go] and [N]. 

Both the Denjoy and Perron integrals are somewhat technical to define 
and develop, but in the next section we will use Part I of the Fundamental 
Theorem of Calculus as motivation to define another integral, called the 
Henstock-Kurzweil integral, which is just a slight variant of the Riemann 
integral and for which Part I of the Fundamental Theorem of Calculus holds 
in full generality. It can be shown that the Henstock-Kurzweil integral is 
equivalent to the Denjoy and Perron integrals (see [Go]). 


4.2 A General Fundamental Theorem of Calculus 


Suppose that f : [a,b] — R is a differentiable function and we are interested 
in proving equality (4.1). Let P = {xo,21,...,%n} be a partition of [a, b). 
By the Mean Value Theorem, there is a y; € (2;~1,2;) such that f (a;) — 
f (vi-1) = f’ (yx) (ai — xi—-1). Thus, given any partition P, there is a set of 
sampling points {y1,..-, Yn} such that 


n 


S(f',P, {yikin) = ds (yi) (wi — @4-1) 


= (f(a) - f 1} = £0) — F(a). 


t=] 


The problem is that given a partition P, there may be only one such set 
of sampling points. However, if we want to show that ie f' is equal to 
f (b) — f (a), we do not need the Riemann sums to equal f (b) — f (a), 
but rather be within some prescribed margin of error. Thus, we are led 
to consider more closely the relationship between f’ (y;) (%i41 — x;) and 
Ff (wi41) — f (ai). 

Fix an e > 0 and let y € [a,b]. Since f is differentiable at y, there is a 
6 (y) > 0 so that if x € [a,b] and 0 < |z— y| < 6 (y) then 


f(z)- fl) 


ay - fity)|<e 
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Multiplying through by |z — y|, we get 
If (z)— fy) — f(y) (e-y) <elz—-y, 


which is also valid for z = y. Now, suppose that u,v € [a,b] and y—6 (y) < 
u<y<u<ytd(y). Then, 


If (ve) — fu) - f(y) (v—u)| 
=l{f(v~) - Ff) - Ff @) wy} +{f) -F@)- fy) &@- oH 
<lf@-fa)-f£& wy +f) -f@M- fy) Y-»)I 
<e(v—y)+e(y—u)=e(v—u). 
So, ify-—d(y)<u<y<vu<ytd(y), then f(y) (v—u) is a good 
approximation to f (v) — f (u). 


This result, known as the Straddle Lemma, will be useful to us below. 


Lemma 4.6 (Straddle Lemma) Let f : [a,b] — R be differentiable at 
y € [a,b]. For each « > 0, there is ad > 0, depending on y, such that 


If (v) — f (u) — f(y) (v—w)| S e(v—4) 
whenever u,v € [a,b] andy—S <u<y<vu<yto. 


The geometric interpretation of the Straddle Lemma is that the slope 
of the chord between (u, f (w)) and (v, f (v)) is a good approximation to 
the slope of the tangent line at (y, f (y)). It is important that the values 
u and v “straddle” y, that is, occur on different sides of y. Consider the 
function f equal to z* cos (m/z) for zc #0 and f (0) = 0. This function has 
derivative 0 for z = 0, but for u = ree | and v = =, the slope of the chord 


Qn+ 2n? 
joining (1, f (u)) and (v, f ()) is 
1\2 1 us 
(sq) cos 2nm — (str) cos (2nm + $) tx2 
a Sa 
+ = 84 — > 2. 
2n Qnth 2n Qnt+h 


Thus, if u and v do not straddle 0, then the slope of the chord is not a good 
approximation to the slope of the tangent line. 

This lemma already gives us a hint of how to proceed. When studying 
Riemann integrals, we chose partitions based on the length of their largest 
subinterval. This condition does not take into account any of the properties 
of the function being considered. The Straddle Lemma, on the other hand, 
assigns a 6 to each point where a function is differentiable based on how 
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the function acts near that point. If the function acts smoothly near the 
point, we would expect the associated 6 to be large; if the function oscillates 
wildly near the point, we would expect 6 to be small. This simple change to 
varying the size of 6 from point to point is the key idea behind the Henstock- 
Kurzweil integral. For the Henstock-Kurzweil integral, we will be interested 
in partitions P = {x9,21,...,2,} and sampling points {y;}/_, such that 
[wi-1, 24] C (yi — 5 (ys), yi +5 (y;)), where 6 : [a,b] — (0,00) is a positive 
function. 

There is another point that must be resolved, namely the relationship 
between the partition and the sampling points. In the Riemann theory, 
given a partition P = {xo, %1,...,2n}, we consider Riemann sums for every 
set of sampling points {y;}/_, such that y; € [x;~1,2;]. However, if P is 
a partition with mesh at most 6, then [z;_1,2;] C (y; — 6, yi + 4) for every 
sampling point y; € [z;-1, x;]. We use this idea to determine which pairs of 
partitions and sampling points to consider. In the general case, in which 6 
is a positive function of y, we will consider only partitions P and sampling 
points {y;}/_, such that y; € [vi_y, zi] C (yi — 5 (ys) yi + 6 (ys). 

Fix [a,b]. Suppose P = {xo,%1,...,2,} is a partition of [a,b] and 
ae is a set of sampling points associated to P. Let J; = [x;-1, xi], so 
that t; € I;. Thus, we can view a partition together with a set of sampling 
points as a set of ordered pairs (t,/), where J is a subinterval of [a, b] and 
t is a point in J. 


Definition 4.7 Given an interval J = [a,b] C R, a tagged partition is a 
finite set of ordered pairs D = {(t;,/;) :1=1,...,m} such that J; is a closed 
subinterval of [a,b], t; € I;, UfL,J; = [a,b] and the intervals have disjoint 
interiors, 17 NJ? = 0 if # 7. The point ¢; is called the tag associated to 
the interval J;. 


In other words, a tagged partition is a partition with a distinguished point 
(the tag) in each interval. 

Given a tagged partition D, a point can be a tag for at most two inter- 
vals. This can happen when a tag is an endpoint for two adjacent intervals 
and is used as the tag for both intervals. 


Remark 4.8 By the preceding argument, a partition with a set of sam- 
pling points generates a tagged partition (by setting I; = [xj-1, 2;]). Simi- 
larly, a tagged partition generates a partition and a set of associated sam- 
pling points. Given a tagged partition D = {(ti,];):t=1,...,m}, renum- 
ber the pairs so the right endpoint of I;_, equals the left endpoint of I; and 
set I; = [xj_1,2;]. Then, P = {x0,21,...,2m} is a partition of [a,b] and 
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t, € I;. Note that while a partition is an ordered set of numbers, the inter- 
vals in a tagged partition are not ordered (from left to right), so we must 
first reorder the intervals so that their endpoints create a partition of [a, 6]. 


Next, we need a way to measure and control the size of a tagged par- 
tition. Based on the discussion leading to the Straddle Lemma, we will do 
this using a positive function, 6, of t. 


Definition 4.9 Given an interval J = [a, 6], an interval-valued function 
y defined on I is called a gauge if there is a function 6 : [a, b] — (0, 00) such 
that y(t) = (t-—6(t),t+6(t)). IfD = {(ti, i) :i=1,...,m} is a tagged 
partition of J and y is a gauge on I, we say that D is y-fine if I; C 7 (t;) 
for all i. We denote this by writing D is a y-fine tagged partition of I. 


Let P = {xo,%,...,2n} be a partition of [a,b] with mesh less than 6 
and let {y:};2, be any set of sampling points such that y; € [2;-1,2;]. If 
y(t) = (t-—6,t+6) for all t € J, then [2;-1,2;] C y(y;) so that D = 
{(yi,[zi-1, 2i]) :¢ = 1,...,m} is a 7-fine tagged partition of [a,b]. This is 
the gauge used for the Riemann integral. Consequently, the constructions 
used for the Riemann integral are compatible with gauges. The value of 
changing from a mesh to a gauge is that points where a function behaves 
nicely can be accentuated by being associated to a large interval, and points 
where a function acts poorly can be associated to a small interval. 


Example 4.10 The Dirichlet function f : [0,1] — R, 


defined in Example 2.7, is not Riemann integrable. This function is equal 
to 0 most of the time, so we want a gauge that associates larger intervals 
to irrational numbers than it does to rational numbers. Let {r;}7°, be an 
enumeration of the rational numbers in QN [0,1]. Let c > 0 and define 
5 : [0,1] — (0, 00) by 

2Q‘*cife=r,€Q°” 


s(e)={ c if r¢Q 


Then, 


(c-—c,z+c) if r¢Q 
(x — 2-*c, a + 2-ic) ifz=r,€Q’ 
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and every irrational number is associated to an interval of length 2c while 
the rational number r; is associated to an interval of length 2!—‘c. 


After introducing the Henstock-Kurzweil integral, we will use this con- 
struction to prove that the Dirichlet function is Henstock-Kurzweil inte- 
grable, 

If D = {(ti,J;):i=1,...,m} is a tagged partition of J, we call 


S(f,D)= » f (ts) £1) 


the Riemann sum with respect to D. 
Let us restate the definition of the Riemann integral in terms of tagged 
divisions. 


Definition 4.11 A function f : [a,b] — R is Riemann integrable over 
[a, 6] if there is an A € R such that for all ¢ > 0 there is a 6 > 0 so that if 
D = {(ti, [vi-1, 2i]) : 1 < i < m} is any tagged partition of [a, 6] satisfying 
[ti-1, Xi] C (t; — 6,t; +4), then |S (f,D) - A] <e. 


Note that the mesh of this partition is at most 26. 

For the Riemann integral, the partitions are chosen independent of f. 
Thus, this definition fails to take into account the particular function in- 
volved. A major advantage of the Henstock-Kurzweil integral is one only 
need consider partitions that take the behavior of the function into account. 


Definition 4.12 Let f : [a,b] — R. We call the function f Henstock- 
Kurzweil integrable on I = [a,] if there is an A € R so that for all e > 0 
there is a gauge y on J so that for every y-fine tagged partition D of [a, }], 


|S (f,D) ~ Al <e. 


The number A is called the Henstock-Kurzweil integral of f over [a,b], and 
we write A= ie =fff. 


The Henstock-Kurzweil integral is also called the gauge integral and the 
generalized Riemann integral. 


Notation 4.13 For the remainder of this section, we will use the symbols 
f. f and f, f to represent the Henstock-Kurzweil integral of f. 


The first question that arises is whether this definition is meaningful. 
We need to know that, given a gauge 7, there is an associated y-fine tagged 
partition, so that we have Riemann sums to define the Henstock-Kurzweil 
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integral, and also that the Henstock-Kurzweil integral is well defined. We 
will return to both issues at the end of this section. 

Observe that every Riemann integrable function is Henstock-Kurzweil 
integrable. For, suppose that f is Riemann integrable. Let 6 correspond to 
a given ¢ in the definition of the Riemann integral. Set y (t) = ( — git + $). 
Then, any tagged partition that is y-fine has mesh less than 6. Thus, we 
have proved 


Theorem 4.14 Jf f : [a,b] — R is Riemann integrable then f is 
Henstock-Kurzweil integrable and the two integrals agree. 


However, there are Henstock-Kurzweil integrable functions that are not 
Riemann integrable. In fact, the Dirichlet function is one such example. 


Example 4.15 Let f: [0,1] — R be the Dirichlet function. We will show 
that fo f = 0. Let e€ > 0 and let y be the gauge defined in Example 4.10 
with c= §. Let D= {(t,,J;):i=1,...,m} bea 7-fine tagged partition of 
[0, 1] and note that 


|S (f,D) — 0| = |S (f, D)| = 


i=1 


> f (ti) €Ui) + s- f (ti) € (Zi). 
(t,1)€D (ti, J,)ED 

t;€Q t:€Q 
The sum for t; ¢ DNQ equals 0 since f (t) = 0 whenever t ¢ Q. To estimate 
the sum for t; € DNQ, note that f (t;) = 1 since t; € Q and recall that 
each tag t; can be a tag for at most two intervals. Since t; € QM(0, 1], 
there is an j so that t; = r;. Thus, if (t;,/;) € D, then J; C y(t;), so that 
(Li) < £(y (te)) = ¢ (y (rj) = 27-4 §. Thus, 


YS Fe) + SS FHM) =} SO Fede) 


t:€DNQ t,EDNQ t;EDNQ 
<2 Sra =e 
7 j=l a 


We have shown that given any « > 0, there is a gauge y so that for any 
y-fine tagged partition, D, |S (f,D) — 0| < e. In other words, the Dirichlet 
function is Henstock-Kurzweil integrable over [0, 1] with i f=0. 
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Notice the use of the variable length intervals in the definition of the 
gauge. We will give a generalization of this result in Example 4.38; see also 
Exercise 4.7. 

Let us return to the Fundamental Theorem of Calculus. The proof is 
an easy consequence of the Straddle Lemma. 


Theorem 4.16 (Fundamental Theorem of Calculus: Part I) Suppose that 
f : [a,b] — R is differentiable on [a,b]. Then, f' is Henstock-Kurzweil 
integrable on [a,b] and 


6 
[ f=10-1@. 


Proof. Fix an e> 0. For each t € [a,b], we choose a 6 (t) > 0 by the 
Straddle Lemma (Lemma 4.6) and define a gauge y on [a,b] by y(t) = 
(t—6(t),t+6(t)). Suppose that D = {(ti,Ji):i=1,...,m} is a 7-fine 
tagged partition of [a,b]. We reorder the intervals J; so that the right 
endpoint of J;_; equals the left endpoint of J;, and set J; = [z;_,,2;] for 
each i, Then, 


f (0) — f(a) = SOU (ei) — f @-a)] 
i=1 
so, by the Straddle Lemma, 


15 (F',D) — (F () - F(a) = [So (F a) (wi — 24-1) - UF (2s) — fF (@i-))} 


i=1 


< die (we ~ 1-1) = e(b~a). 


Thus, f’ is Henstock-Kurzweil integrable and satisfies equation (4.1). O 


Thus, every derivative is Henstock-Kurzweil integrable. This is not 
a surprising coincidence. Kurzweil [K] initiated his study leading to the 
Henstock-K urzweil integral in order to study ordinary differential equations. 
A few years later, working independently, Henstock [He] developed many 
of the properties of this integral. We will establish a more general version 
of Theorem 4.16 later in Theorem 4.24. 

An immediate consequence of the Fundamental Theorem of Calculus is 
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that the unbounded derivative 


T 27. Oo, 
f' (2) = ez cos 5 + sin-5 fO<a2 <1 
0 if x=0 


defined in Example 2.31, is Henstock-Kurzweil integrable on [0,1] with 
integral equal to —1. Since f’ is unbounded, it is not Riemann integrable 
and, as we saw in Example 4.1, f’ is not Lebesgue integrable. 

Before concluding this section, we prove two results which guarantee 
that the Henstock-Kurzweil integral is well defined. We prove that given 
a gauge 7, there is a related y-fine tagged partition, and that the value of 
the integral is unique. 


Theorem 4.17 Let y be a gauge on I = [a,b]. Then, there is a y-fine 
tagged partition of I. 


Proof. Let E = {t € (a,6]: [a,t] has a y-fine tagged partition}. We 
want to show b € E. First observe that E # @ since if c € y(a)/ (a,b), 
then {(a,[a,2])} is a y-fine tagged partition of [a,x]. Thus, z € FE and 
EF 6. 

We next claim that y = sup £ is an element of E. By definition, y € 
[a,b], so ¥ is defined at y. Choose x € y (y) so that z < y and z € E, and 
let D be a y-fine tagged partition of [a,z]. Then, D’ = DU {(y, [z, y])} is a 
y-fine tagged partition of [a,y]. Therefore, y € E. 

Finally, we show y = b. Suppose y < b. Choose w € 7 (y)M(y, 6). Let D 
be a y-fine tagged partition of [a,y]. Then, D’ = DU {(y, [y, w])} is a 7-fine 
tagged partition of [a, w]. Since y < w, this contradicts the definition of y. 
Thus, y = 0. O 


Thus, there is a y-fine tagged partition associated to every gauge y. In 
fact, there are many, as we can see by varying the choice of z in the first 
step of the proof above. 

Finally, we prove that the Henstock-Kurzweil integral is unique, jus- 
tifying our notation in Definition 4.12. The proof employs a very useful 
technique for working with gauges. Suppose that y, and y2 are two gauges 
defined on an interval [a,b]. Then the (interval-valued) function y de 
fined by y(t) = 7; (t) N Yq (t) is also a gauge on [a,}]. In fact, if 5; and 
5g are the positive functions used to define y, and 2, respectively, and 
6 (t) = min {6 (t), 62 (t)}, then y(t) = (t— 6(t),t+6(t)). Further, if D 
is a y-fine tagged partition, then D is also a y,-fine tagged partition and a 
Yo-fine tagged partition, since for (t,/) € D, I c y(t) C 7; (t), for? = 1,2. 
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Theorem 4.18 The Henstock-Kurzweil integral of a function is unique. 


Proof. Suppose that f is Henstock-Kurzweil integrable over [a,b] and 
both A and B satisfy Definition 4.12. Fix « > 0 and choose y, and yp 
corresponding to A and B, respectively, in the definition with e’ = §. Let 
y(t) = y, (t) Ny (t) and suppose that D be a y-fine tagged partition, and 
hence D is both y,-fine and y-fine. Then, 


|A— BJ <|A-S(f,D)| +|S(f,D)-Bl < +e =e. 


Since e€ was arbitrary, it follows that A = B. Thus, the value of the 
Henstock-Kurzweil integral is unique. O 


Now, review the proof of Proposition 2.3. You will notice that the 
proof is exactly the same as the one above, replacing positive numbers, 6, 
with gauges, y, and partitions and sampling points, P and {ti}, with 
tagged partitions, D. In the following section, in which we establish the 
basic properties of the Henstock-Kurzweil integral, we will begin with proofs 
that directly mimic the Riemann proofs. Of course, as we progress with this 
more advanced theory, we will need to employ more sophisticated proofs. 


4.3 Basic properties 


We begin with the two most fundamental properties of an integral, linearity 
and positivity. 


Proposition 4.19 (Linearity) Let f,g: [a,b] > R andleta,BER. If f 
and g are Henstock-Kurzweil integrable, then af + Bg is Henstock-Kurzweil 


integrable and 
b b b 
[erren=0f s+0 fo. 


Proof. Fix € > 0 and choose yy > 0 so that if D is a y,y-fine tagged 
partition of [a, b], then 


sum fs 


€ 
c-_-. 
2(1 + Jal) 


146 Theories of Integration 


Similarly, choose y, > 0 so that if D is a +,-fine tagged partition of [a, 5), 
then 


: € 
s(0)- [ g S204 8) 


Now, let y(t) = vy (t) M7, (¢) and suppose that D is a y-fine tagged 
partition of [a,b]. Then, 


S (af + B9,D) - (= ['r+8 ['s) 


b b 
(aS (f,D) + BS (g9,D)) — («/ r+ | 7 
b 


(sin) ['1) +0 (st0)- f : 


b b 
<al|s(f.)- ff} +16i|s0@,0)- fg 
é|al a 
<2 +lap 20 +16) ~~ 


Since € was arbitrary, it follows that a f+ 8g is Henstock-Kurzweil integrable 


and 
[orsey=af r+8 fis 


Proposition 4.20 (Positivity) Let f : [a,b] — R. Suppose that f is 
nonnegative and Henstock-Kurzweil integrable. Then, is f>0. 


Proof. Let e > 0 and choose a gauge y according to Definition 4.12. 
Then, if D is a y-fine tagged partition of [a, }], 


<€, 


s(1.0)- fos 


Consequently, since § (f,D) > 0, 
b 
/ f>S(f,D)-—¢«>—-e 


for any positive e. It follows that i f>0. O 
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A comparison of the last two proofs with the corresponding proofs for 
the Riemann integral immediately shows their similarity. 


Remark 4.21 Suppose that f is a positive function on [a,b]. If f 
is Henstock-Kurzweil integrable, then the best we can conclude is that 
f f > 0; from our results so far, we cannot conclude that the integral 
is positive. The Riemann integral has the same defect. However, if f is 
Laeveogire integrable, then the Lebesgue integral of f is strictly positive. Let 
L p f be the Lebesgue integral of f. From Tchebyshev’s inequality we have 


b 
m({xeE a f@>ayscf f: 


If f is strictly positive on [a,b], then [a,b] = URL ; i € [a,b] : >t}, 
so there must be ak such that m({x € [a,b]: f (x) > ¢}) > 0. ee then, 


“frata({ecunsens3) > 0. 


Suppose that f < g. Applying the previous result to g — f yields 


Corollary 4.22 Suppose f and g are Henstock-Kurzweil integrable over 
[a,b] and f (x) < g(x) for all x € [a,b]. Then, 


[isfos 


A function f defined on an interval [a,b] is called absolutely integrable 
if both f and |f| are Henstock-Kurzweil integrable over [a,b]. A Riemann 
integrable function is absolutely (Riemann) integrable, and a function is 
Lebesgue integrable if, and only if, it is absolutely (Lebesgue) integrable. 
We will see in Section 4.4 that a Henstock-Kurzweil integrable function 
need not be absolutely integrable. For absolutely integrable functions, we 
have the following result. 


Corollary 4.23 If f is absolutely integrable over [a,b], then | f. f | < 


fe lfl 


Proof. Since —|f| < f <|f|, the previous corollary implies that 


- fas firs fia 


The result follows. O 
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While the ability to integrate every derivative is a main feature of 
the Henstock-Kurzweil integral, the Henstock-Kurzweil integral satisfies an 
even stronger result. The derivative can fail to exist at a countable number 
of points and still satisfy equation (4.1). 


Theorem 4.24 (Generalized Fundamental Theorem of Calculus: Part I) 
Let F,f : [a,b] — R. Suppose that F is continuous and F’ = f except 
for possibly a countable number of points in [a,b]. Then, f is Henstock- 
Kurzweil integrable over [a,b] and 


b 
/ f=F(b)— F(a). 


Proof. Let C = {cn},¢, be the points where either F’ fails to exist or 
F" exists but is not equal to f. Let « > 0. If t € [a,b] \ C, choose 6 (t) > 0 
for this e by the Straddle Lemma. If ¢ € C, then t = c, for some k. Choose 
6 (t) = 6 (cx) > 0 so that |x — cy| < 6 (cx) implies: 


(1) |F (x) — F (cx)| < €2-@+9); 
(2) |f (cx)| |z — ce] < €2-(*+9), 


We can define such a 6 since F is continuous on [a,b] and |x — c,| can be 
made as small as desired by choosing x sufficiently close to c,. Define a 
gauge ¥ on [a,b] by setting y(t) = (t— 5(t),t +6 (t)) for all t € [a, d}. 

Suppose that D = {(t;,J;):7=1,...,m} is a 7-fine tagged partition of 
[a,b], where J; = [a;, b;] for each i. Note that if a; 4 a, then there is a j so 
that a; = 5;, with a similar statement for each right endpoint b; # b. Let 
D, be the set of elements of D with tags in [a,b] \C' and Dg be the set of 
elements of D with tags in C. By the Straddle Lemma, 


[F (b:) — F (ai) — f (ts) (bi -a)l< So €(bi- a) <e(b-a). 


(t2,i)EDi (t3,Ji)€D1 


If t; = c, for some k, by (1) and (2) 


[F (bs) — F (ai) — f (ti) (0: — a)| 


< |F (bi) — F (ck)| + |F (cx) — F (a:)| + |f (cx) (bi — @:)| 
€ € € € 
< pe¢3 + gees + pees < QeaT- 
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Therefore, 


YF O)- Fla) - fi) a) <2 a= 


(t:,J,)€Da 


since each c, can be a tag for at most two subintervals of D. Since each 
endpoint, other than a and 5, occurs as both a left and right endpoint, 


IS(f,D)-[F®)—F(ai=| $0 (FO) - F(a) - f(t) Gs - a)} 


(t:,,)€D 
<e(b—a)+e=(14+b-a)e, 


and the result is established. [3 


The continuity of F' in Theorem 4.24 is important; see Exercise 4.16. 


Example 4.25 Define F and f on [0,1] by F(x) = 2,/2, and f (0) =0 
and f(z) = +. otherwise. Then, F is continuous on [0,1] and F’ = f 
except at x = 0. Therefore, by Theorem 4.24, f is Henstock-Kurzweil 
integrable over [0,1] and Ae f=F(1)-F(0)=2. 


Note that fo f is an improper integral in the Riemann sense since f is 
unbounded, but we were able to show that f is Henstock-Kurzweil inte- 
grable directly from Theorem 4.24. We will show in Section 4.5 that there 
are no improper integrals for the Henstock-Kurzweil integral. 

Using Theorem 4.24, we can prove a general form of the familiar inte 
gration by parts formula from calculus. 


Theorem 4.26 (Integration by Parts) Let F,G, f,g : [a,b] — R. Suppose 
that F and G are continuous and F‘ = f and G' = g, except for at most a 
countable number of points. Then, Fg+fG is Henstock-Kurzweil integrable 
and 


b 
/ (F9 + {G) = F (b)G(b) — F(a)G(a). (4.4) 


Moreover, Fg is Henstock-Kurzweil integrable if, and only if, fG is 
Henstock-Kurzweil integrable and, in this case, 


b b 
[ Fo+ f {G = F(b)G(b) — F(a)G(a). (4.5) 
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Proof. Since (F Gy = Fg+fG except possibly at a countable number 
of points, by Theorem 4.24, (FG)’ is Henstock-Kurzweil integrable and 
(4.4) holds. The last statement follows immediately from (4.4) since, for 
example, F'g = (Fg + fG) — fG. im 


In Example 4.53 below, we give an example in which neither Fg nor fG 
is Henstock-Kurzweil integrable so that (4.5) makes no sense, even though 
(4.4) is valid. 


4.3.1 Cauchy Criterion 


Suppose that f : [a,b] — R is Henstock-Kurzweil integrable over [a, b] and 
€ > 0. Then, there is a gauge y so that if D is a y-fine tagged partition 
of [a, 5], then |S (F,D) - f f| < §. Let D, and Dz be two 4-fine tagged 
partitions of [a,b]. Then, 
IS (fDi) — $(F,Da)| < 


+ <€, 


sup)~ [1 [t-sure 


which is the Cauchy criterion. As in the case of the Riemann integral, the 
Henstock-K urzweil integral is characterized by the Cauchy condition. 


Theorem 4.27 A function f : [a,b] > R is Henstock-Kurzweil integrable 
over [a,b] if, and only if, for every € > 0 there is a gauge y so that if Dy 
and D2 are two y-fine tagged partitions of [a,b], then 


|S (f, Di) — S(f,D2)| <€. 


Proof. We have already shown that the integrability of f implies the 
Cauchy criterion. So, assume the Cauchy criterion holds. We will prove 
that f is Henstock-Kurzweil integrable. 

For each k € N, choose a gauge y, > 0 so that for any two +,-fine 
tagged partitions D, and D2 of [a,b] we have 


IS (f,Di) — S(f, D2)| < =. 


Replacing y, by grereer we may assume that y,,, C 7,- For each k, fix 
a ,-fine tagged partition D,. Note that for j > k, since y; C y,, Dj is a 
y,-fine tagged partition of [a,b]. Thus, 


|S (f, Dk) — S(f, Dy) < - 
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which implies that the sequence {5 (f,Dx)};—, is a Cauchy sequence in R, 
and hence converges. Let A be the limit of this sequence. It follows from 
the previous inequality that 


ol 
IS(f, Dk) — Al < 
It remains to show that A satisfies Definition 4.12. 
Fix «€ > 0 and choose K > 2/e. Let D be a y,-fine tagged partition of 
[a, 6}. Then, 


1 1 
|S (f,D) — A\= IS (f,D) — S(f,Dx)| +|5 (f, Dx) — Al < K'E <e. 
It now follows that f is Henstock-Kurzweil integrable on [a, }]. Oo 


We will use the Cauchy criterion in the following section. 


4.3.2 The integral as a set function 


Suppose that f : J = [a,b] > R is Henstock-Kurzweil integrable over J and 
J is asubinterval of J. It is reasonable to expect that the Henstock-Kurzweil 
integral of f over J exists. 


Theorem 4.28 Let f : [a,b] —- R be Henstock-Kurzweil integrable over 
[a,b]. If J C [a,b] ts a closed subinterval, then f is Henstock-Kurzweil 
integrable over J. 


Proof. Let « > 0 and y be a gauge on [a,}] so that if D; and D2 are 
two y-fine tagged partitions of [a,b], then |S(f,D,) — S$ (f,D2)| < €. Let 
J = [c,d] be a closed subinterval of [a,}]. Set J, = [a,c] and Jp = [d, d}; 
if either is degenerate, we need not consider it further. Let ¥ = y|, and 
7; = y|u,. Suppose that D and € are ¥-fine tagged partitions of J, and 
D; is a y,-fine tagged partition of J;, i = 1,2. Then D’ = DU (D, UD2) 
and €’ = EU(D, UD2) are 7-fine tagged partitions of J. Since D’ and €’ 
contain the same pairs (z;,J;) off of J, 


IS(f,D)- S(f,E)1 = |S (F,D) -SHEN <e 


By the Cauchy criterion, f is Henstock-Kurzweil integrable over J. Oo 


Thus, if f is Henstock-Kurzweil integrable over an interval J, then it 
is Henstock-Kurzweil integrable over every subinterval of J and the set 
function F (J) = J, f is defined for all closed subintervals J c J. Of 
course, if f is Henstock-Kurzweil integrable over every closed subinterval 
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J CI, then f is Henstock-Kurzweil integrable over J, since J is a subin- 
terval of itself. Actually, a much stronger result is true. In order for f 
to be Henstock-Kurzweil integrable over I, it is enough to know that f is 
Henstock-Kurzweil integrable over a finite number of closed intervals whose 
union is J, which is a consequence of the next theorem. 


Theorem 4.29 Let f: [a,b] + R and let {I;}"", be a finite set of closed 
intervals with disjoint interiors such that [a,b] = UjL,1;. If f is Henstock- 
Kurzweil integrable over each I;, then f is Henstock-Kurzweil integrable 


over [a,b] and 
b m 
f= f. 
firey, 


Proof. Suppose first that [a, b] is divided into two subintervals, I, = [a, c] 
and Ig = [c,d], and f is Henstock-KurZweil integrable over both inter- 
vals. Fix ¢€ > 0 and, for i = 1,2, choose a gauge y,; on J; so that 
if D is a 7,-fine tagged partition of J;, then Ke D)- Si, f| < Sv. Hf 
x <c, then the largest interval centered at x that does not contain c is 
(x—|x-—c|,x2+ |x —c|) = (x— |x —c],c); similarly, if x > c, the largest 
such interval is (c,z + |x — c|). Define a gauge on all of J as follows: 


4, (2) N (a — |x — e], c) if x € [a,c) 
¥ (2) = ¢ Yq (4) N(c,x+ |x — cl) if x € (c,}] . 
41 (€) 1 ¥2 (e) if zac 


Since c € y(zx) if, and only if, x = c, c is a tag for every 4y-fine 
tagged partition. Suppose that D is a y-fine tagged partition of [a, d]. 
If (c,J) € D and J has a nonempty intersection with both J, and Jo, 
divide J into two intervals J; = JOJi, with J; C y;(c), 2 = 1,2. 
Then, f (c)€(J) = f (c) (Ji) + f (c) (Je). Write D as D, U Do, where 
D; = {(z, J) € D: J C I;}. By the construction of y, D; is a 7,-fine tagged 
partition of I;. After dividing the interval associated to the tag c, if neces- 
sary, we have that S(f,D) = S(f,Di) +5 (f,D2). Thus, 


s.ry-{ f+ fr} < s(nDi)- f s+ sire f sf 


ae eS ed 
an aaa 
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Thus, f is Henstock-Kurzweil integrable over [a, 6] and f f=f,ft+f,f- 
The proof is now completed by an induction argument. See Exercise 4.17. 0 


A key point in the previous proof is defining a gauge in which a particular 
point (c) is always a tag. By iteration, one can design a gauge 7 that forces 
a finite set of points to be tags for every 7-fine tagged partition. 

Let y bea step function defined on [a, b] with canonical form )77" , @:Xz,- 
Since the characteristic function of an interval is Riemann and, hence, 
Henstock-Kurzweil integrable, by linearity 


[e- ya fx, = Sail (Ii). 
I i=l I i=l 


So, every step function defined on an interval is Henstock-Kurzweil inte- 
grable there, and the value of the Henstock-Kurzweil integral, 7 y, is the 
same as the value of the Riemann and Lebesgue integrals of y. 


Lemma 4.30 Let f: I = [a,b] + R. Suppose that, for every € > 0, there 
are Henstock-Kurzweil integrable functions yp, and ~. such that y, < f < 
Pq on I and fry. < fry, +e. Then, f is Henstock-Kurzweil integrable on 
Ve 


Proof. Let € > 0 and choose corresponding functions y, and y. There 
are gauges 7, and y2 on J so that if D is a 7;-fine tagged partition of J, 
then 15 (y;,D) oat ¥3| < €fori=1,2. Set y(z) = ¥, (z) Ny (z). Let D 
be a y-fine tagged partition of J. Then, 


[1-€< (0,0) 5 81,0) < S(9nD)< fortes fo +2 
I I I 


Therefore, if D, and D2 are 7-fine tagged partitions of J then 


S(f,Di),5(f, D2) € (fie _ a fe +26) : 
This implies that 
IS(f,Di) —S (f,D2)| < 3e. 
By the Cauchy criterion, f is Henstock-Kurzweil integrable. O 


Now, suppose that f is a continuous function on [a,b]. Let P = 
{Zp,21,...,Lm} be a partition of [a,6] and recall m; = infz,_,<t<z, f (t) 
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and M; = sup,,_,<t<z, f (t). Define step functions y, and v2 by 


£1 (t) = ™1X{[z0,21] (t) + Sessa (t) 
j=2 
and 


2 (t) a M1X {20,21} (t) oF 2 MjX(2;_ 1,25] (t) ° 
4{=2 


Then, clearly, y; < f < ¢ and y, and y, are Henstock-Kurzweil inte- 
grable. Further, since f is uniformly continuous on [a,8], given € > 0, 
there is a 5 > 0 so that |f (x) — f (y) ,y € [a, 6} such that 
jz —y| <6. BUDP Or we choose a partition P with mesh less than 6. Then 
|M; —m,| < 55; fori =1,...,m. It then follows that y (x) < y, (x)+;5 
so that 


fine f (mess) =ffne fate nv 


By the previous lemma, we have proved that every continuous function 
defined on a closed interval is Henstock-Kurzweil integrable. 


Theorem 4.31 Let f : [a,b] — R be continuous on [a,b]. Then, f is 
Henstock-Kurzweil integrable over {a, b]. 


Of course, this result is not surprising. By Theorem 2.27, continuous 
functions are Riemann integrable and, by Theorem 4.14, Riemann inte 
grable functions are Henstock-Kurzweil integrable. 


4.4 Unbounded intervals 


We would like to extend the definition of the Henstock-Kurzweil integral 
to unbounded intervals. Given a function f defined on an interval J Cc R, 
it is easy to extend f to all of R by defining f to equal 0 off of J. This 
‘extension’ of f to R should have the same integral as the original function 
defined on J. So, we may assume that our function f is defined on R. 

To extend the definition of the Henstock-Kurzweil integral to functions 
on R, we need to define a partition of R. A partition of R is a finite, 
ordered set of points in R*, P = {-co = 2, %1,...,2n = oo}. Still, if we 
extend our definition of the Henstock-Kurzweil integral directly to R, we 
run into problems immediately since any tagged partition of R will have 


Henstock-Kurzweil integral 155 


at least one (and generally two) subintervals of infinite length since, if I is 
an unbounded interval, we set (J) = oo. Even with the convention that 
0:0o = 0, if the value of the function at the tag associated with an interval 
of infinite length is not 0 then the Riemann sum would not be a finite 
number. Such a situation arises if we consider a positive function defined 
on all of R. 


Example 4.32 Define f : R-R by f(x) = jx. Let P# 0 bea 
partition of R. Then, P has two unbounded intervals, ones of infinite 
length, say J; and J,,. If a},a, € R are the tags, then 


i (a;) 4 (Nh) +f (an) (In) = ©. 
If f (x) = ySe and a; < 0 < an, this expression is not even well defined. 


To get around this problem, we consider f to be defined on the ex- 
tended real line, R* = RU {—0o, co}, and we define f : R* > R by setting 
f (cc) = f(—co) = 0. We call intervals of the form [a, oo] and [—o0,a] 
closed intervals containing oo and —oo, and (a, oo] and [—00, a) open inter- 
vals containing oo and —oo. If a; = —oo and ay, = oo, then we avoid the 
problem above. To handle intervals of infinite length, we will often choose 
gauges so that the only tag for an interval containing oo (—oo) will be oo 
(~oo). 


Remark 4.33 Suppose that f: I C R—R. For the remainder of this 
chapter, we will always assume that f is extended to R* by setting f (x) = 0 
for x ¢ I; this, of course, implies that f is equal to 0 at oo and —oo. 


Let J Cc R* be a closed interval. We define a partition of I to be a 
finite collection of non-overlapping closed intervals {1),...,Jm} such that 
I= UL. A tagged partition of I is a finite set of ordered pairs D = 
{(ti,J;):i=1,...,m} such that {J;:i1=1,...,m} is a partition of [a, | 
and t; € J;,i = 1,...,m. The point t; is called the tag associated to the 
interval J;. 

Let I be a closed subinterval of IR* and suppose that f : J — R. Let 
D = {(t;,J;):1=1,...,m} be a tagged partition of J. The Riemann sum 
of f with respect to D is defined to be 


S(f,D) = Ss eyes 


If 00 and —oo are the tags for any intervals of infinite length, then this sum 
is well defined and finite. 
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For real numbers t, a gauge at t was defined to be an open interval cen- 
tered at t, (t—6(t),t+6(t)). This definition does not make sense when 
t = oo, so we need to revise our definition. It turns out that the impor- 
tant feature of a gauge is that the gauge associates to tf an open interval 
containing t, not that the interval is centered at t. Thus, we can revise the 
definition of a gauge. 


Definition 4.34 Given an interval J = [a, 6], an interval-valued function 
defined on I is called a gauge if, for all t € I, y(t) is an open interval 
containing f. 


Since (¢ — 6 (t),t+6(t)) is an open interval containing t, if a function 
7 satisfies the Definition 4.9, then it satisfies the Definition 4.34. In fact, 
the two definitions of a gauge, one defined in terms of a positive function 
6 (t) and the other in terms of an open interval containing t, are equivalent. 
See Exercise 4.18. This new definition extends to elements of R* by setting 
7 (00) = (a, 00] and y (—00) = [-00, 6) for some a, bE R. 


Definition 4.35 Given an interval J C R*, an interval-valued function 
defined on IJ is called a gauge if, for all t € J, y(t) is an open interval in R* 
containing t. If D = {(t;,J;):i=1,...,m} is a tagged partition of J and 
7 is a gauge on I, we say that D is y-fine if I; C y (t;) for all 7. We denote 
this by writing D is a y-fine tagged partition of I. 


We show first that for any gauge ¥, there exists a y-fine tagged partition. 


Theorem 4.36 Let y be a gauge on a closed interval I = [a,b] c R*. 
Then, there is a y-fine tagged partition of I. 


Proof. We will prove the result for J = [a,co]. The other cases are 
similar. There is a b € R such that y(oo) = (b,oo]. If b < a, then 
D = {(co, I)} is a y-fine tagged partition of J. If b > a, let Do be a 4-fine 
tagged division of [2,b+1]. Then, D = Do U {(00, [b + 1, co])} is a y-fine 
tagged partition of J. O 


We can now define the Henstock-Kurzweil integral over arbitrary closed 
subintervals of R*. 


Definition 4.37 Let J be a closed subinterval of R* and f : J — R. We 
call the function f Henstock-Kurzweil integrable over I if there isan AG R 
so that for all € > 0 there is a gauge y on J so that for every y-fine tagged 
partition D of [a, 4], 


IS (f,D) — A] <e. 
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Note that the basic properties of integrals, such as linearity and positiv- 
ity, are valid for the Henstock-Kurzweil integral. The proof that the value 
of A is unique is the same as above. Thus, the notation A = f; f is well 
defined. Note that if J is an interval of infinite length, J = [a, oo], say, we 
write f; f = cae if; 

Let J Cc R be an arbitrary interval. Suppose that f and g are Henstock- 
Kurzweil integrable on J. For all scalars a, 8 € R, 


[lor+t=0fs+8 fo 


that is the Henstock-Kurzweil integral in linear. It is also positive, so that 
f > 0 implies that f, f > 0, and satisfies a Cauchy condition. These 
results generalize Propositions 4.19 and 4.20 and Theorem 4.27 and follow 
from the same proofs. Finally, as in Theorem 4.29, the Henstock-Kurzweil 
integral is additive over disjoint intervals. That is, f : J — R is Henstock- 
Kurzweil integrable over J if, and only if, for every finite set {J, pe of 
closed intervals with disjoint interiors such that J = U7L,J;, f is Henstock- 
Kurzweil integrable over each J;. In either case, 


frexLfe 


The proof of this result is a little easier than before, since we can use interval 
gauges. Thus, using the notation of that proof, we can replace the gauge 
in the proof by 


¥ (2) N(—o0, ¢) if x € I) N (—co, c) 
¥(z)=4 Y2(x)A(c,cc) if cE IgN(c,00) 
71 (c) NY (ce) if L=C 


Karlier, we proved that the Dirichlet function is Henstock-Kurzweil in- 
tegrable over [0,1] with an integral of 0. It is easy to adapt that proof to 
show that a function which is 0 except on a countable set has Henstock- 
Kurzweil integral 0. We now prove a much stronger result, namely that 
any function which is 0 except on a null set (recall that a set F is null if 
m (E) = 0) is Henstock-Kurzweil integrable with integral 0. 


Example 4.38 Let E C R be a null set. Suppose that f : ROR 
and f = 0 except in Z; ie, f = 0 ae. in R. We show that f is 
Henstock-Kurzweil integrable over R and f,f = 0. Fixe > 0. Set 
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Em = {t€R:m—1< |f (t)| <_m}. Note that the sets {E,,}"_, are pair- 
wise disjoint and E,, C E since f equals 0 off of E, so each E,, is a null set. 
For all m € N, there are countably many open intervals A Me om} such 
that Em C Ujeo,, 17” and Vie, & (IM) < €/2™m. If t € Em, let m(t) be 
the smallest integer j such that t € J”. Define a gauge 7 on R by setting 
y(t) = (t-1,t+1) fort € B, y(t) = Iq fort € Em, 7¥ (00) = (0, 00] and 
y (—00) = [-00, 0). (The choice of 0 for an endpoint is arbitrary.) 

Suppose that D = {(t;,J;):i1=1,...,k} is a y-fine tagged partition 
of R*. Let Do = {(ti, Ji) €D:t ¢ E} and, for m € N, let Dn = 
{(ti,Ji)€ D:t; € Em}. Then, S(f,Do) = 0 and, since the intervals 
{Jj : (ti, Ji) € Dm} are non-overlapping and Ui, y,)eD,,Ji C Ujeon 17", 


IS(Pml=| SD fe) sm DD e< ss. 


(ti,Ji)EDm (ti,J:)E Dm 


Thus, 
co co A 
SUD SF SDm)I < ow = 6 


so f is Henstock-Kurzweil integrable over R and f, f = 0. In particular, if 
E is a null set, then yg is Henstock-Kurzweil integrable with J, xz = 0. 


As a consequence of this example, we see that if f : R— R and f = 0 
except on a null set E, then f; f = 0 for every interval J C R. We will show 
later, after discussing Part II of the Fundamental Theorem of Calculus, that 
if f, f = 0 for every interval J C R then f = 0 ae.. 

In particular, if E C R is a null set, then yg is Henstock-Kurzweil 
integrable with [/xX_ = 0 for any interval J C R. We show next that 
the converse to this statement is true; that is, if te Xz = 0, then £ is 
measurable with m(£) = 0. In order to prove this result, we will use a 
covering lemma. Suppose we have a set EF C R and a collection of sets 
{S} see such that E C UsecS. This covering lemma will be used to pick 
a subset of C so that the union of the members of the subset still cover E 
and have additional useful properties. 


Lemma 4.39 Let I CR be a closed and bounded interval and E Cc I 
be nonempty. Let y be a gauge on I. Then, there is a countable family 
{(tk, Jz) : & € o} such that the intervals in { J, : k € o} are non-overlapping 
and closed subintervals of I, ty € Je NE, Je C y (te), and EC Ueesde cl. 
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Proof. Let D, be the set of closed subintervals of J obtained by dividing 
I into 2* equal subintervals. In other words, D, contains the two inter- 
vals obtained by bisecting J into two equal parts, D2 consists of the four 
intervals obtained by bisecting the two intervals in D,, and, in general, D; 
is comprised of the 2* intervals created when the intervals in D,_1 are bi- 
sected, Notice that U?2.,D; is a countable set and if J’ € D, and J” € Dy, 
then either J’ and J” are non-overlapping or one is contained in the other. 

Let €, consist of the elements J € D, for which there isate ENT 
with J c y(t). Next, let €2 be the family of intervals J € D2 such that 
there isat € EM J with J c y(t) and J is not contained in any element 
of €,, and continue the process. Thus, one gets a sequence of collections 
of closed subintervals of J, {€,}7_,, some of which may be empty. The set 
E = UR2 & is a countable collection of non-overlapping, closed intervals in 
I, By construction, if J € €, then there isa t € EN J such that Jc y(t). 
It remains to show that & C Useed. 

Suppose t € E. Then, there is an integer K so that for k > K, if 
Jit) € Dz is the subinterval that contains t, then J,(z) C y(t). Hither 
Jk € Ex or there isa J € USE, such that Jz C J. Thus, t € UseeJ, as 
we wished to prove. O 


We are now ready to prove 


Theorem 4.40 Let E CR. Then, E is a null set if, and only if, xm is 
Henstock-Kurzwetl integrable and fp Xp = 0. 


Proof. The sufficiency is proved in Example 4.38. To prove the neces- 
sity, assume that Xp is Henstock-Kurzweil integrable with integral 0. By 
Exercise 4.9, it follows that x 2-;-n,nj has integral 0. Thus, we may assume 
that E is a bounded set, since if we can show that EN [—n,n] is a null set 
for alln EN, it follows that EF is a null set. 

Let J be a bounded interval containing EB. Fix e€ > 0 and choose a 
gauge y such that |S(xy,,D)| < 5 for every y-fine tagged partition D of 
I, Let {(te, Jz) :k €o} be the countable family given by Lemma 4.39. 
Let a’ C o be a finite subset. The set J \ Uxeo- Jz is a union of a finite 
set of non-overlapping intervals. Let K,,...,K, be the closure of these 
intervals, and let D; be a 7-fine tagged partition of K;,i=1,...,/. Then, 
D = {(tk, Jk): k € o'} Ul_, Di is a y-fine tagged partition of I. Since yp > 


, 


Yo (Ie) = YP xx (te) (Se) $8 (xy D) < 5. 


k€o’ k€o’ 
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Since this is true for every finite subset of o, it follows that 


Finally, for each k € o, let I, be an open interval containing J, with 
£(In) = €(Jg) +€2—*. Since E C Upco de C Ureols {Ik} peg is a countable 
collection of open intervals containing E. Further, 


doe (le) = 2 (¢ Je) + 5) = Oh) + Dig SE +E H=E 


k€o k€o keo 
Since this holds for all € > 0, we see that EF is a null set. O 


In the following example, we relate Henstock-Kurzweil integrals to infi- 
nite series. 


Example 4.41 Suppose that ae Q~ is a convergent sequence and set 
f(t) = D1 @eX{e,e41) (2). We claim that f is Henstock-Kurzweil inte- 
grable over [1, 00) and 


[t= 


Since the series is convergent, there is a B > 0 so that |a,| < B for all 
k EN. Let € > 0. Pick a natural number M so that okey ar| < € and 
laj| < € for 7 > M. Define a gauge y as follows. For t € (k,k +1), let 
7 (t) = (k,k +1); for t = k, let y(t) = (t — min (58, 1) ,t + min (5, 1)); 
and, let (oo) = (M,oo]. Suppose that D = {(t;,J;):i=1,...,m} isa 
y-fine tagged partition of [1, oo]. Without loss of generality, we may assume 
that tm = oo and Im = [b, oo], so that b> M and f (tm) (Im) = 0. Let K 
be the largest integer less than or equal to b. Then, K > M. 

Note that for k € N and k < b, k must be a tag. Let Dy = 
{(ti,;)€ D:t, EN}. Fork EN, U{i;: (ti,.i) € Dy and t; = k} C y(k). 
Thus, 


K K 
IS Dul=|Soae SD eS Soll = Se) 


1 (t:,0:)€Duyti=k k=1 (ti,J:)€Dyjti =k 


k= 
K 
< So lax v(t) <> lol peng Eee (= 2 
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Set Dy = {(ti, i) € D: ti € (k,k+1)}. Note first that 


\S (f, Dk) — ax| 


I] 


Yo axe(h) - ax 


(ti, Ji)€DK 


\| 


aK > Ui) -1]] <lexl <e. 
(ti, EDK 


For 1 < k < K, by the definition of y(j) for 7 € N, Ua, nen, 4: is a 
subinterval of (k,k + 1) with length ¢, > 1— sf — gerg, and 


QF+IB 
S(f,De)= So arl(i)=an Yo Ci) = axle. 
(t3,J;)€D, (t3,J:)€Dx 
Thus, 
€ € 
IS (Ff, De) ~ onl = lan (Ce - WIS B(sep + sep) < get 
Therefore, 


S(f,D)- So ax 
k=1 


5S (f, Ds) + $f, Dr) _ > w 
k=1 


k=1 
K-1 
<| >> {5 (f, De) — ax}| +19 (f, Dx) — ax 
k=1 
+|S(f,Dn)l+| So ae 
k=K+1 


co 
€ 
< Se +e4 2 +e = Ge. 
k=1 


It follows that f is Henstock-Kurzweil integrable over [1, 00). 


Moreover, if the function f (rz) = 772, @kX{k,k-+1) (Z) is Henstock-Kurzweil 
integrable, then the series )*;~, a, converges. See Exercise 4.23. 

This example highlights two of the important properties of the 
Henstock-Kurzweil integral. Note that we have evaluated the integral of 
a function defined on an interval of infinite length directly from the defini- 
tion of the Henstock-Kurzweil integral. There is no need to view this as an 
improper integral. We will discuss this issue in the following section. 

We say a function f is conditionally integrable if f is Henstock-Kurzweil 
integrable but |f| is not Henstock-Kurzweil integrable. Using this example, 
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one can now easily construct conditionally integrable functions. If )*7°., ax 
is a conditionally convergent series, then f(z) = S°f2, @eX(k,441) (2) is 
a Henstock-Kurzweil integrable function by Example 4.41 while |f (x)| = 
pe [Gel X(k,k+1) () is not Henstock-Kurzweil integrable by Exercise 4.22. 
Thus, f is a conditionally integrable function. This is in contrast to the 
Riemann and Lebesgue integrals, for which integrability implies absolute 
integrability. 


Example 4.42 The function f (x) = eres i ~ Xk, k41) (2) is a condi- 


tionally integrable function on [1, 00). 


4.5 Henstock’s Lemma 
If f is Henstock-Kurzweil integrable over an interval J, given any € > 0, 


there is a gauge y so that if D = {(ti,J:):i1=1,...,m} is a y-fine tagged 
partition of J, then 


<e€. (4.6) 


dre) — fF 
t=] T 
Since f; f = 772, Jy, f, we can rewrite Equation (4.6) as 


S {reyeun- J. s}]- dos teyersy— > fs 


t=1 
Thus, one is led to consider if, in addition to controlling the difference 
of sums, one can simultaneously control the estimate for a single interval 


<€. 


f(t) £4) — fy. f| < € or, more generally, an estimate of part of the sum; 
that is, if D’ C D, one might expect that 


f (ti) € (i) - f 
ie iota 
=| SO smem- DO face an 


(ti.4)€D’ (ti,1s)€D" 


However, in general, Equation (4.6) holds due to cancellation in the expres- 
sion on the left hand side. Since the cancellation from one interval may help 
the estimate for another interval, it is not at all clear that Equation (4.7) 
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will hold, even if D’ contains a single pair (t,/). In this section, we will 
show that Equation (4.7) (with < replaced by <) follows from Equation 
(4.6). 

Let J Cc R be an interval. A _ subpartition of I is a finite set 
of non-overlapping closed intervals cA such that J; C I fori = 
1,...,k. A tagged subpartition of I is a finite set of ordered pairs S = 
((t,di) tt = 1,00 yk} such that {Ji}e, is a subpartition of J and t; € Jj. 
We say that a tagged subpartition is y-fine if I; C y (t,) for all i. Note that 
a y-fine tagged partition of J is also a y-fine tagged subpartition of J. 

We will now prove Henstock’s Lemma, which is a valuable tool for deriv- 
ing results about the Henstock-Kurzweil integral. We will apply Henstock’s 
Lemma to the study of improper integrals and convergence theorems. 


Lemma 4.43 (Henstock’s Lemma) Let f : I C R—R be Henstock- 
Kurzweil integrable over I. For € > 0, let y be a gauge such that if D is a 
y-fine tagged partition of I, then 


Is(1.0) - fa <e. 


Suppose D! = {(r1,Ji),..., (te, Jn)} is y-fine tagged subpartition of I. 
Then 


k 


<e and > 


i=1 


{reve - fs} 


t=1 


reyes) f | < 2e. 


Proof. Let « > 0 and y a gauge satisfying the hypothesis. The set J \ 
Uk_, Ji is a finite union of disjoint intervals. Let K,,..., Km be the closure 
of these intervals. Fix 7 > 0. Since f is Henstock-Kurzweil integrable over 
each K;, there is a y-fine tagged partition D; of A; such that 


<a, 
m 


suma- fs 


a 


One can find such a partition by choosing a gauge y, for the interval A; and 
the margin of error 7, and then choosing a partition which is 7M ,-fine. 
Set D = D'UD,U---UDm. Then, D is a y-fine tagged partition of J. Since 
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S(f,D) = $(f,D) +52, S (fF, Ds), we have 
su.m- ff = su.0)-Y f s+ 3-{sinny-[ \ 


Efron [4 
1 


a 


<|s (f,D) - fad 


cere 
m 


Since 7 > 0 was arbitrary, it follows that 


k 


{reve - f i\\=|suny-3 ff ce 


t=1 * 


To prove the other estimate, set 
Dt = { GJ) ED’: Ff (xi) £(J:) _ / f > of 
Ji 


and D- = D! NDT. Note that both D- and D* are y-fine tagged subparti- 
tions of I, so they satisfy the previous estimate. Thus, 


© {rene f 1} 


f (ai) (Ji) -[ 4- 


(24, Js)EDt 


This completes the proof of the theorem. O 


Suppose that J isa subinterval of R anda € I. Suppose that f : J 4 Ris 
Henstock-Kurzweil integrable, so that f is integrable over every subinterval 
of I, Define the indefinite integral F of f by F (x) = fe f for all x € J. 


Theorem 4.44 If f : I + R is Henstock-Kurzweil integrable over I, then 
F is continuous on I. 
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Proof. Fixa¢éJIandz e€éI. Let « > 0. Choose a gauge ¥ so that 
|5'(f,D) = fF f| < € for every y-fine tagged partition D of J. If y(r) = 


(a, 8B), set 6 = min {B ae a a. often} and suppose that y € J and 


ly — 2| < 6. Let J be the subinterval of J with endpoints z and y. Applying 
Henstock’s Lemma to the y-fine tagged subpartition {(z, J)} shows that 


lsew- [alse 
This implies that 


F)-F@l=|[ 4 CPEa IC errr” 


Thus, F' is continuous at x. Since x € J was arbitrary, F' is continuous on 
I. O 


Thus, Henstock’s Lemma implies that the indefinite integral of a 
Henstock-Kurzweil integrable function is continuous. We apply the sec- 
ond inequality in Henstock’s Lemma in the proof of the following corollary. 


Corollary 4.45 Let f : I = [a,b] > R be Henstock-Kurzweil integrable 
over I. If f° f = 0 for every c € [a,b], then |f| is Henstock-Kurzueil 
integrable with f,|f| = 0. 


Proof. By hypothesis, if a < ¢ < d < 6b, then sor = ie ~ 1 ee = 0, 
so that f, f = 0 for every interval J C I. Let € > 0 and choose a gauge + 
such that 


Isinm- fis <e 


for every y-fine tagged partition D, Let D = {(t;,I;):i=1,...,m} bea 
+-fine tagged partition. By Henstock’s Lemma, 


DUI (es) e(s) = dU 


i=1 


rte)ecn)— [| < 26, 


which implies that | f| is Henstock-Kurzweil integrable with f,|f]=0. O 


We have seen above in Example 4.25 that an unbounded function can 
be Henstock-Kurzweil integrable, and in Example 4.41 that a function de 
fined on an unbounded interval can be Henstock-Kurzweil integrable. Us- 
ing Henstock’s lemma, we show that there are no improper integrals for the 
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Henstock-Kurzweil integral. We begin by considering a function defined on 
a bounded interval. 


Theorem 4.46 Let f : [a,b] + R be Henstock-Kurzweil integrable over 
[c, b] for everya <c <b. Then, f is Henstock-Kurzweil integrable over 
[a, b] if, and only if, lim,_.q+ a exists. In either case, 


b 6 
/ f= lim f. 
a coat Jo 


Proof. Suppose first that f is Henstock-Kurzweil integrable over [a, )]. 
Let € > 0 and choose a gauge ¥ so that if D is a y-fine tagged partition of 
[a, b], then 


oe 
3" 


a 


sum fs 


For each c € (a,b), there is a gauge y, defined on [c, 6] so that if € is a 
7,-fine tagged partition of [c, b] then 


€ 
KS 


sue fs : 


Without loss of generality, we may assume that 7, C y, by replacing y, by 
7,7 if necessary. Choose c € y (a) such that |f (a)|(c— a) < €/3. 

Fix s € (a,c) and let € be a 7,-fine tagged partition of [s,b]. Set 
D = {(a,[a, s])} UE. Then, D is a y-fine tagged partition of [a,b], and 


b b b 
jt-ft < [f-t6>) + 


€ ewe 
< 3 + 3 + 3 =€, 
Thus, lim,_.,+ fp f= f f. 
Next, suppose the limit exists. Choose {c,}7~, C [a, | so that co = b, 
Ck > Cke41 and cy, — a. Define a gauge 7, on [c, co] so that if D is a y,-fine 
tagged partition of [c;, co], then 


b 


s(ne)- ff + If (a)| (ea) 


8 


sam - [a <§ 
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For k > 1, define a gauge y, on [cx, ch—2] so that if D is a y,-fine tagged 
partition of [cx, c,—2], then 


Is (7.0) - foi 


Ck 


€ 


< OK 


Set A = lim,_o+ iM f. Choose K so that ee f- A| <efora<s<cxK 
and |f (a)| (cx — a) < €. Define a gauge ¥ on [a,b] by 


(—00, cx) ift=a 
Y¥H=< (HN (ea1,00) ifer <t<e 
Vk (t) N (Ck, Ck—2) ifq,<t< Cpk-, fork >1 


Let D be a 7-fine tagged partition of [a,b], and D, be the subset of D with 
tags in (cz,ck—1|. Since D has a finite number of elements, only finitely 
many D, # 9 and D;ND; = 0 for i 4 j. Let J, be the union of subintervals 
in Dy. Then, Dx is y,-fine on J,, and Jy C (c1, co] and Jy C (ck, ch—2). By 
Henstock’s Lemma, for k > 1, 


[ff f-8De) 


€ 
S R- 


Let (z,[a,d]) € D. By the definition of y, a € y(t) if, and only if, t = a, 
so that x = a. Since $(f,D) = f (a) (d—a) + 2, S(f,De) and fi f = 
Dri Jy, f, in which both sums have finitely many nonzero terms, 


co 6 
A~S(,D) <P (@|(d—a) +1904 f ¢-s(nDo M+ |a~ fs 
k=1 Jr d 
<e+ > 5 +€= 3e. 
k=1 
Thus, f is Henstock-Kurzweil integrable over [a, b] and i f=A. O 


This proof can be modified to handle a singularity at b, instead of at a. 
Further, for a singularity at an interior point c € (a,b), one may consider 
the integrals over [a, c| and [c, b] separately. 

Suppose that f : [a,b] — R is Riemann integrable over [c,] for all 
a <c < band has an improper Riemann integral over [a,b]. Then, f is 
Henstock-Kurzweil integrable over [c, b| and lim,.,+ Ve f exists. Thus, f 
is Henstock-Kurzweil integrable over [a, }]. 
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Example 4.47 Let p € R and define f : [0,1] > R by f(t) = @?, for 
0<t<1and f(0) = 0. By Example 2.44, we see that f is Henstock- 


Kurzweil integrable over (0, 1] with integral if tPdt = 


a 
i if, and only if, 
p>-l. 
Suppose, next, that f is defined on an unbounded interval J = [a, oo]. 
We show that integrals over J exist in the Henstock-K urzweil sense as proper 
integrals, demonstrating that there are no Cauchy-Riemann integrals in the 


Henstock-Kurzweil theory. The proof is similar to the previous one, treating 
the difficulty at oo as the one at a was handled above. 


Theorem 4.48 Let f : I = [a,oc] — R be Henstock-Kurzweil integrable 
over [a,b] for every a <b < co. Then, f is Henstock-Kurzweil integrable 
over [a, oo] tf, and only if, limy soo J f exists. In either case, 


is f= jim ie 


Proof. Suppose first that f is Henstock-Kurzweil integrable over J. Let 
€ > 0 and choose a gauge 7 so that if D is a y-fine tagged partition of J, 
then 


Isia.ry- [4] <5. 


Suppose y (oc) = (T,oo]. For each c > max {T,a}, there is a gauge 7, 
defined on [a, c| so that if € is a y,-fine tagged partition of [a, c] then 


siney- fF 


and such that y, (z) C y(z) for all z € [a,c]. 
Fix c > max {T,a} and let € be a y,-fine tagged partition of [a,c]. Set 
D = EU {(00, [e, oo])}. Then, D is a y-fine tagged partition of J, and 


fafa < 


ee 
2 


oe 
2? 


[1-su.n]+|scr2)- fs] + coredeced 


+5 =6, 


ie 
2 


b 
since | f (co)| £ ([c, 00]) = 0 by convention. Thus, Kim oo f f= dey 
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Next, suppose the limit exists. Choose {c,}7-_, C [a, 00) so that cp = a, 
Ck < Ck41 and cy > oo. Define a gauge Yq on [co, c1| so that 


€ 
<— 


snr- [a <x 


for every yo-fine tagged partition D of [c9, ci]. For k > 1, choose a gauge 
Y, On [ch—1, C41] so that if D is a ,-fine tagged partition of [cx_1, Cel, 
then 


Ck+1 € 
s(nD)- f- t\< sez. 
Ck- 
Set A= lim... J. f. Choose K so that |? f - A] < ¢/2 for b > ex. 
Define a gauge yy on I by 


Yo (t) N (—00, €1) if co <t<c, 
y(t) = ¢ Vp (t) 9 (Ch—1, Chi) if ce < t < ce41 for k > 1. 
(cx, co] if z = co 


Let D be a -fine tagged partition of J. If J; = [a, oo] is the unbounded 
interval of D, then t; = oo and a > cx. For k > 0, let D, be the subset 
of D with tags in [cx,ckh41). As above, only finitely many D, #4 0 and 
DiND; = 0 for i # j. Let J; be the union of subintervals in D;,. Then, 
Dz is y,-fine on Jz, and Jo C [co,c1) and Jy C (cx—1,Ce+1)- By Henstock’s 
Lemma, for k > 0, 


f-S(f, Dz) 


Tk 


Z € 
= Ok+2" 


Since a > cx, it follows that 


|A-S(f,D)| < A- ff + [t-shn) 
<§+[9 f £- SoS, De) + 1 (00) £4) 
k=0°%,, k=0 
€ ee € 
tare € 
k=0 


Thus, f is Henstock-Kurzweil integrable over I and f, f = A. O 
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An analogous result holds for intervals of the form [—oo,b]. A version 
of this result for [—00, oo] follows by writing [—00, oo] = [-00, a] U [a, oo]. 
The value of the integral so obtained does not depend on the choice of a. 
See Exercise 4.28. 


Example 4.49 Let p € R and define f : [1,00] — R by f (t) = t7?, for 
t > 1. By Example 2.47, we see that f is Henstock-Kurzweil integrable 


over [1, oo] with integral [7° t-Pdt = 


1 
if, and only if, p > 1. 


Following Example 4.42, we saw that f (x) = 07°, ; CP cK, k+1) (2) is 
a conditionally integrable function on [1, oo]. We now give another example 
of a function that has a conditionally convergent integral. 


Example 4.50 It was shown in Example 2.49 that f (x) = “# has a con- 
vergent Cauchy-Riemann integral over [1, 00), but that |f| is not Cauchy- 
Riemann integrable there. By Theorem 4.48, f is Henstock-Kurzweil inte- 
grable and |f| is not, so f has a conditionally convergent integral. 


We now use these theorems to obtain several useful results for guaran- 
teeing absolute integrability. The first result includes a comparison test. 


Corollary 4.51 Let f : [a,b] c R* — R. Suppose that f is absolutely 
integrable over [a,c] for everya<c< b. 


(1) Suppose f is nonnegative. Then, f is Henstock-Kurzweil integrable over 
[a,b] if, and only if, sup{ f° f:a<ge<b}<oo. 

(2) If there is a Henstock-Kurzweil integrable function g : [a,b] + R such 
that |f (t)| < 9 (t) for allt € I, then f is absolutely integrable over I. 


Note that b may be finite or infinite. 


Proof. To prove (1), note that the function F(x) = in f is increasing 
on [a, ]. Thus, sup { f° f:a<e<b} = lim.» J* f, and the result follows 
from either Theorem 4.46 or 4.48. 

For (2), define F as above and set G(x) = a g. Since g is Henstock- 
Kurzweil integrable, G satisfies a Cauchy condition near b. We claim that 
F*, too, satisfies a Cauchy condition near b. To see this, note that for 


a<nr<y<b, 
[als [uis ['s-em-c. 


IF (y) -— F (2)| = 
Thus, F' is Cauchy near b, and f is Henstock-Kurzweil eae by either 
Theorem 4,46 or 4.48. Applying the same argument to H (x =m lf| 
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shows that |f| is Henstock-Kurzweil integrable, so that f is absolutely 
integrable. O 


As a consequence of the corollary, we derive the integral test for con- 
vergence of series. 


Proposition 4.52 Let f : [l,co] — R be positive, decreasing and 
Henstock-Kurzweil integrable over [1,6] for all 1 < b < co. The integral 
L f exists if, and only if, the series \\7~_, f (k) converges. In either case, 


iy fs ded WSS PtLO@): 


Proof. Since f is decreasing, fli +1) < f(x) < fi) fori<2 <it+l, 
which implies that f (i+ 1) < f’"" f < f (i). Summing in i yields 


n—-1 n n—1 

rary f FSS FW): (4.8) 
t=1 1 t=1 
By the previous corollary, it now follows that f is Henstock-Kurzweil inte- 
grable over [1, oo] if, and only if, the series converges. Letting n — oo in 


(4.8) shows that JP f < Deaf (4) < fF +f (1). Oo 


A function ¢ is called a multiplier if the product yf is integrable for 
every integrable function f. For the Lebesgue integral, every bounded, 
measurable function is a multiplier. For if ¢ is measurable and bounded by 
B, then for any Lebesgue integrable function f, yf is measurable and yf 
is bounded by the Lebesgue integrable function B|f|, so yf is Lebesgue 
integrable by Proposition 3.94. Surprisingly, for the Henstock-Kurzweil 
integral, continuous functions need not be multipliers, even on intervals of 
finite length. 


Example 4.53 Define F,G : [0,1] — R by F (0) = G(0) = Oand F(z) = 
x? sin (x~*) and G(x) = x? cos (x~*) for 0 < x < land let f = F’ and 
g=G". Since (FG)' = Fg+ fG, Fg+Gf is Henstock-Kurzweil integrable 
by Theorem 4.16. However, F(x) g(x) — f (x) G(x) = * for x # 0, is not 
Henstock-Kurzweil integrable over [0, 1]. This implies that neither Fg nor 
fG is Henstock-Kurzweil integrable over [0,1]. Since, for example, F is 
continuous and g is Henstock-Kurzweil integrable, we see that continuous 
functions need not be multipliers for the Henstock-Kurzweil integral. See 
Theorem 4.26. 


A function ¢ is a multiplier for the Henstock-Kurzweil integral if, and only 
if, it is equal almost everywhere to a function of bounded variation, which 
we define in the next section. (See [Lee, Theorem 12.9].) 
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4.6 Absolute integrability 


Let f be Henstock-Kurzweil integrable over J. Since f need not be ab- 
solutely integrable, we do not know whether or not |/| is Henstock-Kurzweil 
integrable. We now turn our attention to characterizing when a Henstock- 
Kurzweil integrable function is absolutely integrable. For this characteri- 
zation, we will use the concept of bounded variation. 


4.6.1 Bounded variation 
The variation of a function is a measure of its oscillation. A function with 


bounded variation has finite oscillation. 


Definition 4.54 Let y: [a,b] > R. Given a partition P = {xo,...,2m} 
of [a, b], define the variation of y with respect to P by 


u(y, P) = Ds ly (wi) - 9 (wi-)I, 


and the variation of y over [a, b] by 
Var (¢, [a, |) = sup {v(y,P) : P is a partition of [a, |}. 


We say that y has bounded variation over [a,b] if Var (vy, [a,b]) < oo. In 
this case, we write y € BY ([a, dl). 


A constant function has 0 variation, which follows immediately from the 
definition. A function can have a jump discontinuity and still have bounded 
variation. For example, the function f defined on [0,2] by f (x) = 0 for 
0< az <1 and f(r) = 1 for 1 < x < 2 has a variation of 1, equal to 
the jump at x = 1. Somewhat surprisingly, a continuous function need not 
have bounded variation. 


Example 4.55 The function y : [0,1] — R defined by 


w= f° ift=0 
PNT Vetsin(2) if0<t<1 
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1 
is continuous on [0,1]. Set 2, = ———. Then, 
(m+4)m 
: 7 if m is even 
(m+) 
~ (Lm) = : , 
—-——— if m is odd 
(m+3)™ 
2m 2 
that - .)| = —-——.— > — .__ Sine 
so a lp (tm) p (lm )I (m+ 1) (m— z) aa rm ince 


soe — diverges, it follows that Var(y,[0,1]) = oo and » does not 


m=) 


have bounded variation on (0, 1). 


We next develop some of the basic properties of functions with bounded 
variation. We first show that a function with bounded variation is bounded 
and that the variation of a function is additive over disjoint intervals. 


Proposition 4.56 If y € BY ([a, b]) then y is bounded on [a,b]. 
Proof. For x & [a,b], consider the partition P = {a, x, b} of [a,b]. Then, 
ly (x) ~ 9 (a)| + |p (6) — 9 (z)| < Var (¢, la, 8)), 


which implies 


W@I< Flv @l+le@|+ Var (y, fa, 8)]. 
Thus, y is bounded on [a, . oO 
Ifa <c< b, by the triangle inequality 
u(y, {a, b}) = |e (6) — 9 (a)| 
S lv (c) - y(@)| +l¢ (6) — 9 (c)| =» (y, {a, ¢, b}). 


This inequality is the basic point in the proof that the variation of a function 
increases as one passes from a partition to one of its refinements. We will 
use this result to prove that variation is additive. 


Proposition 4.57 Let y: [a,b] > R. If P and P’ are partitions of a, b| 
and P' is a refinement of P, then v(p,P) < u(y,P’). 


Proof. Suppose first that P’ has one more element than P; that 
is, there is an # such that P = ({z0,21,...,2,} and P’ = 
{z9,%1,...,%i-1,£,27,...,2n}. Then, all the terms in the sum for 
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v(y,P) are the same as those for v(y,P’) except for |p (x;) — y (ai 
which is bounded by |y (z;) — ¢ (#)| + ly (@) — ¢ (zi-1)|. Thus, a. )< 
u(y, P’). The proof now follows by an induction argument. o 


1)| 


We can now show that the variation of a function is additive over disjoint 
intervals. 


Proposition 4.58 Let y: [a,b] > R and suppose that a <c <b. Then, 
Var (y, [a, b]) = Var (y, [a, el) + Var (y, [e, I). 


Proof. Let P be a partition of [a,b] and set P’ = PU {c}. Then, 

= {x EP’: x <c} is a partition of [a,c] and Pp = {x EP’: 24> c} 
is a partition of [c, b], and u(y, P’) = v(y, Pi) + u(y, Pe). Thus, by the 
previous proposition, 


u(y, P) < u(y, P’) = 0 (py, Pi) +4 (y, Pa) < Var (y, [a, c]) + Var (y, [c, d]) . 


It follows that Var (y, [a, b]) < Var (y, [a, cl) + Var (y, [c, 5). 
On the other hand, if P, is a partition of [a,c] and Po is a partition of 
[c, b], then P = P, U Pe is a partition of [a,b]. As above, 


v(p, Pi) + (y, Pa) = v (y,P) < Var (y, (2, 8)). 
Taking the supremum over all partitions P; of [a,c] yields 
Var (¢, [a, cl) + u(y, Pe) < Var (y, [a, b}). 
Then, taking the supremum over all partitions P2 of [c,b| shows that 
Var (¢, [a, el) + Var (y, [e, b]) < Var (y, [a, 4), 
which completes the proof. O 


Suppose that ¢ is an increasing function on [a,b]. Ifa<4r<z<y<ob, 
then 


ly (z) — y(z)| + ley) — eI =le y) -— ¢ @)I. 


It follows that for any partition P of [a,d], u(y, P) = |y(b) — y(a)| and 
y € BY ([a,6]); moreover, Var (y, [a, b]) = ly (b) — y (a)|. One can argue 
similarly for a decreasing function, so that every monotone function on a 
bounded interval has bounded variation there. Another easy consequence 
of the definition is that 


v(ap + BY, P) <|alv(y,P) +|6lu(,P), 
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which implies that linear combinations of functions of bounded variation 
have bounded variation. See Exercise 4.38. A surprising fact about func- 
tions of bounded variation is that all such functions can be written as the 
difference of increasing functions. 


Theorem 4.59 A function y € BY ([a,)]) if, and only if, there are in- 
creasing functions p and q so that p = p— q. 


Proof. If p and q are increasing functions on [a,b], by the observations 
above, p—q € BY ([a, b]). So, suppose that y € BY [a, b]. Define p by p(x) = 
Var (y, [a,2]), where Var (¢, [a,a]) = 0 by definition, and q = p—y. From 
Proposition 4.58, p is increasing. If a <x < y < b, then 
q(y) = p(y) — vy) = Var (¢, [a,y]) — 9 (y)- 
Thus, 
q(y) — 4(2) = Var (y, (a, 9) — ¢ (y) — {Var (¢, [a, 2]) — 9 (x)} 
= {Var (¢, |a,yl) — Var (y, [a, 2])} — {¢ (y) — » (2)} - 


Since Proposition 4.58 implies that Var (y,[a,y]) — Var(y,[a,z]) = 
Var (¢, [z,y]), 


a(y) — 4 (2) = Var (¢, [x, yl) — (¢ (y) — 9 (z)) = 0. 


Therefore, q is increasing and the proof is complete. O 


4.6.2 Absolute integrability and indefinite integrals 


We are now ready to prove that a Henstock-Kurzweil integrable function 
is absolutely integrable if, and only if, its indefinite integral has bounded 
variation. Recall that we define the indefinite integral of f by F (x) = ie f. 


Theorem 4.60 Let f : I = [a,b] — R be Henstock-Kurzweil integrable 
over I. Then, |f| is Henstock-Kurzweil integrable over I if, and only if, the 
indefinite integral of f has bounded variation over I. In either case, 


b 
Var (F, [a, d]) -| lf|. 


Proof. Let V = Var(F,[a,b]). Note that fora < x < y < 3b, 
IF (y) - F(x)| = |f? |. Suppose first that |f| is Henstock-Kurzweil in- 
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tegrable. For any partition P = {xo,...,Zm} of J, 


SH, Geos: 
[is yf allay if. 


Thus, V < f’ |f| < 00, so F € BY ((a,)). 
Next, suppose that F € BY ([a,b]) and let € > 0. Choose a partition 
P = {x0,...,m} of I such that 


m 


RP) = SIP le) Fe vl= 3 


i=1 


V—e<v(FP)<V. 


Since f is Henstock-Kurzweil integrable over J, we can choose a gauge ¥ 
on J so that if D is a ¥-fine tagged partition of J then |S (f,P)- J; f| <e. 
For convenience, set x1 = —oo and 2m41 = 00. Define a gauge y on J by: 


— 7 (z) a (22503) ifxe (25.02) 
1) naa) if =z, : 


Note that for x ¢ P, y(x) is an open interval that does not contain any 
elements of P. Thus, if (z,J) € D and there is an x; € P such that 
z; € J C y(z), then z € P. By the definition of y for elements of P, it 
then follows that z = z,. 

Let D={(2;,l;):i=1,...,k} be a y-fine tagged partition of J and, 
without loss of generality, assume that max J;_; = min J; fori = 1,...,k. 
Let Q = {yo,..., yx} be the partition defined by D so that I; = [y,;-1,y:]. 
If x; € I?, the interior of J;, then x; is the tag for J;. We replace 
I; by the pair of intervals J} = [y;-1,2,;] and J? = [z;,y,|. Repeat- 
ing this for all the terms in P as necessary, one gets a new tagged par- 
tition D’= {(zj, I/):i=1,...,K} in which all such terms (x;,J;) €-D 
are replaced by the two terms (x;,J;) and (z;,J?), and a refinement 
P' = PUQ of P. Note that D’ is y-fine since IF C I; C y(z;). Fie 
nally, since |f (z;)|€(4i) = |f (2s)|€(Z}) + If (x3)| € (UP) for all x; € P, 
S(If|,D) = S$ (f|,D’). 

Since P’ is a refinement of P, by Proposition 4.57, 


ie: 


é 


K 
V-€<v0(FP)<v(FP) =), 


t=1 


<V. 
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Since D’ is a y-fine tagged partition of J, it follows from Henstock’s 


Bicone -| ffs, lfveneen- La 


<> 


K 
<r enedy- fs] <2 
i=l qi 
Thus, 
K K 
is(/l,D)-vis|sds.D~d]f Ae|doff s]-v] <2ete=3e 
i=l [VTE ja YE 
Therefore, |f| is Henstock-Kurzweil integrable and J, |f| = V. Oo 


Since BY ([a, ]) is a linear space, the following corollary is immediate. 


Corollary 4.61 If f,g: I = [a,b] > R are absolutely integrable over I, 
then f +g is absolutely integrable over I. 


As a consequence of Theorem 4.60, we obtain the following comparison 
result for integrals. 


Corollary 4.62 Let f,g: I =[a,b] — R be Henstock-Kurzweil integrable 
over I and suppose that |f (t)| < g(t) for allt © I. Then, f is absolutely 


integrable over I and 
/ Ifl< / g- 
I I 


Proof. Let P = {xo,...,2m} be a partition of J. Then 


fel ef 


Thus, the indefinite integral F of f has bounded variation over [{a, b], so by 
Theorem 4.60 |f| is integrable over J and 


[isi=Vver estas) < fo 


Extensions of the three results in this section to functions f : R—R 
are given in Exercises 4.42 and 4.43. 


™m 


» 


i=1 


O 
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The examples above of Henstock-Kurzweil integrable functions that are 
not absolutely integrable involved functions defined on infinite intervals. 
We conclude this section with an example of such a function on [0, 1]. 


Example 4.63 In Example 4.1, we exhibited a function f on [0, 1] whose 
derivative f’ is not Lebesgue integrable. The key estimate in that proof is 
Jak f! = 1/2k, where b, = 1/-V2k and a, = \/27(4k +1). By the Funda- 
mental Theorem of Calculus, f’ is Henstock-Kurzweil integrable. Since the 
intervals [a,, 8,] are pairwise disjoint, 


N B, 


N 
1 
Var (f,[0,1)) af? = ae 


Thus, f ¢ BY ([0,1]) so that |f’| is not Henstock-Kurzweil integrable over 
(0, 1]. 


4.6.3 Lattice Properties 


We have seen that the sets of Riemann and Lebesgue integrable functions 
satisfy lattice properties so that, for example, the maximum and minimum 
of Riemann integrable functions are Riemann integrable. We now study 
the lattice properties of Henstock-Kurzweil integrable functions. 


Proposition 4.64 Suppose that f,g: JR. 


(1) The function f is absolutely integrable over I if, and only if, ft and 
f— are Henstock-Kurzweil integrable over I. 

(2) If f and g are absolutely integrable over I, then f Vg and f Ag are 
Henstock-Kurzweil integrable over I. 


Proof. To prove (1), ou thats = ft = 7", |fl =f FP = 
a and f- = (/l> 
2 


cicnat For (2), we observe that f Vg = 5[f+9+|f— gl] and fAg= 
sf +9-\|f —gl]. By the linearity of the integral and the fact that the 
sum of absolutely integrable functions is absolutely integrable, the proof is 
complete. O 


. The result now follows from the linearity of the 


If we only assume that f and g are Henstock-Kurzweil integrable, we 
need an additional assumption in order to guarantee that the maximum 
and the minimum of Henstock-Kurzweil integrable functions are Henstock- 
Kurzweil integrable. For example, if f’ is defined as in Example 4.1, then 


Henstock-Kurzweil integral 179 


(f’)t, the maximum of f’ and 0, is not Henstock-Kurzweil integrable while 
both f’ and 0 are Henstock-Kurzweil integrable. 


Proposition 4.65 Suppose that f,g,h:I — R are Henstock-Kurzweil 
integrable over I. 


(1) If f < h and g <h, then f Vg and f Ag are Henstock-Kurzweil 
integrable over I. 

(2) Ifh < f andh < g, then f Vg and f Ag are Henstock-Kurzweil 
integrable over I. 


Proof. Suppose the conditions of (1) hold. Since h— f and h—g are non- 
negative and Henstock-Kurzweil integrable, they are absolutely integrable. 
By the previous proposition, (h — f) V (h — g) is Henstock-Kurzweil inte- 
grable. Since, 


1 
(h— f)V(A—g) = 5l(h—f) + (hg) +1(h— f)— (h-9)l] 
1 
sip tee f =o |-f all 
1 
=h=slfit+e=|f-all 
=h—- f AQ 
it follows that f A g is Henstock-Kurzweil integrable. The remaining proofs 
are similar. oO 


We saw in Example 4.53 that the product of a continuous function and 
a Henstock-Kurzweil integrable function need not be Henstock-Kurzweil 
integrable, even on an bounded interval, in contrast to the Riemann and 
Lebesgue integrals. We conclude this section with conditions that guarantee 
the integrability of the product of two functions. 


Proposition 4.66 (Dedekind’s Test) Let f,g : [a,b] > R be continuous 
on (a, b]. Suppose that F, defined by F (x) = if: f fora<2u<_b, is bounded 
on (a, b], g’ is absolutely integrable over [a,b], and limz_.,+ g(x) = 0. Then, 
fg is Henstock-Kurzweil integrable over [a, b]. 


Proof. Fora <c<_, (Fg)' = —fg+ Fg’ on the interval [c, }], so that 
Fg =(F 9)'+ fg and, by the Fundamental Theorem of Calculus and the fact 
that fg is continuous, Fg’ is Henstock-Kurzweil integrable over [c, b|. Since 
F is bounded, there is a B > 0 so that |Fg’| < B|g’|. Since g’ is absolutely 
integrable, by Corollary 4.62, Fg’ is absolutely integrable over [c, }] for all 
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a<e<_b. Thus, by Corollary 4.51, Fg’ is (absolutely) integrable over 
[a, b]. Since fg = Fg'—(Fg)' from above, by the Fundamental Theorem of 
Calculus, 


[s9= [Pv + P90, 


Since F’ is bounded and lim,_,,+ g(x) = 0, 


b b b b 
[ t= lim (/ Fd +F(99(0)) = tim, f Fo = [ Fd 


by Theorem 4.46, so that fg is Henstock-Kurzweil integrable over [a, b]. 0 


See Exercises 4.31, 4.33, and 4.35 for additional examples of integrable 
products. 


4.7 Convergence theorems 


The Lebesgue integral is noted for the powerful convergence theorems it 
satisfies. We now consider their analogs for the Henstock-Kurzweil integral. 
As we saw in the previous chapter, some restrictions are required for the 
equation 


[ jim fe = jim | fs (4.9) 
to hold. 


Example 4.67 Define fj, : [0,1] — R by f(z) = kx@o,1/x) (x). Then, 
{ fi },-) converges pointwise to the function f which is identically 0 on [0, 1]. 
Thus, i fre = 1 while fe f =0. All the functions are Henstock-Kurzweil 
integrable, but equation (4.9) does not hold. 


A similar problem arises when one considers integrals over unbounded in- 
tervals. 


Example 4.68 The functions f, : [0,00) — R defined by f,(z) = 
X(k,k-+1) (x) converge pointwise to the 0 function, but each f;, has Henstock- 
Kurzweil integral equal to 1, so equation (4.9) does not hold. 


Like the Riemann integral, the simplest condition that allows the inter- 
change of limit and integral on bounded intervals is uniform convergence. 
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See Exercise 4.45. However, such a result does not hold in full generality 
for the Henstock-Kurzweil integral over unbounded intervals. 


Example 4.69 Define f,, : R— R by fx (t) = 3¢X(—x,4) (2). Each fr is 
Henstock-Kurzweil integrable and f, f, = 1. Further, {f,};2, converges 
uniformly to the function f which is identically 0 on R so that equation 
(4.9) does not hold. 


The first convergence result will be an analog of the Monotone Conver- 
gence Theorem for the Henstock-Kurzweil integral. 


Theorem 4.70 (Monotone Convergence Theorem) Let f,,f:I Cc R* 
R be Henstock-Kurzweil integrable over I and suppose that {f,}~_, in- 
creases monotonically to f on I. Then, f is Henstock-Kurzweil integrable 
over I if, and only if, sup, {7 fk < oo. In either case, 


1B 7 [fia fu = dim, | he 


Proof. First, assume that f is Henstock-Kurzweil integrable. Since 
fx(t) < f(t) for allt € J, by positivity, f, fe < J, f so that sup, J, fk < 00. 

Now, suppose that sup, J; fk < oo. Since the sequence {fy (t)}2, 
is monotonic for all t € J, it follows that { Sr fs is monotonic and 
converges to A = sup, {7 f,, which is finite by assumption. Fix ¢ > 0 and 
choose a K €N such that 


0<4-| fx <e (4.10) 
I 


For each k, there is a gauge y, on J such that |S'(f,,D) — fr fe| < gr for 
every ,-fine tagged partition D of J. 

Define y : RR by v(t) = 3 Viger 2 "xX ee-icjej<e}: Repeating the 
proof of Example 4.41, y is Henstock-Kurzweil integrable over R and fp p = 
3. Let 7, bea gauge such that |S (y,D) — fa y| < 3 for any 7,-fine tagged 
partition D of R. Then, 0 < S(y,D) < Jgy+ 5 = 1 whenever D is ,-fine. 

By the pointwise convergence of f, to f, for each t € I, choose a k(t) € 
N such that k(t) > K and 


O< f(t) — fae) ) < ep (4). (4.11) 


Define a gauge ¥ on I by setting + (t) = yxy (4), (t) for all t € I. Let 
D = {(ti, i) :i=1,...,m} be a y-fine tagged partition of J and consider 
the difference |S (f,D) — A]. Adding and subtracting yy", feces) (ta) € (i) - 
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paz St, fiee;), we see that 


IS(f,D) — Al <|90 ft) €C) — SO faces (te) 
i=l 4#=1 
HID Fae (4) 0) » [ fier = iE fees z 
=J4+IJ]I4I1TI. 


By (4.11) and the definition of y, 


|f (te) — faces) (te) | € (i) < Do ey (te) Ci) = 5 (yp, D) < 


i=1 


Ls 


Ms: 


ll 
pas 


v 


To estimate JJ, set S = max{k(t,),...,k(tm)} > K. Then, 


sy 
-> > 


k=K k(ti)=k 


frece;) (te) 2 Ua) - i fect) 


fas COL | Vii 


in which we have grouped ois all terms corresponding to f, for a fixed 
k. Note that the set {(ti, J;) : k (ti) = k} is a y,-fine tagged subpartition of 
I, so that Henstock’s Lemma implies 


2S 


k(t;)=k 


2€ 
fun (a) (00) ~ | Fects)| S 56° 


Summing over k, 


Finally, by monotonicity and the definitions of k(t) and S, fx < fit, < 


fs, which implies 
[ ts | Fite) < | fs. 
q; I; f; 


Summing over i, by (4.10) we see 


A-e< fins f fies [iss 
: jet As I 
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so that III <e. 

Combining these estimates, for any y-fine tagged partition D of I, we 
have |S(f,D) — Al < 4e. Since € was arbitrary, f is Henstock-Kurzweil 
integrable with integral A. Further, since { iF fetes is a monotonic se- 
quence, A = sup, f7 fr = limg—oo J, fx, and the proof is complete. O 


Suppose that {f,};2, is a sequence of Henstock-Kurzweil integrable 
functions that decreases monotonically for each x € J. Applying the the- 
orem above to {—f;,};2,, we get an analogous version of the Monotone 
Convergence Theorem for a decreasing sequence of functions, under the 
assumption that inf, {7 fi, > —oo. 

In the proof of the Monotone Convergence Theorem above, we needed to 
assume that the limit function was finite on J. In fact, as a consequence of 
the monotonicity of the sequence of functions and the condition sup, J; fr < 
oo, the limit is finite almost everywhere. 


Lemma 4.71 Let f,: ] C R* > R be Henstock-Kurzweil integrable over 
I and suppose that { f, (z)}-2, increases monotonically for each x € I and 
sup; {7 fk < 00. Then, limp—oo fx (x) exists and is finite for almost every 
rel. 


Proof. By replacing f, by f, -- fi, we may assume that each f;, is 
nonnegative. Then, we may assume that J is a bounded interval, since 
I = Us, (IN [-n,n]) and if the conclusion holds on JQ [—n,n], then 
it holds almost everywhere in J. Set M = sup, f; f, and let E = 
{x ET: lime oo fe (%) = oo}. Let fi = 1A (4) fe and define h; : I > R by 


ha(2) = { 1 if 2€E 


For each fixed 7, { tyes increases to h; pointwise as k — oo. Since J 
is a bounded interval, 1 is Henstock-Kurzweil integrable over J. Thus, fj 
Henstock-Kurzweil integrable, since the minimum of absolutely integrable 


functions is, and 
pl M 
[a < Pegi [t < Tae 
I Udi L 


By the Monotone Convergence Theorem (for a decreasing sequence of func- 
tions), h; is Henstock-Kurzweil integrable and 
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Thus, by Theorem 4.40, E is a null set, so lim, f, exists and is finite 
almost everywhere in J. O 


Using this lemma, we can improve the statement of the Monotone Con- 
vergence Theorem by removing the assumption that the pointwise limit is 
finite everywhere. 


Corollary 4.72 (Monotone Convergence Theorem) Let f, : I c R* > 
R and suppose that {f,(x)}72, increases monotonically for each x € I. 
Suppose each f;, is Henstock-Kurzweil integrable over I and sup, J, fr < 00. 
Then, limk—oo fx (x) is finite for almost every x € I and the function f, 
defined by 


f(x) = eae fe (x) if the limit is finite 


0 otherwise 


is Henstock-Kurzweil integrable over I with 


[t= jim, [ te 


Proof. By the previous lemma, the function f is defined almost every- 
where in J. Let FE = {2 € 1: limpoo fi (2) = co}. Since F is a null set, 


by Example 4.38 
/ fe [ xe fe=0. 
E I 


Define {gx};—-1 by ge = Xnyefx- Since gk = fe — Xefk: 9x is Henstock- 
Kurzweil integrable and 


[m= [te [xote= | te 


Further, {9 (x) }¥°., increases pointwise to f on J. By the Monotone Con- 
vergence Theorem, f is Henstock-Kurzweil integrable and 


[f= bm, Fon = im, | te 


The Monotone Convergence Theorem is equivalent to the following re- 
sult about infinite series of nonnegative functions. 


O 
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Theorem 4.73 Let f, : I Cc R* — R be nonnegative and Henstock- 
Kurzweil integrable over I for each k and define f by 


ye fe (2) tf the series converges 
f(@)= 0 : i 
otherwise 


Then, the series converges for almost allx € I and f is Henstock-Kurzweil 
integrable over I if, and only if, 3x1 fr fe < 00. In either case, 


fr=d fe 


Proof. Suppose first that 0%, fr fe < 00. Let 8m = So4Ly fe. Since 
each f, > 0, {8m (x)}7°_, forms an increasing sequence for each x € J and 


foe} 
sup f im= 0 f fe <o. 
ENE kaivl 


By Lemma 4.71, >7—., fe = limm-—oo 8m is finite almost everywhere and, 
by the Monotone Convergence Theorem (Corollary 4.72), f is Henstock- 
Kurzweil integrable over J. 

On the other hand, suppose that f is Henstock-Kurzweil integrable and 
E = {x€1: 3572, fx (x) = 00} has measure 0. Then, by the linearity of 
the integral and the nonnegativity of the functions f,, 


fo) m 
§ [weer [nap [one [os [v= 
he vt m yay /1 m JT m JI\E I 


Finally, in either case, 


[t= sim Sm = lim vf h=d | t 
T m—oo Cre I rae I 


I 


Our next goal is to prove a version of the Dominated Convergence The- 
orem for the Henstock-Kurzweil integral. As in the case for the Lebesgue 
integral, the proof will be based on Fatou’s Lemma. We begin with a 
lemma. 


Lemma 4.74 Let f,,a@: I C R* — R be Henstock-Kurzweil integrable 
for all k, and suppose thata < f, in I. Then, inf, fy is Henstock- Kurzweil 
integrable over I. 
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Proof. Sincea < fx, the function g, = infy<j<x fy is Henstock-Kurzweil 
integrable over J by Proposition 4.65. Since a < gx for all k, inf, f- 79k = 
{,@ > —oo. Thus, by the comment in the paragraph following the proof 
of Theorem 4.70, we can apply the Monotone Convergence Theorem to the 
decreasing sequence of functions {g,}%°., which converges to inf, fy. O 


Note that since a < inf, f, < fi, inf, f, is finite valued everywhere on 
I. We can now prove Fatou’s Lemma. 


Lemma 4.75 (Fatou’s Lemma) Let fxr,a: I C R* — R be Henstock- 
Kurzweil integrable for all k, and suppose that a < f, in I and 
liminfxoo fr fe < 00. Then, liminfyoo fe is finite almost everywhere 
in I and the function f defined by 


= lim inf, 00 fx (x) if the limit is finite 
Ps 0 otherwise 


f(z 
is Henstock-Kurzweil integrable over I with 
[i < limint f fy 
I CONS 
Proof. By Lemma 4.74, the function ®, defined by 


®,, (cv) = inf {f; (x) : j 2 } 


for each k € N is Henstock-Kurzweil integrable over J. 
Since a < ® < f, on J for all k, it follows that each function ®, is 


finite valued on J and 
[es [% < | fe 
I I I 


[o <liminf | ® < Himint ff (4.12) 
I I k-oo JT 


k- 00 


which implies 


Further, by definition, {®,}-., is an increasing sequence which, by Lemma 
4.71, converges pointwise to f almost everywhere in J. Since { iF Oh, 
is monotonic, it then follows from (4.12) that { J; ®,} converges and 
is hence bounded. Thus, by the Monotone Convergence Theorem, f is 
Henstock-Kurzweil integrable and by (4.12) 


[te lim | =limint [ 6 <ligint ff, 
T k- 00 JT k-oo Jy k-oo fy 
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which completes the proof. 0 


As in the case of the Lebesgue integral, the result dual to Fatou’s Lemma 
also holds. 


Corollary 4.76 Let f,,8: IC R* > R be Henstock-Kurzweil integrable 
for all k, and suppose that f, < B in I and limsup,_,.. J; fe > —oo. Then, 
limsup,_,,, fp is finite almost everywhere in I and the function f defined 
by 
oe ie SUPK soo Sk (2) if the limit is finite 
0 otherwise 


is Henstock-Kurzweil integrable over I with 
f> limsup | fe 
T k—00 fi 
We are now prepared to prove the Dominated Convergence Theorem. 
Theorem 4.77 (Dominated Convergence Theorem) Let f,: I C R* > R 


be Henstock-Kurzweil integrable over I and suppose that {f,}{-, converges 
pointwise almost everywhere on I. Define f by 


fice limp—oo fr (x) if the limit is finite 
~ 0 otherwise : 


Suppose that there are Henstock-Kurzweil integrable functions a, 8: I — R 
such that a < f, < 8 almost everywhere in I, for allk © N. Then, f is 
Henstock-Kurzweil integrable over I and 


[te [tm tem fim, | te 
Proof. Let E, = {x eI: f, (x) < aor f, (x) > B(x)}. Then, the set 
f= 2 el: Jim fr (x) diverges} U UrenEx 
has measure zero. If x ¢ E, then f, (x) > f (x) and a(z) < fx (x) < B (2) 
for all k EN. Since fr fx = Jive f, and f, f = 0, we may assume all the 


hypotheses hold for all x € J, 
Since a < f,, Fatou’s Lemma shows that lim inf,_.., fx is finite almost 


everywhere in J and 
[fs timint ft. 
I RAOO" HT 
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Similarly, since f,, < 8, Corollary 4.76 implies that lim sup,_,,, fx is finite 
almost everywhere in J and 


f= limsup | fy. 
I I 


k-00 


Combining these results, we see 


timsup | fy < ff <timint | f, <limsup | f 
koo JT I k-oo Jy k-oo JT 


[t= Bs, [ te 


For the Lebesgue integral, the usual statement of the Dominated Con- 
vergence Theorem employs the condition that |f,| < g, where g is a 
Lebesgue integrable function. Since | f,,| < g is equivalent to —g < fi, < g, 
such an hypothesis implies the hypothesis above. The importance of the 
condition a < f;, < 8 for the Henstock-Kurzweil integral is that the func- 
tions f,, a, and 6 may be conditionally integrable. Note that if f, and 
g are Henstock-Kurzweil integrable and |f,| < g, then g is nonnegative 
and, hence, absolutely integrable and f;,, is absolutely integrable by Corol- 
lary 4.62. Thus, the condition of Theorem 4.77 is more general than the 
condition of Theorem 3.100. 


We conclude this section with the Bounded Convergence Theorem. 


so that 


O 


Corollary 4.78 (Bounded Convergence Theorem) Let f;,:I1 C R* 4 R 
be Henstock-Kurzweil integrable over a bounded interval I and suppose that 
{fibpey converges pointwise almost everywhere on I. Define f by 


We es fx (x) of the limit is finite . 


0 otherwise 


If there is a number M so that |f;, (x)| < M for all k and ali x € I, then 


[1 [ts 


One need only observe that the function g(x) = M for all x € J is Henstock- 
Kurzweil integrable over I. 
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4.8 Henstock-Kurzweil and Lebesgue integrals 


We saw earlier that every Riemann integrable function is Henstock-Kurzweil 
integrable, by defining the gauge to have constant length. Further, there 
are Henstock-Kurzweil integrable functions which are not Riemann inte- 
grable. The unbounded function 1/,/z and the Dirichlet function, both 
defined on (0, 1], provide examples. We now consider the relationship be- 
tween Lebesgue integrability and Henstock-Kurzweil integrability. Since the 
Lebesgue integral is an absolute integral (that is, a function is Lebesgue 
integrable if, and only if, it is absolutely Lebesgue integrable) and the 
Henstock-Kurzweil integral is a conditional integral, the conditions cannot 
be equivalent. Further, the function in Example 4.1 is Henstock-Kurzweil 
integrable and not Lebesgue integrable. We now show that the Henstock- 
Kurzweil integral is more general than the Lebesgue integral. As above, we 
will use Lf, f to denote the Lebesgue integral of f. 


Theorem 4.79 Suppose that f :I > R is nonnegative and measurable. 
Then, f is Lebesgue integrable if, and only if, f is Henstock-Kurzweil inte- 
grable. In either case, Lf, f = J; f. 


Proof. First suppose that f is also bounded, with a bound of M, and 
I = [a, | is a bounded interval. Then, by Theorem 3.67, there is a sequence 
of step functions {y,}%-, such that », — f pointwise a.e. and |, (x)| < 
M for all k € N and z € [a,b]. Since y, is a step function, Gi Ci = 
i Yp» SO that by the Bounded Convergence Theorem (which holds for both 
integrals), Ly. = i i 

Next, suppose that f is an arbitrary nonnegative, measurable, real- 
valued function defined on an arbitrary interval in R. Define a sequence of 
functions { fx}, by fe (x) = min {f (x) ,*} x;_4,44 (x). Each f, is nonneg- 
ative, measurable, and bounded so, by the previous case, a Wars fe = than fe 
Since {f,};°. increases to f pointwise, we can apply the Monotone Con- 
vergence Theorem (which, again, holds for both integrals) to conclude that 
f is Lebesgue integrable if, and only if, f is Henstock-Kurzweil integrable. 
When either of the integrals is finite, we see that 


k k 
T k- 00 T k— 00 aE k- 00 Juiz k-00 Jy T oO 


If f is Lebesgue integrable, then f+ and f~ are Lebesgue integrable and, 
consequently, f* and f~ are Henstock-Kurzweil integrable. By linearity, 
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f is absolutely Henstock-Kurzweil integrable. On the other hand, suppose 
that f is absolutely Henstock-Kurzweil integrable. Then, by linearity, f+ 
and f~ are nonnegative and Henstock-Kurzweil integrable. Thus, we have 
the following corollary. 


Corollary 4.80 Suppose that f : I — R is measurable. Then, f is 
Lebesgue integrable if, and only if, f is absolutely Henstock-Kurzweil inte- 
grable. In either case, the integrals agree. 


Thus, Lebesgue integrability implies Henstock-Kurzweil integrability, but 
the converse is not valid. We will show in Corollary 4.86 that every 
Henstock-Kurzweil integrable function is measurable, so the measurability 
condition in Corollary 4.80 can be dropped. 

We now have the necessary background to prove a general version of 
Part I of the Fundamental Theorem of Calculus for the Lebesgue integral. 


Theorem 4.81 (Fundamental Theorem of Calculus: Part I) Suppose that 
f : [a,b] > R is differentiable on [a,b] and f' is Lebesgue integrable on [a, b]. 
Then, 


b 
ep f= f(b) F(a). 


Proof. By assumption, f’ is Lebesgue integrable, so Corollary 4.80 im- 
plies that fen f= i f'. By Theorem 4.16, f f' = f (b)-—f (@), complet- 
ing the proof. O 


For a proof that does not use the Henstock-Kurzweil integral, see [N, 
Vol. I, IX.17.1] and [Swl, 4.3.3, page 158]. 


4.9 Differentiating indefinite integrals 


One of the most valuable features of the Henstock-Kurzweil integral is its 
ability to integrate every derivative. This is the content of Part I of the 
Fundamental Theorem of Calculus (Theorem 4.16). We now turn our at- 
tention to the second part of the Fundamental Theorem of Calculus, that 
of differentiating integrals. We first observe that if f is continuous at x 
then its indefinite integral F, F(x) = J’ f (t) dt, is differentiable at 2. 


Theorem 4.82 Let f : {a,b} — R be Henstock-Kurzweil integrable on 
[a,b] and continuous at x € [a,b]. Then, F, the indefinite integral of f, is 
differentiable at x and F' (x) = f (2). 
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Proof. Since f is continuous at x, for € > 0 there is a 6 > 0 so that if 
t € [a,b] and |t ~ z| < 6, then 


~e<f(t)—f(z)<e. 
If0<h <6 is such that zc +h € [a,b], then 


_ zs ath 
FEANA FE) _ j= [ f (t) dt — f (x) 


=f @-Fene 
so that 
we < FET AF) 500) ce 
Similarly, for h <0, 
etn Fy) 
Thus; for'|Al <f and ok [a4], pera =F (a) Se The, 


F'(z) = f (2). O 


When f is merely Henstock-Kurzweil integrable, the indefinite integral 
is still differentiable almost everywhere. 


Theorem 4.83 (Fundamental Theorem of Calculus: Part II) Suppose 
that f : [a,b] > R is Henstock-Kurzweil integrable. Then, F is differentiable 
at almost all x € [a,b] and F’ (x) = f (2). 


Observe that we cannot do better than a statement which holds almost 
everywhere. Let E C [0,1] be a null set and consider f = xy. Then, f is 
equal to 0 for almost all x € [0,1]. It follows that F', and consequently also 
F", is identically 0 on [0,1]. Thus, F’ (x) # f (z) ifz € E. 

In order to prove this theorem, we need another covering lemma. Given 
an interval J, let 3J be the interval concentric with J and having three times 
the length of J. Recall that if J is an interval in R, then the length of J, 
£(J), is equal to the measure of J, m (J). 


Lemma 4.84 LetC = {I;:i=1,...,N} be a finite set of intervals in R. 
Then, there exists a pairwise disjoint collection Ji,...,J~k € C such that 


1 
3” (U4) < ™m (Ufu1J;) F 


192 Theories of Integration 


Proof. By reordering the intervals if necessary, we may assume that 
€(In) < €Uw-1) S++» S$ € (2) < fh). 


Set J) = . Let Cy = (2€C:1,n1 =} and note that if J; € C and 
I, €C,, then J; C 3J,. Next, we let Jz be the element of C, with the smallest 
index (and hence the greatest length). Set Co = {I €C,:1,.NI=0} and 
continue as above. Since C is a finite set, the selection of intervals J; 
ends after finitely many steps, say k. By construction, the intervals in 
{J\,...,J,} are pairwise disjoint, and if I; € C is not selected, then there 
is a j so that J; C 3J;. Thus, UN Wi= UR) Urns; 40 Ipc UF _13Jy, so that 


= 


k k 
1 1 
Nadi) < 3” (Us_,3J;) < 3 Y_ m (3J;) => yom (J;) =m (UF7y) ‘ 
j=l j=l 
O 
We are now ready to prove Theorem 4.83. 


Proof. For a fixed 1 > 0, we say that x € (a,b) satisfies condition (*,) if 
every neighborhood of zx contains an interval [u, v] such that z € (u, v) and 


F (v) - F(u) 


U-U 


cat | () > p. (4.13) 


Let E,, be the set of all x € (a,6) that satisfy condition (*,) and set 
E = US, E,jn. Suppose that x ¢ E. Then, for all n > 1, there is a 
neighborhood U,, of x such that for any interval [u,v] C U, with z € (u,v), 
one has 


1 


BUBCE 2 


U—-U 


f (2) 


By the continuity of F (Theorem 4.44), this inequality holds when u i 
replaced by x. Thus, if z ¢ E, then F is differentiable at z and F’ (x) 

It suffices to show that FE, is null for any » > 0, since then FE = 
UR Fijn has measure 0. If E,, = 0, there is nothing to prove, so assume 
that E, # 0. Fix € > 0. Since f is Henstock-Kurzweil integrable, by 
Henstock’s Lemma there is a gauge 7 on [a, b] such that 


n 


t 


|F (v;) — F (ui) — f (xi) (4% — ui) < * (4.14) 


t=1 
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for any y-fine tagged subpartition D = {(z;,[ui, v:]) :i=1,...,1} of [a, 2). 
For x € E,,, choose an interval [uz, vz] such that x € [uz,vz] C y(x) and 
(4.13) holds. Next, choose a gauge y, on E, such that y, (x) C (uz, vz) 
for all x € E,. By Lemma 4.39, there exist countably many non- 
overlapping closed intervals {J : k € 7} and points {x, : k € a} such that 
te € Ie N Ep, Je Cy (te) C (a, Ve.) and Ey C Uneods C [a,b]. Let 
a= Veo & (Jk) < b- a < 00 and pick N such that St) > > 

Apply Lemma 4.84 to {(uz,,Uz,):k=1,...,N} to get a set of non- 
overlapping intervals {(uy,,Vy,)+--+> (Uys Yyx)} Such that 


5 ils Vy.) =m (URi (uy, %y:)) es am (UR (U,> Va, )) (4.15) 
, 3 


1 pee 
> 3m (UR 0 (Je)) = 5 oe (Ie) > 


Since {(x;, [wz,,Vz,]) :i=1,...,N} is a y-fine tagged subpartition of [a, d], 
by (4.13) and (4.14), 


K N 
€ 
HY (ys %)) S OIF (Gee) = F (tes) = f (#4) (V6, ~ tel < F. 
i=l i=l 
It now follows from (4.15) that € > a. Since Ey, C UkeoJde and 
yokes (Jk) = a < «, it now follows that EZ,, is null. Oo 


Since every Lebesgue integrable function is (absolutely) Henstock- 
Kurzweil integrable, Part II of the Fundamental Theorem of Calculus of 
Lebesgue integrals follows as an immediate corollary. 


Corollary 4.85 Let f : [a,b] > R be Lebesgue integrable. Then, F’ = f 
a.e. in [a,b]. 


For a proof that does not use the Henstock-Kurzweil integral, see [N, 
Vol. I, IX.4.2], [Swi, 4.1.9, page 150], and [Ro, 5.3.10, page 107]. 

Suppose f is Henstock-Kurzweil integrable over [a, 6]. Then, F is contin- 
uous on [a, b]; extend F to [a, b + 1] by setting F (t) = F (b) forb<t < b+1. 
Since the extended function is continuous on [a,b + 1], it follows that the 
sequence of functions {f,};-., defined by 


F(t+¢)-F() 


i 
k 


fe (t) = 
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is measurable on {a, . By Theorem 4.83, f(t) = F’(t) = 


F(t+})—-F(t) 


limp oo for almost all t € J, which implies that f is mea- 


surable. 


Corollary 4.86 Let f:I] C. R—R be Henstock-Kurzweil integrable over 
I. Then, f is (Lebesgue) measurable over I. 


Proof. The proof when J is a bounded interval is contained in the previ- 
ous paragraph. If J is unbounded, set J, = I M[—n,n]. The function x, f 
is measurable since J, is a bounded interval, and since f is the pointwise 
limit of {xz, f ar f is measurable. O 


Other proofs of the measurability of Henstock-Kurzweil integrable functions 
can be found in [Lee, 5.10] and [Pf, 6.3.3]. 

Due to this corollary, in Theorem 4.79 and Corollary 4.80, we can drop 
the assumption that f is measurable, since both Henstock-Kurzweil and 
Lebesgue integrability imply (Lebesgue) measurability. Thus, we have 


Theorem 4.87 Suppose that f: I — R. Then, f is Lebesgue integrable 
if, and only if, f is absolutely Henstock-Kurzweil integrable. In either case, 
the integrals agree. 


As in the Lebesgue integral case, we define the Henstock-Kurzweil inte- 
gral of f over a set E in terms of the function y,f. 


Definition 4.88 Let f:J — Rand E CJ. We say that f is Henstock- 
Kurzweil integrable over F if x-f is Henstock-Kurzweil integrable over I 


and we set 
/ f= | ref. 
E I 


The next result follows from Theorem 4.87. 


Corollary 4.89 Suppose that f :I — R is Henstock-Kurzweil integrable 
over I. Then, f is Lebesque integrable over I if, and only if, f is Henstock- 
Kurzweil integrable over every measurable subset E C I. 


Proof. Suppose, first, that f is Lebesgue integrable. Let EF be a measur- 
able subset of J. Then, yz f is Lebesgue integrable over J. By Theorem 
4.87, Xf is (absolutely) integrable over J, so that f is Henstock-Kurzweil 
integrable over E. 

For the converse, put Et = {teEl:f(t)>0} and ET = 
{te I: f(t) <0}. By Corollary 4.86, E+ and E~ are measurable sets, 
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so that f,, f and f,- f both exist. Since 


efrtefr=f racfr=fr=f cn, 


both f* and f~ are Lebesgue integrable over J. Thus, f = f+ — f7 is 
Lebesgue integrable. O 


4.9.1 Functions with integral 0 


We have already seen that sets with measure 0 play an important role in 
integration. We now investigate some properties of functions with integral 


0. 


Corollary 4.90 Let f : R—R be Henstock-Kurzweil integrable and sup- 
pose that [, f =0 for every bounded interval I. Then, f =0 a.e.. 


Proof. Let F(x) = J”, f for all x € [—n,n]. By definition, F(x) = 0 
for all x € [—n,n]. By Theorem 4.83, f(x) = F’(x) = 0 for almost all 
xz €[—n,n]. It follows that f = 0 ae. in R. Oo 


Let E C R bea null set. Then, E is measurable and £ f xg = 0. Thus, 
Xg is Henstock-Kurzweil integrable and { x, = 0. On the other hand, sup- 
pose that x, is Henstock-Kurzweil integrable and fx, = 0. Then, xg is 
absolutely Henstock-Kurzweil integrable, so that 7, is Lebesgue integrable 
and m(E£) =L [xg = 0. Thus, E is a null set. We have proved 


Corollary 4.91 Let ECR. Then, E is a null set if, and only tf, Xp is 
Henstock-Kurzweil integrable and [ xg = 0. 


Of course, this is just Theorem 4.40, proved in Section 4.4. However, the 
argument above can easily be modified to prove the following result. 


Corollary 4.92 Let E CR. Then, E is a Lebesgue measurable set with 
finite measure if, and only if, xp is Henstock-Kurzweil integrable. In either 
case, [Xm = m(E). 


4.10 Characterizations of indefinite integrals 


In this section, we will characterize indefinite integrals for the three integrals 
considered so far. We begin with the Henstock-Kurzweil integral. Suppose 
that f is a Henstock-Kurzweil integrable function on an interval J C R. 
Then, the indefinite integral of {, F, is differentiable and F’ = f almost 


196 Theories of Integration 


everywhere. On the other hand, suppose that a function F is differentiable 
almost everywhere in an interval J. Does it then follow that the derivative 
F’ is Henstock-Kurzweil integrable? In general the answer is no. As we 
shall see, in order for F’ to be Henstock-Kurzweil integrable, we need to 
know more about how F acts on the set where it is not differentiable in 
order to conclude that its derivative is integrable. 


Definition 4.93 Let f:]— Rand E CI. We say that f has negligible 
variation over E if for every € > 0, there is a gauge y so that for every 
y-fine tagged subpartition of J, D = {(t,[xi-1,xi]) :i=1,...,m}, with 
t; € E fori=1,...,m, 

m 

So lf (ai) - f (tia) Se 

i=l 

Note that the ¢;’s must be elements of F, in addition to being contained 

in [zi-1, AR 


Theorem 4.94 Let F: I = [a,b} > R. Then, F is the indefinite integral 
of a Henstock-Kurzweil integrable function f : I — R tf, and only if, there 
is a null set Z CI such that F’ = f onI\Z and F has negligible variation 
over Z. 


Proof. For the sufficiency, assume F is the indefinite integral of a 
Henstock-Kurzweil integrable function f. Then, by Theorem 4.83, F’ = f 
almost everywhere on J. Let Z be the set where the equality fails. Define 
fi: 1 R by f, (t) = f(t) fort € 7 \ Z and f; (t) = 0 for t € Z. Then, 
F(@)= the f, and, consequently, F (b) = Je fi- 

Given ¢€ > 0, there is a gauge y such that |S'(f1,D) — F (b)| < € for every 
y-fine tagged partition D of I. Suppose D = {(t;, [vi-1, 2:]) :i =1,...,m} 
is a y-fine tagged subpartition of J with tags t; € Z. By Henstock’s Lemma, 


Dif (tz) (vi — 24-1) — (F (ai) — F (ai-1))| € 2€. 


But, since t; € Z, f (t;) =0 for alli =1,...,m, so that 
m 
YF (z;) - F (x;-1)| < 2, 
i=1 
as we wished to show. 
For the necessity, we assume that F’ = f on I \ Z and F has negligible 
variation over Z, for some null set Z. Extend f to all of J by setting 


Henstock-Kurzweil integral 197 


f(t) = 0 fort € Z. Let € > 0. We claim that the extended function f 
is Henstock-Kurzweil integrable and F (x) = f” f for all x € J. Since F 
has negligible variation over Z, there is a gauge yz satisfying Definition 
4.93. Define a gauge y on J by setting y(t) = yz (t) fort € Z and y(t) = 
(t ~ 5 (t),t+6(t)) for t € J \ Z, where 6(t) is the value corresponding to 
€ > 0 and the function f in the Straddle Lemma (Lemma 4.6). 

Suppose that D = {(ti, [zi-1,2,]) :i =1,...,m} is a y-fine tagged par- 
tition of J. Then, 


F(b) — F(a) - Ds f (ts) (ui - =) 


eS {F (xi) — F (ai-1) — f (ts) (ti — 21~-1)} 


m 


So (F (ai) - F (a1) - f (ts) (ti - 21-1) 
ez 


lA 


+] So {F (i) — Fer) - f (te) (2 ~ 21-1} 
weN\Z 
=I+Ii. 


Since F' has negligible variation over Z and f = Qon Z, J < «. By the 
Straddle Lemma, 


m™m 
II< >> € (xz; — tj-1) < €(b—a). 
el\Z 
Therefore, 


m™m 


F (b) — F(a) - i (ti) (vi — 24-1) 


i=1 


<e(1+6-a), 


which shows that f is Henstock-Kurzweil integrable over J with 


b 
F()-F(a)= | f. 
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Applying the same argument to the interval [a,z] yields F(x) ~ F(a) = 
fe f, so that F is an indefinite integral of f. | 


We now turn our attention to characterizing indefinite integrals of 
Lebesgue integrable functions. To do this, we first study monotone func- 
tions and their derivatives. 


4.10.1 Derivatives of monotone functions 


In order to characterize indefinite integrals of Lebesgue integrable functions, 
we need to know that every increasing function is differentiable almost 
everywhere. Recall the upper and lower derivatives, Df and Df, discussed 
in Section 4.1, and that f is differentiable at x if, and only if, —oo < 
Df (2) = Df (2) < o. 

To prove that an increasing function is differentiable almost everywhere, 
we will use Vitali covers. For later use, we will discuss Vitali covers in n- 
dimensions. Given an interval J in R”, recall that v (J) represents the 
volume (and measure) of J. 


Definition 4.95 Let FE c R”. A family V of closed, bounded subintervals 
of R” covers E in the Vitali sense if for all x € E and for all € > 0, there 
is an interval J € V so that x € J and the v(I) < «. If V covers E in the 
Vitali sense, we call V a Vitali cover of E. 


Given a set E C R?, the set 
1 1 1 1 
— ao ~ rs —l|: d 
v if pete] xy yl! oe (z,y) € Ean nen} 


is a Vitali cover of E. A typical cover that arises in applications is given in 
the following example. 


Example 4.96 Let f : [a,b] — R be differentiable over [a,b]. For each 
x € [a,b] and e > OQ, let I,,- be a closed interval of length less than e, 
containing x in its interior, such that 


f(y) —f (x) 


Ee - Fl <e 


for all y € Iz, [a,b]. The existence of the intervals J,,. is guaran- 
teed by the differentiability of f. Since €(Iz,<) < €, it follows that 
V = {Iz,.: a € [a,b] and € > 0} is a Vitali cover of [a, d]. 
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Suppose a set E of finite outer measure is covered in the Vitali sense by 
a family of cubes V. The next result, known as the Vitali Covering Lemma, 
shows that a finite set of elements from V covers all of E except a set of 
small measure. 


Lemma 4.97 (Vitali Covering Lemma) Let E C R” have finite outer 
measure. Suppose that a family of cubes V is a Vitali cover of E. Given 
€ > 0, there is a finite collection of pairwise disjoint cubes 1O Cy 
such that m* (E\UN,Q:) <e. 


The following proof is due to Banach [Ban]. 


Proof. Let J be an open set containing E such that mn(J) < 
(1+¢)m*(E). We need consider only the Q € V such that Q Cc J. 
Given a cube Q, let e(Q) be the length of an edge of Q and note that 
v(Q) = mn (Q) = [e(Q)I". 


Define a sequence of cubes by induction. Since 
sup {v(Q):Q EV} <m, (J) < (1+ €) m% (E) < 0, 


we can choose Q; so that e(Q,) > zsup{e(Q):Q eV}. Assume that 
Q1,.-.,;Qx have been chosen. If E c U*_,Qi, set N = k and {Qi}e, is 
the desired cover. Otherwise, let 


St = sup {e(Q) :Q € V and Q/N (UE, Q;) = 0}. 


Since mn (J) < 00, Sz < 00. Since E ¢ US_,Qi, there is an Q € V such 
that e(Q) > S,/2 and QN (UL, Qi) = 0. Set Qe41 = Q. 

When EF \ U%_, Qi # 0 for all k, we get a sequence of disjoint cubes such 
that U72,Q; C J. This implies that 


oO 


S~ mn (Qi) < Mn (J) < 00. 


t=1 


Choose an N so that }772 v4, mn (Qi) < a 


It remains to show that m* (E \UM,Qi:) < «. Suppose that 2 € E \ 
UN, Q:. Since UN, Q; is a closed set, there is a Q € V such that x € Q and 
QN(UL1Q;) = 0. Since 372, mn (Qi) < 00 and 2e (Qk41) > Se, it follows 
that limp... S, = 0. If QN Q; = @ for all i < k, then e(Q) < S,. Since 
e(Q) > 0, there must be an i such that QM Q; 4 0. Let 7 be the smallest 
such index and let Q} be the cube concentric with Q; and having edge 
length 5 times as long. By construction, j > N and e(Q) < Sj-1 < 2e(Q;). 
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Therefore, since QQ; # 0, Q C Q¥. Thus, if zc € E \ UN_,.Q:, then 
xt € Q* for some j > N, which implies that E\U®,Q; C U2 y4, QF. Since 
e (Qi) = Se (Q.), mn (Q5) = 5”mn (Qs) and we have 


my, (E \ U1 Q:) S > mn (Qi) = 5” > Mn (Qi) < €, 
i=N41 i=N41 
as we wished to prove. O 


We have actually proved more. Since UN,Q; C J and the Q;,’s are 
pairwise disjoint, >, mn (Qi) < (1+) m* (E). By iterating the argu- 
ment, replacing € by 2~*e at the k** iteration, if V covers E in the Vitali 
sense, then there is a sequence of pairwise disjoint cubes {Q;}/°, such that 


Mn (E \ U2, Qi) = 0 and 77°, mn (Qi) < (14 ©) m* (E). 


Remark 4.98 In Theorem 4.113, we will apply the Vitali Covering 
Lemma to a collection of intervals that are obtained by repeated bisection 
a fixed interval in R". The proof above for cubes applies to this situation 
since the key geometric estimate, namely Q1Q; 4 0 implies Q Cc Q¥ (for 
the smallest 7 such that QNQ; #0) continues to hold for such a collection 
of intervals, which has fixed eccentricity. 


We now return to the differentiation of monotone functions. 


Theorem 4.99 Let f : [a,b] > R be an increasing function. Then, f' 
exists almost everywhere in [a, J. 


Proof. We claim that E = {x € [a,b]: Df (x) > Df (x)} has measure 
zero. Since Df (x) > Df (zx) for all x, this would imply that Df (x) and 
Df (x) are eae almost everywhere. 

Set Ey. = {x€[a,b]: Df(z)>u>v>Df(z)} so that E = 
Uuveglu,v- It is enough to show that m*(E,.) = 0 for all u,v € Q. 
Let + = m* (E£,,v), fix € > 0, and choose an open set J > Ey, such that 
m(I)<tTH+e. 

Let x € Ey». Since Df (x) < v, there are arbitrarily short closed 
intervals [a, 8] containing x such that f (8)—f (a) < v(8 — a). Thus, Ey, 
is covered in the Vitali sense by the collection 


V = {[a,8] CI: [a,8)0 Buy #0 and f (8) — f (a) < v(8-a)}. 


By the Vitali Covering Lemma, there are pairwise disjoint intervals 
{[zi, ysJ}@, C V such that m* (Eu \ UN, [2i,yi]) < € This implies that 
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the set A= Ey,,(U, [2:, y:]) has outer measure m* (A) > r—€. Further, 


N 
dU — f(x; o>" (y; — 21) < um (I) < u(r +6). 


i=l 


Suppose s € A is not an endpoint of any [z;,y,;], 7 = 1,...,N. Since 
Df (s) > u, there are arbitrarily short intervals [\,] containing s such 
that [A, #] C [zi, y:] for some i and f (u) — f(A) > u(u—A). As above, 
by the Vitali Covering Lemma, there is a collection of pairwise disjoint 
intervals {[s,, thie , such that m* (AN (UM, [s;,t;])) > 7 — 2e and 


S- Lf (ts) - f (ss) > a (t} — 83) > u(r — 26). 


j= i=1 
Since each [s;,t,] is contained in [x;, y;] for some 4, and since f is increasing, 


M 


N 
S_ UF (ts) — f (ss) $ SOU @) - F (2a). 


This implies that u(t — 2e) < v(7 + €). Since € > 0 was arbitrary, we have 
ut <r, and since u > v, we see that 7 = 0. Thus, m* (Eu,y) = 0. Hence, 
E.,y is measurable with measure 0 and, consequently, E is measurable with 
measure 0. 

It remains to show that Df (z) is finite almost everywhere. For if this 
were the case, then f’ exists almost everywhere ‘6 the proof is complete. 

Fix k,e > 0 and set FE, = {x € [a,b}: Df (x) > k}. Repeating the 
argument in the previous paragraph yields 


)> SG) Fs k(m " (Ex) €)- 


Since € > 0 is arbitrary, f (b) — f (a) > km* (£;,). Finally, since 


f (6) — f (@) 


m* ({x € [a,b] : Df (2) = cof) < m* (Mf, Bx) Sm" (Ex) < 


for all k > 0, it follows m* ({x € [a,}] : Df (x) = 00}) = 0 so that Df (x) 
is finite a.e. in [a,b]. Thus, f’ exists and is finite almost everywhere in 


[a, b}. oO 
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We saw in Theorem 4.59 that every function of bounded variation is the 
difference of two increasing functions. It then follows from Theorem 4.99 
that a function of bounded variation is differentiable almost everywhere. 


Corollary 4.100 If f : [a,b] + R has bounded variation on [a,b], then f 
is differentiable a.e. in [a,b]. 


In Remark 3.93, we defined a measure ® to be absolutely continuous 
with respect to Lebesgue measure if given any € > 0, there is ad > 0 
so that m(E) < 6 implies ®(E£) < €. Suppose that ' is a nonnega- 
tive, Lebesgue integrable function on [a,6] and set F(x) = Cf" f. In 
the same remark, we observed that F is absolutely sie with respect 
to Lebesgue measure. Fix € > 0 and choose 6 > 0 by absolute continu- 
ity. Let {[a,, b)} RL be a finite set of nonoverlapping intervals in [a, b] and 
suppose that }-*_, (bj — a;) < 6. It then follows that 


pirwn-rea=Be fie, 


We use this condition to extend the idea of absolute continuity to functions. 


Definition 4.101 Let F : [a,b] > R. We say that F is absolutely 
continuous on [a,b] if for every € > 0, there is a 5 > 0 so that 
Yi |F (hi) — F (a:)| < € for every finite collection {[a;, a of nonover- 
lapping subintervals of [a, b] such that aes _1 (bj — ai) < 6. 


Clearly, every absolutely continuous function is uniformly continuous, 
which is seen by considering a single interval [a, 8] with 8—a < 6. Further, 
every such function also has bounded variation. 


Proposition 4.102 Suppose that F : [a,b] — R is absolutely continuous 
on [a,b]. Then, F has bounded variation on [a, b]. 


Proof. Choose 6 > 0 corresponding to € = 1 in the definition of absolute 
continuity. Thus, if [c,d] C [a,b] and d—c < 6, then the variation of F 


over [c, d] is at most 1. Choose N € N such that N > “4. Then, we can 


divide [a,b] into N nonoverlapping intervals each of length “a8 <6. It 


follows that the variation of F over [a, }] is less than or equal to N. Oo 
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4.10.2 Indefinite Lebesgue integrals 


A well-known result for the Lebesgue integral relates absolute continuity 
and indefinite integration. In the following theorem, we show that these 
conditions are also equivalent to a condition similar to that of Theorem 
4.94. 


Theorem 4.103 Let F': [a,b] - R. The following statements are equiv- 
alent: 


(1) F is the indefinite integral of a Lebesgue integrable function f : [a,b] 
R. 

(2) F is absolutely continuous on [a, b}. 

(3) F has bounded variation on [a,b] and F has negligible variation over 
Z, where Z is the null set where F' fails to exist. 


Condition (3) should be compared with the condition for the Henstock- 
Kurzweil integral given in Theorem 4.94. In particular, for both integrals, 
the indefinite integral has negligible variation over the null set where its 
derivative fails to exist. 


Proof. To show that (1) implies (2), note that 


oly cyefyi=c itl, 


UE, {ai,bs] 
so that the absolute continuity of F’ follows from the comments above. 

Suppose (2) holds. By Proposition 4.102 and Corollary 4.100, F’ has 
bounded variation on [a,b] and F” exists almost everywhere. Let Z be the 
null set where F’ fails to exist. We claim that F’ has negligible variation 
over Z. 

To see this, fix « > 0 and choose 6 > 0 by the definition of absolute 
continuity. Since Z is null, there exists a countable collection of open 
intervals {J,},¢, such that ZC Upeod, and <5 (Jz) < 5. Define a 
gauge on [a,b] as follows. If t € I \ Z, set y(t) = R; if t € Z, let k, be 
the smallest integer such that t € J,, and set y(t) = J;,. Suppose that 
D = {(ti,[zi-1,2:]) :i = 1,...,m} is a y-fine tagged subpartition of [a, }] 
with tags t; € Z. Then, [z;-1,2;] C Jy,, so that 


k 


k 
DIF G) - F(a) => 


i=l i=1 


m 


Yo i - tia) S$ SO ek) < 6. 


i=1 k€o 
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By absolute continuity, 


DIF (e:) — F (2i-1)| < 

i=l 
so that Z has negligible variation over E. Thus, (2) implies (3). 

To show that (3) implies (1), set f (f) = F’(t) fort € 1 \ Z and f (t) = 

0 for t € Z. By Theorem 4.94, f is Henstock-Kurzweil integrable and 
F (x) — F(a) = f’ f for all z € [a,b]. Since F has bounded variation, f 
is absolutely Henstock-Kurzweil integrable by Theorem 4.60. By Theorem 
4.87, f is Lebesgue integrable and F is the indefinite integral of a Lebesgue 
integrable function. O 


4.10.3 Indefinite Riemann integrals 


We conclude this section by considering indefinite integrals of Riemann 
integrable functions. Suppose F is an indefinite integral of a Riemann 
integrable function f : [a,b] + R. Since f is bounded, there is an M > 0 
such that |f (x)| < M for all z € [a, 6]. We observed above, in Section 2.2.5, 
that 


|F (x)-F(y)| <M|z—yl, 


for all x,y € [a, b]. Thus, F' satisfies a Lipschitz condition on [a,b]. Further, 
by Corollary 2.42, f is continuous almost everywhere, so that by Part II of 
the Fundamental Theorem of Calculus for the Riemann integral (Theorem 
2.32), F’ (x) exists and equals f (x) for almost every x € [a, d}. 


Theorem 4.104 Let F:{a,b] +R. Then, F is the indefinite integral of 
a Riemann integrable function f : [a,b] > R if, and only if, F satisfies a 
Lipschitz condition on [a,b], F’ exists almost everywhere, and F" is equal 
almost everywhere to a bounded function f which ts continuous a.e.. 


Proof. By the previous remarks, it is enough to prove the necessity of the 
result. By the Lipschitz condition, Fis continuous and F” is bounded when- 
ever it exists. To see this, note that if M is the Lipschitz constant for F, 
F(y)-F F(y)-F 
then F' a = limys2 F (y) — F(z) and F(y)— F(z) 
—2z y-2 
|F’ (z)| < M whenever the limit exists. Further, since F’ (x) is the almost 
F (x+4)- F(z) 


1 ’ 


| < M imply that 


everywhere limit of the continuous difference quotients 


F’ is measurable if we define F’ to be 0 where F’ fails to exist. Thus, F' is 
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Lebesgue integrable and since F’ = f almost everywhere, Lf” F’ = Lf” f 
for all x € [a,b]. Since f is continuous a.e., f is Riemann integrable, so 
that Rf f=LfT fal fy F’. 

Since F satisfies a Lipschitz condition, it is absolutely continuous on 
[a, b]; one need only choose 6 < €/M, where M is the Lipschitz constant for 
F. By Theorem 4.103, F is the indefinite integral of a Lebesgue integrable 
function. As we saw in the proof of that theorem, F (rz) ~ F (a) = a fi, 
where /; = F’ almost everywhere. Thus, 


F@-F@=cf p=cf r=r{ ft. 


Thus, F is the indefinite integral of the Riemann integrable function f. 0 


There is something troubling about this proof. It relies on results for 
the Lebesgue integral, which in turn are consequences of results for the 
Henstock-Kurzweil integral, both of which require more sophisticated con- 
structions than the Riemann integral. 


4.11 The space of Henstock-Kurzweil integrable functions 


In Section 3.9 of Chapter 3, we considered the vector space, L!(E), of 
Lebesgue integrable functions on a measurable set EF and showed that 
L (£) had a natural norm under which the space was complete. In this 
section, we consider the space of Henstock-Kurzweil integrable functions. 
Since the Henstock-Kurzweil integral is a conditional integral, the L}-norm 


defined on L} (E), 
If = fil 


is not meaningful. For example, the function f’ defined in Example 2.31 
is Henstock-Kurzweil integrable while |f’| is not. However, the space of 
Henstock-Kurzweil integrable functions does have a natural semi-norm, due 
to Alexiewicz [A], which we now define. 


Definition 4.105 Let J = [a,b] C R and let HK (J) be the vector space 
of all Henstock-Kurzweil integrable functions defined on J. If f € HK (J), 
the Alexiewicz semi-norm of f is defined to be 


lll -sup | / i 


rasesth. 
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(To see that ||-|| defines a semi-norm, see Exercise 4.58.) From Corollary 
4.90 (which is also valid for intervals J c R) and Exercise 4.60, we have 
that || /|| = 0 if, and only if, f = 0 a.e.. Thus, if functions in HK (I) which 
are equal a.e. are identified, then ||-|| is actually a norm on HK (J). 

The Riesz-Fischer Theorem (Theorem 3.116) asserts that the space 
i (E) is complete under the L}-semi-metric. We show, however, that 
HK (I) is not complete under the semi-metric generated by the Alexiewicz 
semi-norm. 


Example 4.106 Let p: (0, 1] — R bea continuous and nowhere differen- 
tiable function with p(0) = 0. (See, for example, [DS, page 137].) By the 
Weierstrass Approximation Theorem ([DS, page 239]), there is a sequence 
of polynomials {p,}7-, that converges uniformly to p such that aK (0) =0 
for all k. By Part I of the Fundamental Theorem of Calculus, p, (t =f, Ph 
for every t € [0,1]. Thus, 


t 
Ire —2sl =a {| fh - 
a 


= sup {|(p, — p;) (t)|:@ <t <b}. 


5) astsol 


Since {p,};-, converges uniformly to p, it follows that {pj,}7°, is a Cauchy 
sequence in HX ([0, 1]) with respect to the Alexiewicz semi-norm. 

Suppose 7 there is an f € HK ([0, 1]) such that ||p), ~ f|| - : ask > 
oo. Then, p, ( =f pr, Yi f uniformly in t € [0,1] so that p(t = 
By Part II of ‘ Fundamental Theorem of Calculus, p is oe a.e. 
(with derivative f), which is a contradiction to the definition of p. Hence 
HK ([0, 1]) is not complete. 


Although the space HK (J) is not complete under the Alexiewicz semi- 
norm, the space does have other desirable properties. For a discussion of 
the properties of HK ((0,1]), see [Sw2, Chapter 7]. 


4.12 Henstock-Kurzweil integrals on R” 


We conclude this chapter by extending the Henstock-Kurzweil integral 
to functions defined on n-dimensional Euclidean space. Since many of 
the higher dimensional results follow from proofs analogous to their one- 
dimensional versions, our presentation will be brief. We begin by laying the 
groundwork necessary to define the integral. 
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n 
We define an interval J in (IR*)” to be a product J = [|] J;, where each 
j=l 
T; is an interval in R*. We say that J is open (closed) in (IR*)” if, and only 
if, each J; is open (closed) in R*. The volume of an interval J c (R*)” 


defined to be v (I) = J] 2(J;), with the convention 0 - oo = 0. 
j=l 


Definition 4.107 A partition of a closed interval J C (IR*)” is a fi- 
nite collection of closed, nonoverlapping subintervals {J; :j =1,...,k} of 
I with J = UF Jj. A tagged partition of I is a finite set of ordered pairs 
D = {(xj,Jj): fj =1,...,k} such that {J;: 7 =1,...,k} is a partition of 
I and z; € J; for all j. The point x; is called the tag associated to the 
interval J;. 


As in the one-dimensional case, a gauge on J C (IR*)” associates open 
intervals to points in J. 


Definition 4.108 A gauge y on an interval J Cc (R*)” is a mapping 
defined on J that associates to each x € J an open interval J, containing 
zx. A tagged partition D = {(x;,J;):j =1,...,k} is called y-fine if x; € 
J; Cy(J;) for j =1,...,k. 


If f : Ic (R*)” > Rand D = {(2;,J;):j =1,...,k} is a tagged 
partition of the interval J, the Riemann sum of f with respect to D is 
defined to be 


S(f,D) = Yee» 


We assume, as before, that the function f has value 0 at all infinite points 
(that is, any point with at least one coordinate equal to oo) and 0-0o = 0. 
In order to use these sums to define a multi-dimensional integral, we need to 
know that every gauge y has at least one y-fine tagged partition associated 
to it. 


Theorem 4.109 Let I be a closed interval in (R*)” and y be a gauge on 
I. Then, there is a y-fine tagged partition of I. 


Proof. First, suppose that J = I, x --- x I, is closed and bounded. 
Assume that there is no y-fine tagged partition of J. Bisect each J; and 
consider all the products of the n bisected intervals. This partitions J into 
2” nonoverlapping closed subintervals. At least one of these subintervals 
must not have any 74-fine tagged partitions, for if each of the 2” subintervals 
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had a 4-fine tagged partition, then the union of these partitions would be 
a y-fine tagged partition of J. Let J; be one of the subintervals without 
a y-fine tagged partition. Continuing this bisection procedure produces a 
decreasing sequence of subintervals {J;}7°, of J such that the diameters 
of the J;’s approach 0 and no J; has a 7-fine tagged partition. Let {x} = 
NFL, Ji. Since the diameters decrease to 0, there is a ig such that Ji, C y(z), 
which implies that D = {(z, Ji,)} is a y-fine tagged partition of J;,. This 
contradiction shows that J has a y-fine tagged partition. 

Next, suppose that J c (IR*)” is a closed, unbounded interval. Define 
h:R* > [-= | by 


2’°2 
-5 if 2=-—oo 
h(x) = ¢ arctanz if -co < x < 00 
5 if xw=co 
~ aii wT TI. = 2 
and h: (IR*)" > |~=,=| byh(x) =A(n1,...,¢n) = (A(x1),..., (2n)). 
D2 


Note that h is one-to-one and let 7 be the inverse function of h. Then, h 
and g map closed intervals onto closed intervals and open intervals onto 
open intervals. Consequently, h (I) is a closed and bounded interval and 
ho y is a gauge on h(J). By the previous case, h(l) has an h o -fine 
tagged partition D = {(2;,J;):j =1,...,k}. It then follows that g(D) = 
{(9 (23) ,9(J;)): 7 =1,...,k} is a y-fine tagged partition of J. 0 


We can now define the Henstock-Kurzweil integral for functions defined 
on intervals in (IR*)”. 


Definition 4.110 Let f : J c (IR*)" — R. We call the function f 
Henstock-Kurzweil integrable on I if there is an A € R so that for all e > 0 
there is a gauge y on J so that for every y-fine tagged partition D of J, 


IS(f,D) — Al <e. 


The number A is called the Henstock-Kurzweil integral of f over I, and we 
write A= f, f. 


The basic properties of the integral, such as linearity, positivity and 
additivity, and the Cauchy condition, carry over to subintervals of (R*)” 
as before; we do not repeat the statements or proofs. In R*, a tag can be 
associated to one or two intervals in a tagged partition; each tag in a tagged 
partition in (IR*)” can appear as the tag for up to 2” different subintervals 
in the partition. 
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We first show that the Henstock-Kurzweil integral of the characteristic 
function of a bounded interval equals its volume. 


Example 4.111 Let J Cc R” be a bounded interval. Then, fQ, x7 = 
v(I). Without loss of generality, assume n = 2. Let J C R? and 
T = [a,6] x [c,d]. Fix « > 0 and choose 6 > 0 so that the sum of the 
areas of the four strips surrounding the boundary of I, (a —6,a+6) x 
(c—6,d+6), (6—6,b+46) x (c—5,d+5), (a—6,b454) x (c—6,c+5), 
and (a —-6,b+6) x (d—6,d+), is less than e. Let S be the union of 
these four intervals. Define a gauge y on R? so that y(x) = I° forx € 1°, 
+(x) CS for x € OI, the boundary of J, and y(t) NT = 0 fora ¢ I. If D 
is a y-fine tagged partition of R?, then 


ISxnP)-»9(Dl=| S> w)+ YO xr(e)v(J)- 0) 


(a,J)ED,2zEl° (x, J)ED xedl 


<| Sov) 


(2,J)ED, E81 
<v(S)<e, 
since I\ Ua, ED, xEre Jc Ue,seD, rcs 


Since the Henstock-Kurzweil integral is linear, it follows from Example 
4.111 that step functions are Henstock-Kurzweil integrable. Further, if 
p(x) = ae 4iX7, (x) is a step function, then 


k k k 
[ o= | Yon, = doa f x1, = 0 av (hi): 
i RY j=] i=l YR" i=1 


The following example generalizes Example 4.41 to higher dimensions. 


Example 4.112 Suppose that )77°, a, is a convergent sequence. Set 
Jy = (k,k +1) x (kK +1) and, for x € R?, set f (x) = OP, aexy, (2). 
We claim that f is Henstock-Kurzweil integrable over R* and 


[=dm 


k=1 
Since the series is convergent, there is a B > 0 so that |a,| < B for all 
k EN. Let € > 0. Pick a natural number M so that pam ar < € and 
|a;| < € for j > M. For each k €N, let O, be an open interval containing 


210 Theories of Integration 


Jx such that v(O;, \ J.) < min arene | . If x ¢ US, JE U {(00, c0)}, let 
2*B aa 


I, be an open interval disjoint from U2, Jz U {(00, 00)}. Define a gauge 
as follows: 


Ox if x aa Pa 
y (x) = I if x ¢ US, J, U {(00, 00)} . 
(M, co] x (M, oo] if x = (00, 00) 


Suppose that D = {(t;,J;):i=1,...,m} is a 7-fine tagged partition 
of R?. Without loss of generality, we may assume that tm = (00,00) and 
Im = [a, 00] x [b, 00], so that a,b > M and f (tm) v (Im) = 0. Let K be the 
largest integer less than or equal to max {a,b}. Then, K > M. 

Set D; = {(ti, li) €D: ti € Jj}. Note that v(J;) = 1 and, by the 
definition of y, Ug,,1,)ep,/i C Oj. For j = K, we have 


IS (f, Dx) — ax| 


i 


yy aku (:) —- AK 


(ti, Ti)EDK 


aK dS, (hi) - vo) 
(t., J:)EDK 
< jax|v (Ox \ Jk) <, 


i 


while for 1 <j < K, 


|S (f,D 3) — a5| = 


De aj;v (Ii) — a5 


(ti, Ji) ED; 


€ 
S lajlv(O;\ Js) < lasl ae S a7: 
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Therefore, 
(f,D) — Soa = S>S(f, Dr) ~ oa 
k=1 k=1 k=] 
K-1 
<| $5 (Sf, Dx) — an}] +15 (f, Dic) — ax 
k=1 
+ » Qk 
k=K+1 
< Digg tete=de. 
k=1 


It follows that f is Henstock-Kurzweil integrable over R? with integral equal 
to 55,01 Ok 


Henstock’s Lemma holds for functions defined on intervals in (IR*)” and, 
hence, the Monotone Convergence Theorem, Fatou’s Lemma and the Dom- 
inated Convergence Theorem are also valid for the Henstock-Kurzweil inte- 
gral in (IR*)”. Given the validity of the Dominated Convergence Theorem, 
Corollary 4.80 extends to R” and we have that absolute Henstock-Kurzweil 
integrability in R” is equivalent to Lebesgue integrability, once we know 
that every Henstock-Kurzweil integrable function on R” is measurable. We 
now prove this latter result, which implies a generalization of Corollary 
4,87, 


Theorem 4.113 Suppose that f : I Cc R" — R is Henstock-Kurzweil 
integrable. Then, f is measurable. 


Proof. Without loss of generality, we may assume n = 2. Consider first 
the case in which J = [a1, b:] x [a2, bg] is a bounded interval. Set 


Ih = [a1 + (7 — 1) (b1 — a1) 27,0) + fj (01 — a1) 27] 
x [az + (k — 1) (be — a2) 274, ap + k (bo — a2) 274] 


and let E, = { 19: j,k =1,. ee Then, 


@), 
ye 


(1) I= UM ex, 
(2) (12) (1%) ” =O unless (j,) = 4") 


(3) me (11) =2-2ma (1). 
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Define f; : J — R by 


1 


tir (ay Ia!) ear 


Let AJ = I° \ (us, U ai) where QJ represents the boundary 


1 Ek, 
of the interval J. Since me (ar\)) = 0 (see the comment on page 83 
preceding Definition 3.43), it follows that m2(AJ) = m2 (I°) = me (J). 
Thus, if { f; (x)}/2, converges to f (x) a.e. in AJ, then {f; (x)}72, converges 
to f (x) ae. in J. 

We next show that {f,(x)}72, converges to f (x) a.e. in AI. Let X = 
{x € AI: {f,(x)}72, does not converge to f (x)}. If x € X, then there is 
a M € N and a sequence {/(x)} C N such that | fy2) (x) — f (z)| > 3, 
for all I(x). Let Jy, be the interval ‘%*)) € Ey, that contains < in its 
interior. Then, by the definition of fim, 


f — f (t) ma (Juzy)| > "wm (Juz) - (4.16) 


Ji(a) 


Let Xy = {x € AI: | fya)(z) — f (2)| > 3, for all l(x)}, so that X = 
US3_, Xm. It is enough to show that m2 (Xy4) = 0 for all M € N to prove 
the claim. 

Fix € > 0. Since f is Henstock-Kurzweil integrable over J, there is a 
gauge y on J such that | ni 7747S, D)| < ¢ for every y-fine tagged partition 
D of I. 

Let Vir = {Ji2):t € Xm and Jyx) C y(x)} and note that Vy is a 
Vitali cover of Xj. By the Vitali Covering Lemma, we can choose a 
finite set of pairwise disjoint intervals Jyz,),Ji(ez),+--,Ii(2~) Such that 
m5 (Xu \ UE Jue) <e. Further, D’ = {(z1, Jyx,)) Satsang (tx, Jucx))} 
is a y-fine partial tagged subpartition of J. Thus, by (4.16) and Henstock’s 
Lemma, 


K 
m3 (Xm) < 55 me (Jyaiy) +€ 
i=l 


K 
f — f (vi) m2 (Juz,))| +€ 


<My_|/ 


i=1 |* i(es) 
<2Me+t+e. 
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Since € > 0 is arbitrary, it follows that Xj, is measurable with measure 
0. Consequently, m2 (X) = 0 and {f; (x)};2, converges to f(z) a.e. in J. 
Since every step function is measurable and the pointwise (a.e.) limit of 
measurable functions is measurable, it follows that f is measurable. 
Suppose J is an unbounded interval, and set J, = IN ([—k, k] x [-k, k]). 
By the n-dimensional analog of Theorem 4.28, f is integrable over J; and 
hence measurable on J; by the first part of the proof. Let f, = fx I,’ pince 
I \ I, is a measurable set, it follows that f, is measurable on J for all k. 
Thus, since { f;,}72., converges pointwise to f on J, f is measurable on J. 0 


Since a function is absolutely Henstock-Kurzweil integrable if, and only 
if, it is Lebesgue integrable, this implies that the Fubini and Tonelli The 
orems (Theorems 3.109 and 3.110) hold for absolutely Henstock-K urzweil 
integrable functions in R”. 


Theorem 4.114 (Fubini’s Theorem) Let f : Rx R—R be absolutely 
Henstock-Kurzweil integrable. Then: 


(1) fx is absolutely Henstock-Kurzweil integrable in R for almost every x € 
R; 

(2) the function x > fofe = fof (z,y)dy is absolutely Henstock- 
Kurzweil integrable over R; 

(3) the following equality holds: 


[taf falem fi ft eearavee. 


Theorem 4.115 (Tonelli’s Theorem) Let f: Rx R— R be nonnegative 
and measurable. Then: 


(1) f, is measurable on R for almost every x € R; 
(2) the function xt— fa fr = fy f (x,y) dy is measurable on R; 
(3) the following equality holds: 


Lf ffs) emf [te navee. 


It should be pointed out that there are versions of the Fubini Theorem 
for (Henstock-Kurzweil) conditionally integrable functions in R”, but as 
the proofs are somewhat long and technical, we do not give them. We refer 
the reader to [Mal], [McL, 6.1] and [Sw2, 8.13]. 
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4.13 Exercises 


Denjoy and Perron integrals 
Exercise 4.1 Let f (x) = |z|. Find Df (0) and Df (0). 


Exercise 4.2 Suppose that f : [a,b] — R is increasing. Prove that 
Df (x) > Df (x) > 0 for all z € {a, 8}. 


A General Fundamental Theorem of Calculus 


Exercise 4.3 Define positive functions 51, 52 : [0,1] — (0,00) by 6, (t) = 
for all t € [0,1] and 52(0) = 62(1) = } and 62 (t) = t for0 <t< 
Let y; be the gauge on [0,1] defined by 6;, for i = 1,2; that is, y, (t) = 
(t ~ 6; (t),t +6; (t)). Give examples of y;-fine tagged partitions of (0, 1]. 


i 
8 


Exercise 4.4 Suppose that , and y, are gauges on an interval J such that 
1 (t) C Ye (t) for all t € J. Show that any y,-fine tagged partition of J is 
also -yo-fine. 


Exercise 4.5 Suppose that 7, and 7, are gauges on an interval J and set 
y(t) = 71 (4) y(t). Show that + is a gauge on J such that any y-fine 
tagged partition of J is also y,-fine, for i = 1,2. 


Exercise 4.6 Let I = [a,b] and let y be a gauge on J. Fix c € (a,b) and 
set J; = [a,c] and Ip = [c,b]. Suppose that D; is a y-fine tagged partition 
of I;, for i= 1,2. Show that D = D; U Dz is a y-fine tagged partition of J. 


Exercise 4.7 Let f : [a,b] + R and let C = {ci},-, C [a,b] be a countable 
set. Suppose that f(x) = 0 except for x € C. Using only the definition, 
prove that f is Henstock-Kurzweil integrable and Sa,o} f =0. Note that f 
may take on a different value at each c; € C. 


Exercise 4.8 Use the following outline to give an alternate proof of The 
orem 4.17: 

Assume that the theorem is false. Use bisection and Exercise 4.6 to 
construct intervals Ig = I > I) D Ig D--- such that €(I,) < €(I,-1) /2 
and no 7-fine tagged partition of I, exists. Use the fact that N72, J, = {x} 
to obtain a contradiction. 


Exercise 4.9 Suppose that f,g: J = [a,b] C R—R, g is nonnegative and 
Henstock-Kurzweil integrable, and |f (t)| < g(t) for all t € J. If f, 9 =0, 
show that f is Henstock-Kurzweil integrable over J and i; f =0. 
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Exercise 4.10 Let f: J —R. If |f| is Henstock-Kurzweil integrable over 
I and f;|f| = 0, show that f is Henstock-Kurzweil integrable over J and 
Sr f =0. 

Exercise 4.11 Let a < zg < 6. Show that there is a gauge y on [a,b] such 
that if D is a y-fine tagged partition of [a,b] and (t, J) € D with zo € J, 
then t = x9; that is, zg must be the tag for J. Generalize this result to a 
finite number of points {z1,...,2n}. 


Basic properties 


Exercise 4.12 Let f : J > R. Suppose there is a real number A such that 
for every € > 0, there are Henstock-Kurzweil integrable functions g and h 
satisfying 9g < f <h and A-e< Sg < {rh < A+te. Prove that f is 
Henstock-Kurzweil integrable with f, f = A. 


Exercise 4.13 Let f,g : I — R. Suppose that f is Henstock-Kurzweil 
integrable over J and g is equal to f except at countably many points in J. 
Show that g is Henstock-Kurzweil integrable with f, 9 = f, f. 


Exercise 4.14 Suppose that f,|f —g| = 0. Prove that f is Henstock- 
Kurzweil integrable over J if, and only if, g is Henstock-Kurzweil integrable 
over J and f, f = f7 9. 

Exercise 4.15 This example studies the relationships between the 
Henstock-Kurzweil integral and translations or dilations. Assume that 
f : [a,b] — R is Henstock-Kurzweil integrable over [a, 6]. 


1) (Translation) Let h € R. Define fp : [a+h,b+h] — Rb 
y 
fn (t) = f(t—h). ene, that tn is Henstock-Kurzweil integrable over 
[ath,b+h] with frre fr= Sof. 
(2) (Dilation) Let ¢ > 0 and define g : [a/c,b/c] > R by g(t) = 
f (ct). Show that g is Henstock-Kurzweil integrable over [a/c, b/c] with 
efor g(t)dt =f f(t) at 


Exercise 4.16 Give an example which shows the importance of the con- 
tinuity assumption in the Generalized Fundamental Theorem of Calculus, 
Theorem 4.24. 


Exercise 4.17 Complete the induction proof of Theorem 4.29. 
Unbounded intervals 


Exercise 4.18 Prove that Definitions 4.9 and 4.34 of a gauge are equiv- 
alent. That is, given a gauge + satisfying the Definition 4.34, prove that 
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there is a gauge 7’ satisfying Definition 4.9 so that y'(t) C y(t). This 
implies that every 7’-fine tagged partition is also a y-fine tagged partition. 
Exercise 4.19 Suppose f,g:R-— R. If f is Henstock-Kurzweil integrable 
over R and g = f a.e., show that g is Henstock-Kurzweil integrable over R 
with fp f = Jpg: 

Exercise 4.20 Let f : R—R. Show that f is Henstock-Kurzweil inte 
grable over R if, and only if, there is an A € R such that for every € > 0 there 
exist a,b € R, a < b, and a gauge y on [a,}] such that |S (f,D) — A] < € 
for every y-fine tagged partition D of [a, d]. 

Exercise 4.21 Let f : R— R. Show that f is Henstock-Kurzweil inte 
grable over R if, and only if, there is an A € R such that for every € > 0 
there exist r > 0 and a gauge y on R such that if a < —r and b> Tr, then 
|S (f,D) — A] < € for every y-fine tagged partition D of [a,b]. 

Exercise 4.22 Suppose that a, > 0 for all k and S77, a, = 00. Prove 
that the function f defined by f (x) = S°f21 @kX{e,4-41) (2) is not Henstock- 
Kurzweil integrable over [1, 00). 


Exercise 4.23 Suppose {ax}; C R and set f (x) = 0y2 4 @extx,441) (2). 
Show that if f is Henstock-Kurzweil integrable over [1, 00), then the series 
> p21 @ converges. For the converse, see Example 4.41. 


Henstock’s Lemma 


Exercise 4.24 Using the notation of Henstock’s Lemma (Lemma 4.43), 
show that 


k 


Y{Ireaiec-|f s}} 


i=l 
Exercise 4.25 Suppose that f : [a,b] — R is bounded on [a,}] and 


Henstock-Kurzweil integrable over [c,b] for every a < c < b. Show that 
f is Henstock-Kurzweil integrable over [a, }]. 


< 2e. 


Exercise 4.26 Use Example 4.47 to show that the product of Henstock- 
Kurzweil integrable functions need not be Henstock-Kurzweil integrable. 


Exercise 4.27 Recall that a function f has a Cauchy principal value in- 
tegral over [a, 6] if, for some a < c < 6, f is Henstock-Kurzweil integrable 
over [a, c ~ €] and [c + €, }] for every (sufficiently small) € > 0, and the limit 


up (fr fa) 


Henstock-Kurzweil integral 217 


exists and is finite. Give an example of a function f whose principal value 
integral over [a, b] exists but such that f is not Henstock-Kurzweil integrable 
over [a, O]. 


Exercise 4.28 Suppose that f : [—0o,oo] — R is Henstock-Kurzweil in- 
tegrable over [00,00]. Prove f° f = f°. f + f° f for every choice of 
aéR. 


Exercise 4.29 Let f : [a,00) > R be differentiable. Give necessary and 
sufficient conditions for f’ to be Henstock-Kurzweil integrable over [a, 00). 


Exercise 4.30 Show that the Fresnel integral, f° sin (x?) dz, exists in the 
Henstock-Kurzweil sense. Is the integral absolutely convergent? (Hint: try 
the substitution t = z?.] 


Exercise 4.31 Let f,g: I — R. Suppose that fg and f are Henstock- 
Kurzweil integrable over [a,c] for every a < c < b, g is differentiable and 
g' is absolutely integrable over [a,b]. Set F(t) = [ f fora <t<b 
and assume that lim;.,,- F(t) exists. Prove that fg is Henstock-Kurzweil 
integrable over [a, b]. (Hint: integrate by parts.] 


Exercise 4.32 Prove the following limit form of the Comparison Test: 
Suppose that f,g : [a,b] — R are Henstock-Kurzweil integrable over 

[a, c} for Fy a<c<b, and f(t) > 0 and g(t) > 0 for all ¢ € [a,b]. Assume 

itt) — “ 

limy_,»- 9() = L€ R*. 

(1) If L = 0 and g is Henstock-Kurzweil integrable over [a,b], then f is 
Henstock-Kurzweil integrable over [a, 8]. 

(2) If0 < L < oo, then g is Henstock-Kurzweil integrable over [a, b] if, and 
only if, f is Henstock-Kurzweil integrable over [a, }]. 

(3) If L = o0 and f is Henstock-Kurzweil integrable over [a,b], then g is 
Henstock-Kurzweil integrable over [a, b}. 


Exercise 4.33 (Abel's Test) Prove the following result: 

Let f,g: [a,00) + R. Suppose that f is continuous on [a,0oo). Assume 
that F(t) = f i f is bounded and assume that g is nonnegative, differen- 
tiable and decreasing. If either (a) lim;..og(t) = 0 or (b) f f exists, 
then f° fg exists. [Hint: integrate by parts. 


oo sint 


Exercise 4.34 Use Abel's Test in Exercise 4.33 to show that fi pt 


exists for p > 0. Show that the integral is conditionally convergent for 
0<p<1. It may help to review Example 4.50. 
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Exercise 4.35 Suppose f : [a2,oo) — R is continuous and F(t) = i f is 
bounded on [a, 00). Assume g : [2,00) > R with limy_.. 9 (t) = 0 and that 
g' is nonpositive and continuous on [a, oo). Prove that f° fg exists. 


co Sint : 
Exercise 4.36 Use Exercise 4.35 to show that f, at exists. 
0g 


Exercise 4.37 Suppose that f,g : [2,6] — R are continuous on (a, }] and 
g’ is absolutely integrable over [a,b]. Assume F(t) = f f is bounded. 
Show that fg is Henstock-Kurzweil integrable over [a,}] if, and only if, 
lim,_.a+ F (c) g (c) exists. 


Absolute integrability 


Exercise 4.38 Suppose that »,~ € BV ([a,b]) and a,8 € R. Prove that 
ay + Bw € BY ([a, b}) and 


Var (ay + By, [a, d]) < |a| Var (~, [a, b]) + |8| Var (y, [a, b}) . 


Exercise 4.39 Suppose that y € BY ({a,b}). Prove that |y| € BY ([a, d}). 
Is the converse true? Either prove or give a counterexample. 


Exercise 4.40 Prove that Var (y, [a,6]) = 0 if, and only if, y is constant 
on [a, 5}. 


Exercise 4.41 We say a function » € BY(R) if ¢ € BY([—a,a)) for all 
a> Oand Var (¢, R) = limeoo Var (, [—a, a]) exists and is finite. 


(1) Prove that y € BY (R) implies y € BY ({a, 6}) for all [a,b] C R. 
(2) Give an example of a function ¢ € BY ([(a, b}) for all [a,b] C R such that 


y ¢ BY(R). 
(3) Prove that if y,y € BY (R) and a, 8 ER, then ap + By € BY(R). 


Exercise 4.42 Prove Theorem 4.60 for J = R. 
Exercise 4.43 Extend Corollaries 4.61 and 4.62 to /=R. 


Exercise 4.44 Suppose that f : J > R is absolutely integrable over J and 
let c > 0. Define f, by 


_ff@itlf@l<e 
fo(t) = { 0 iflf(@l>c° 


Show that f, is absolutely integrable over J. 
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Convergence theorems 


Exercise 4.45 State and prove a uniform convergence theorem for the 
Henstock-K urzweil integral. 


Exercise 4.46 Let f, : J + R be Henstock-Kurzweil integrable over J. 
Show that there is a Henstock-Kurzweil integrable function g: I — R such 
that | f — f;| < 9 for all k, j € Nif, and only if, there are Henstock-Kurzweil 
integrable functions h; and he satisfying hy < f, < he for all K EN. 


Exercise 4.47 Suppose that f,g,h : J — R are Henstock-Kurzweil inte- 
grable. If |f—h| < g and h is conditionally integrable, prove that f is 
conditionally integrable. 


Exercise 4.48 Suppose that f,,8 : I — R are Henstock-Kurzweil inte 
grable over J and f, < 8 for all k. Prove that sup, f, is Henstock-Kurzweil 
integrable over J. 


Exercise 4.49 (Dual to Fatou’s Lemma) Suppose that f,,8 : J — R 
are Henstock-Kurzweil integrable over J and f, < £8 for all k and 
lim sup, f; fy > —oo. Show that limsup, f, is finite a.e. and 


timsup | < [imsup fre 
k I rok 


Exercise 4.50 Suppose that f;, : J > R is Henstock-Kurzweil integrable 
over I and {f,}72, converges to f pointwise. Suppose there exists a 
Henstock-Kurzweil integrable function g : J — R such that |f,| < g for 
all k € N. Show that the conclusion of the Dominated Convergence Theo- 
rem can be improved to include f,| fi. — f| > 0. 


Exercise 4.51 Let f : R— R and suppose A C B and both sets are mea- 
surable. Show that if f is absolutely integrable over B then f is absolutely 
integrable over A. Show that the result fails if we replace “absolutely inte- 
grable” with “Henstock-Kurzweil integrable”. 


Exercise 4.52 Suppose f,g : I — [0,00), f is Henstock-Kurzweil inte 
grable over J and g is Henstock-Kurzweil integrable over every bounded 
subinterval of J. Show that f A g is Henstock-Kurzweil integrable over I. 
In particular, for every k € N, f Ak is Henstock-Kurzweil integrable over 
I. (Hint: Use the Monotone Convergence Theorem] 
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Exercise 4.53 Let f : J > R be absolutely integrable over J. For k EN, 
define f*, the truncation of f at height k, by 


—k if f(t) <—k 
f(t) = {700 If(|<k. 
k if f(t)>k 
Show that f* is absolutely integrable over J. (Hint: consider g = f Ak and 
h=(-k)V gl 
Henstock-Kurzweil and Lebesgue integrals 


Exercise 4.54 Let f: J —R. Prove that f is absolutely integrable over J 
if, and only if, x; f is Henstock-Kurzweil integrable over J for all measurable 
Eccl. 


Characterizations of indefinite integrals 


Exercise 4.55 Show that V = {[x —-2,2+ 1]: 2 €(0,1]NQandne N} 
is a Vitali cover of (0, 1]. 


Exercise 4.56 Show that the set of intervals with rational endpoints is a 
Vitali cover of R. 


Exercise 4.57 Let E = [0,1] x [0,1] and set ||x||,, = max {|x1|, |x|}. 

(1) If E, = [-7, 7] es [-r?,r?], 
show that V = {x +E, : |\x||,, < 1 and0<r <1} is a Vitali cover 
of E. 

(2) Fix a > 0. If F = [-r,r] x [-ar,ar], show that V = 
{c+ F, : ||z|,, < land 0<r <1} is a Vitali cover of E. 


The space of Henstock-Kurzweil integrable functions 


Exercise 4.58 Show that the function ||-|| defined in Definition 4.105 is a 
semi-norm. That is, prove that ||f + gll < [lll + llgll and I|AfIl < IAIIIfIl 
for all f,g € HK (J) andA ER. 


Exercise 4.59 Let J Cc R and f € L'(J). Prove that ||f|| < ||f||,. This 
shows that the imbedding L' (I) — HK (J) is continuous. 


Exercise 4.60 Let I = [a,b] and define || f\)’ by 


If = sup { [i 


Prove that || f||’ is a semi-norm and || f|| < || f||’ < 2|| fll. 


: J CI is a closed subinterval} : 
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Exercise 4.61 Let J C R* be a closed, unbounded interval. Let HK (J) 
be the vector space of Henstock-Kurzweil integrable functions on J. Prove 
that || ||’, defined by 


\| fl’ = sup {/ i : J CI isaclosed subinterval } 
J 


defines a semi-norm on HK (J) such that 


Wil < fly 
for all f € L) (J). 
Henstock-Kurzweil integrals on R” 


Exercise 4.62 Let J = [0,1] x [0,1] and x = (x, 22) € J. Show there is a 
gauge y on J such that if D is a y-fine tagged partition of J, (z, J) € D and 
x € J, then z = x. In other words, x must be the tag for any subinterval 
from D that contains z. 


Exercise 4.63 Write the multiple integral in Example 4.112 as an iterated 
integral. 
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Chapter 5 


Absolute integrability and the 
McShane integral 


Imagine the following change in the definition of the Henstock-Kurzweil 
integral. Let y be a gauge on an interval J and D be a 4-fine tagged 
partition of J. Suppose we drop the requirement that if (t,J) € D, then 
t € J; in other words, suppose we allow the tag to lie outside of J. Thus, 
we still require that {J : (t, J) € D} be a partition of J and that J Cc y(t), 
but now require only that t € J. This is exactly what E. J. McShane 
(1904-1989) did (see [McS1] and [McS2]) and we next study the integral 
that bears his name. 

Clearly, every y-fine tagged partition of J will satisfy this new definition, 
but so might some other sets D. Thus, every McShane integrable function is 
also Henstock-Kurzweil integrable. Further, there are Henstock-Kurzweil 
integrable functions which are not McShane integrable. This is a conse- 
quence of the fact that the McShane integral is an absolute integral; every 
McShane integrable function is absolutely integrable. This result is in sharp 
contrast to the Henstock-Kurzweil integral, which is a conditional integral. 
However, we have seen that absolutely Henstock-Kurzweil integrable func- 
tions are Lebesgue integrable and we will conclude this chapter by proving 
the equivalence of Lebesgue and McShane integrability. 

We will use the word “free” to denote that the tag need not be an 
element of its associated interval. Thus, the McShane integral is based 
on 4-fine free tagged partitions. Not surprisingly, any Henstock-Kurzweil 
integral proof that does not rely on any geometric constructions will carry 
over to prove a corresponding McShane integral result. 
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5.1 Definitions 


Let J Cc R* be a closed interval (possibly unbounded) and let f : J > R. 
We shall always assume that f is extended to all of R* by defining it to be 
O off of I and that f (oo) = f (—oo) = 0. 


Definition 5.1 Let J Cc R* be a closed interval. A free tagged partition 
is a finite set of ordered pairs D = {(t;,J;):i=1,...,m} such that J; is 
a closed subinterval of I, U?t,J; = J, the intervals have disjoint interiors, 
and t; € J. The point t; is called the tag associated to the interval J;. 


The Riemann sum of a function f : J — R and a free tagged partition D is 
defined to be 


S(f,D) => f(t) (hi). 
i=1 
Definition 5.2 Let D = {(t;,J;):i=1,...,m} bea free tagged partition 
of I and y be a gauge on J. We say that D is y-fine if I; C y(t,) for all i. 
We denote this by writing D is a y-fine free tagged partition of I. 


For a tagged partition, the requirement that the tag lie in the associated 
interval meant that a number could be a tag for at most two intervals. This 
is no longer the case in a free tagged partition; in fact, a single number could 
be a tag for every interval. 


Example 5.3 Consider the gauge defined for the Dirichlet function f : 
[0,1] — R in Example 4.10 with c = 1. If 7 is an irrational number 
in [0,1], then [0,1] C y(r). Let {J;}'", be a partition of [0,1]. Then, 
D = {(7,J;):7=1,...,m} is a y-fine free tagged partition of [0,1]. Note 
that S (f,D) = 0 is a good approximation of the expected McShane integral 
of f. 


We saw in Theorem 4.17 that if 7 is a gauge on an interval J, then there 
is a y-fine tagged partition D of J. Since every tagged partition is a free 
tagged partition, there are 7-fine free tagged partitions associated to every 
gauge ‘+y and interval J. 


Definition 5.4 Let f: J c R* > R. We call the function f McShane 
integrable over I if there is an A € R so that for all « > 0 there is a gauge 
y on I so that for every +4-fine free tagged partition D of J, 


IS(f,D)— Al <e. 
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The number A is called the McShane integral of f over J, and we write 
A= eh. 


Since we are guaranteed that y-fine free tagged partitions exist, this defin- 
ition makes sense. We will use the symbol f ; J to represent the McShane 
integral in this chapter. 

Several observations are immediate or follow from corresponding results 
for the Henstock-Kurzweil integral. First, every McShane integrable func- 
tion is Henstock-Kurzweil integrable and the integrals agree, since every 
tagged partition is a free tagged partition. Using the proof of Theorem 
4.18, one sees that the McShane integral of a function is unique. 

It is not hard to prove that the characteristic function of a bounded 
interval J is McShane integrable with fgx; = (J). In fact, if J has 
endpoints a and b, a < b, and € > 0, set y(t) = (a,b) for t € (a,d), 
(a) = (a—$,a +4), 70) = (b- $,5+ §), and for t ¢ a,0}, let 7 (t) 
be an interval disjoint with {a, 6]. Then, for every y-fine free tagged parti- 
tion, D, |S (f,D) — (b—a)| < €. We leave it to the reader to complete the 
details. See Exercise 5.2. 

In the next example, we consider the analog of Example 4.41 for the 
McShane integral. Note that, in this case, the series }>y-.,@, must be 
absolutely convergent. See the comments following the example for a dis- 
cussion of the difference between the two examples. 


Example 5.5 Suppose that )>7°_, a, is an absolutely convergent series 
and set f(x) = )°y2.1 kX 4,441) (2) for z > 1. Then, f is McShane inte- 
grable over [1, 00) and 


[td 


To prove this result, we use an argument analogous to that in Example 
4.41, which we repeat here to allow the reader to more easily identify the 
differences. 

Since the series is absolutely convergent, there is a B > 0 so that |a,| < 
B for allk € N. Let € > 0. Pick a natural number M so that oy jy |an| < 
€. Define a gauge y as in Example 4.41. For t € (k,k +1), let y(t) = 
(k,k +1); for t = k, let y(t) = (¢ ~ min (sf, 1) pf, t + min (=f, 1)); 
and, let y (co) = (M,co]. Suppose that D = {(t;,J;):7=1,...,m} isa 
y-fine free tagged partition of [1,00]. Without loss of generality, we may 
assume that tm = co and I, = [b, oo], so that b > M and f (tm) £(Im) =0. 
Let K be the largest integer less than or equal to b. Then, K > M. 
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Let Dy = {(t:,/:)€ D:t, EN}. If k EN is a tag, then k < K +1, 
if b € y(k), then an interval to the left of I,, could be tagged by k, and 
b € y(k) implies k < K +1. Not all natural numbers less than or equal 
to b need to be tags, as was the case for the Henstock-Kurzweil integral, 
because an integer k between M and 6 is an element of y(oo). For k EN, 
U (I; : (ti, J;) € Dy and t; = k} C y(k). Thus, 


K+1 K+1 
IS(fAPul=|Soa SS eh) s Yo lal SO em 
k=1 (t;,J2)€Dyjti= k=1 (ti, Jz) €Dyiti =k 
K+1 K+1 
< 


S~ lax £ (7 (k)) < d_ lel arp 5 <Last ~ = 2c. 
k=1 


Set Dy = {(ti,1;) € D: ty € (kK +1)}. Forl ok <M, VG, nen, ii is 
a finite union of subintervals of (k,k +1). If £, is the sum of the lengths of 
these subintervals, then @, > 1 — a= aRATR> and 


S(f, Dk) = ~ axe (Ii) = ax sy €(1;) = alr. 


(ti ,Ti)EDx (t1,J:)€D., 
Thus, 


€ € 
IS (f,De) — xl = law (Ce — 1 < B (seq + gery) < Ge 
Note that the arguments for Dy and D,, 1 < k < M, are the same as 
before. 
To estimate |S (f, Dx) — a,| for M <k < K, we have 


IS (f, Dk) — ae| = > axl (I;) — ay 


(t3,Ji)ED 


lalfi- S> e)} <lael, 
(t:, Ji)EDy 


the same estimate obtained for |S (f,Dx)—ax| in Example 4.41. One 
cannot obtain a better estimate for these terms since, for k > M, 
(k,k +1) C y(oo). Thus, UG,,7,)ep,/i, Which is a finite union of subin- 
tervals of (k,& +1), could be a set of intervals the sum of whose lengths is 
small. In fact, one could have D;, = @, in which case |S (f, Dx) — ax| = lax. 
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Finally, let Doo = {(00,];) € D}. Since f (oc) = 0, S(f, Doo) = 0. 
Combining all these estimates, we have 


S(f,D)- Yo ax 
k=1 


i 


>> S(f, De) +5 (f, Du) + 8 (f, Doo) — Do ax 


k= = 

i K oe 
<]55 {S(f, De) — ae}] +] > (9 (4, De) — ae} 

k=1 k=M 

+IS(f,Dnl +} So ae 

k=K+1 
it = |ax,| + 2e + > |a;,| 
k=K+1 


aE 


es + a |ax| + 2€ < 5e. 
k=M 


tom 
I} 
= 


It follows that f is McShane integrable over [1, 00). 


As for the Henstock-Kurzweil integral, the converse of this example holds; 
that is, if f (w) = )°R2., 4X x,441) (2) is McShane integrable, then the series 
See Ge is absolutely convergent. See Exercise 5.4. 

Examples 4.41 and 5.5 provide an illustrative comparison between 
the Henstock-Kurzweil and McShane integrals. When estimating 
IS (f, Dk) —@x| for M < k < K, one needs to address the fact that if 
(t,[) € D and I c (k,k +1), then the tag associated to I could be oo. 
In that case f (oo) £(/) = 0 and, further, this term is not a summand in 
S(f, De), so that 17, r,,ep, & (Ui) could be much less than one, For the 
Henstock-Kurzweil integral, this situation could arise for at most one inter- 
val, For the McShane integral, it can happen for arbitrarily many intervals; 
that is, for the McShane integral, the point at oo may be a tag for more 
than one interval. This leads to the sum se m |@x| in the estimate above, 
with arbitrarily many terms. Hence, the series must converge absolutely. 
This is related to the fact that the McShane integral is an absolute integral, 
so if f is McShane integrable then so is |f|. See Theorem 5.11 below. 


5.2 Basic properties 


In this section, we list some of the fundamental properties satisfied by the 
McShane integral. 
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Proposition 5.6 Let f,g: I CR* —R be McShane integrable over I. 


(1) (Linearity) If a, 8 € R, then af + Bg is McShane integrable and 


[orson-of +0 fo 
(2) (Positivity) If f <g on I, then J, f < frg. 


See Propositions 4.19 and 4.20 for proofs of these results. 
Similar to the Riemann and Henstock-Kurzweil integrals, McShane in- 
tegrability is characterized by a Cauchy criterion. 


Theorem 5.7 A function f : I — R is McShane integrable over I if, and 
only if, for every « > 0 there is a gauge y so that if D, and D2 are two 
y-fine free tagged partitions of I, then 


IS (f, Di) — S(f,D2)| <e. 


See Theorem 4.27 for a proof of this result. 
Using the fact that continuous functions on closed and bounded intervals 
are uniformly continuous there, one has 


Proposition 5.8 Let J be a closed, bounded subinterval of R. If f .I > 
R is continuous over I, then f is McShane integrable over I. 


See Exercise 5.5. 

Using the Cauchy condition, one can prove that if f is McShane in- 
tegrable over an interval J and J is a closed subinterval of J, then f is 
McShane integrable over J. The next result now follows. 


Corollary 5.9 Let—oo<a<c<b<oo. Then, f is McShane integrable 
over I = [a,b] if, and only if, f is McShane integrable over [a,c] and [c, b]. 


Further, 
[r= [r+ fs 


See Theorems 4.28 and 4.29 for details of the proof. Note that by induction, 
the result extends to finite partitions of [a, )]. 

One of the key results for the Henstock-Kurzweil integral is Henstock’s 
Lemma (Lemma 4.43). A free tagged subpartition of an interval I Cc R* is 
a finite set of ordered pairs S = {(t;,J;):2=1,...,k} such that {Fye5 is 
a subpartition of J and t; € J. We say that a free tagged subpartition is 
y-fine if I; C y(t) for all z. 
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Lemma 5.10 (Henstock’s Lemma) Let f : I Cc R*— R be McShane in- 
tegrable over I. Fore > 0, let y be a gauge such that if D ts a y-fine free 
tagged partition of I, then 

Is(7.0)- fs 


Suppose D! = {(21,Ji),..., (2k, Je)} is a y-fine free tagged subpartition of 


I, Then 
(x;) e( n- fs 
Ji 


<€, 


${rieoeun~ [1 


The proof is the same as before. 


< 2e, 


Jawad s |i 


i=l 


5.3 Absolute integrability 


The previous section documented the similarity between the Henstock- 
Kurzweil and McShane integrals. We now turn our attention to their fun- 
damental difference. We will prove that every McShane integrable function 
is absolutely integrable 


Theorem 5.11 Let f: J — R be McShane integrable over I. Then, | f| 
is McShane integrable over I and 
< fis. 
I 


To prove this theorem, we will use a couple of preliminary results. 


Proposition 5.12 Let D = {(ti,J;):i=1,...,m} be a free tagged par- 
tition of an interval I and let J = {J;:j=1,...,n} be a partition of I. 
Then, 


D = {(,40J)):t=1,....mjp=1....n2 J? Ao} 


is a free tagged partition of I and S(f,D) = S(f,D'). Further, if y is a 
gauge on I and D is y-fine, then D’ is y-fine. 


Proof. Let F; es {Ki Hind; [j= 1,...,n, 120 I7 F 0} for i = 
1,...,mand F = UZ, F;. Since the intersection of two closed intervals (in 
R*) is a closed interval, each Ki; € F is a closed interval. Consequently, 


T= Ueki = UE) URijer, Ki 


230 Theories of Integration 
decomposes J into a finite set of closed intervals. The intervals are nonover- 
lapping since 

KR 0 Key = (12053) 0 (12 N53) = UP NI) 9 (JP ne) 


which is empty unless 7 = 7’ and j = 7’. Since t; € J for all z, D’ is a free 
tagged partition of J. 

To see that S(f,D) = S(f,D’), note that @(J;) = Ker, € (Kis). 
Thus, 


S(f,D) = YoFeyeny=L4( ti) S> &(Kiy) 


Kij€Fi 


zs S> f(t) €(Ky) = S(f,D’). 


i=1 Kij€F; 


Finally, if D is y-fine, then (t;, Ki;) € D’ implies Ki; Cc I; C y (ti), so that 


D’ is a y-fine free tagged partition. O 

Notice that this result fails for tagged partitions, that is, par- 
titions that are not free. In fact, if ce € I = [0,1], D = 
{(c,[0,1])}, and ZF = {[0,1/3], [1/3,2/3],[2/3,1]}, then D’ = 


{(c, (0, 1/3]) , (c, [1/3, 2/3]) , (c, [2/3, 1])} is a free tagged partition (for any 
choice of c), but it cannot be a tagged partition because c can be an element 
of at most two of the intervals. 

The proof of the following lemma makes crucial use of free tagged par- 
titions, Thus, it is the first result we see that distinguishes the McShane 
integral from the Henstock-Kurzweil integral. 


Lemma 5.13 Let f : I — R be McShane integrable over I. Let e > 0 
and suppose y ts a gauge on I such that |S (f, D)= J, f| < e€ for every 
y-fine free tagged partition D of I. If D = {(ti,Ji):i=1,...,m} and 
E€ = {(8;,J;):j =1,...,n} are y-fine free tagged partitions of I, then 


Yo DIF ta) — f (ss) CU Gy) < 2c. 

i=1 j=l 
Proof. Set F={Kiy=1NJj:t=1,...,.m,j=,....n, PAI? £ Oo}. 
Define tags ti; and sj; as follows. If f(t;) > f(s;), set ti; = t; and 
Sig = S53 if f (ta) < f (85), set tij = $j and si ty. Thus, by defini- 
tion, f (tiy)— f (sig) = If (ta) — f (83)|- Let D! = {(taj, Kaj) : Kaj € F} and 
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E' = {(si3, Kiy) : Kij € F}. By Proposition 5.12, D’ and €’ are y-fine free 
tagged partitions if J, so by assumption, 


IS(f,D)- SUED S s(1,0)- [ i+|/ eae 


On the other hand, 


TM (ey F (ss l€ 055) =| D2 CF (tig) — F (seg)} (Kay) 


i=1 j=) Kij€F 
om IS(f,D’) ~~ S(f,E)| ’ 
which completes the proof. O 


In the proof above, we make use of the fact that D’ and €’ are free 
tagged partitions. The proof does not work if they cannot be free. 
We can now prove Theorem 5.11. 


Proof. It is enough to show that |f| satisfies the Cauchy condition. Let 
€ > 0 and choose a gauge y on J such that |S(f,D)— f, f| < 5 for every 
y-fine free tagged partition D. Let D = {(ti,Ji):i=1,...,m} and € = 
{(sj,Jj):j =1,...,n} be y-fine free tagged partitions of J. By Lemma 
5.13, 


\l 


IS (1fl,D) -— S(IFIE)1 = [S00 CF al - IF (ss)1} 29 Jy) 


i=l j=] 
m ™ 
<DOSC IF (ta) - f(s) L(EN Tj) <e. 
i=1 j=l 
The integral inequality follows from part (2) of Proposition 5.6. O 


Due to Theorem 5.11, it is easy to find examples of Henstock-Kurzweil 
integrable functions that are not McShane integrable; one merely needs a 
conditionally (Henstock-Kurzweil) integrable function. ie function f : 
[0,1] > R defined by f (0) = 0 and f(z) = 2xcos% + sin S for 0 < 
x < 1, which was introduced in Example 2.31, is one eiamiple of such a 
function, (See also Examples 4.41, 4.42 and 4.50.) 

Since the McShane integral is an absolute integral, it satisfies stronger 
lattice properties than the Henstock-Kurzweil integral. 


Proposition 5.14 Let f,g:I —R be McShane integrable over I. Then, 
f Vg and f Ag are McShane integrable over I. 
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Proof. Since fVg=3[f+g9+lf—gll and fAg= 3lft+o9—lf—gll 
the result follows from linearity and Theorem 5,11. O 


Recall that for the Henstock-Kurzweil integral, one needs to assume that 
both f and g are bounded above by a Henstock-Kurzweil integrable func- 
tion, or bounded below by one. (See Proposition 4.65.) 


5.3.1 Fundamental Theorem of Calculus 


The beauty of the Henstock-Kurzweil integral is that it can integrate every 
derivative. Such a result cannot hold for the McShane integral. The ex- 
ample above, in which f(x) = 2xcos% + 2*sin% for 0 < x < 1 and 
f (0) = 0, provides such an example. The function f is a derivative on 
[0, 1] and hence it is Henstock-Kurzweil integrable. But it is not absolutely 
integrable, so it cannot be McShane integrable. In other words, not every 
derivative is McShane integrable. We have the following version of Part I 


of the Fundamental Theorem of Calculus for the McShane integral. 


Theorem 5.15 (Fundamental Theorem of Calculus: Part I) Suppose that 
f : [a,b] — R is differentiable on [a,b] and assume that f' is McShane 
integrable over [a,b]. Then, 


b 
[ f=16-1@. 


Proof. Since f’ is McShane integrable, it is Henstock-K urzweil integrable 
and the two integrals are equal. By Theorem 4.16, 


b b 
[rane f r=10- 10). : 


As for the Riemann and Lebesgue integrals, the assumption that f’ be 
McShane integrable is necessary for Part I of the Fundamental Theorem of 
Calculus. Concerning the differentiation of indefinite integrals, the state- 
ment and proof of Theorem 4.82 yield the following result for the McShane 
integral. 


Theorem 5.16 Let f : [a,b] — R be McShane integrable on [a,b] and 
continuous at x € [a,b]. Then, F, the indefinite integral of f, is differen- 
tiable at x and F' (x) = f (x). 
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In fact, the McShane integral satisfies the same version of Part II of the 
Fundamental Theorem of Calculus that is valid for the Henstock-Kurzweil 
integral, Theorem 4.83. 


Theorem 5.17 (Fundamental Theorem of Calculus: Part II) Suppose 
that f : [a,b] — R is McShane integrable. Then, F is differentiable at 
almost all x € [a,b] and F’ (x) = f (2). 


We conclude this section by showing that every McShane integrable 
function can be approximated by step functions in the appropriate norm. 
While the result follows from previously established relationships between 
the McShane, Henstock-Kurzweil and Lebesgue integrals, we use a more 
direct proof to establish the theorem. 


Theorem 5.18 Let f: I — R be McShane integrable over I and e > 0. 
There exists a step function g: I + R such that f,|f —g\ <e. 


Proof. Choose a gauge ¥, of J such that 7, (£) is a bounded interval for all 
t€IORand |S(f,D) — f, f| < €/8 for every +,-fine free tagged partition 
D of I, Let D = {(ti,1;):1=1,...,m} be 7,-fine. Define a step function 
gp: IR by v(t) = OE) f (ts) xz, (t). Note that by construction, oo (or 
—oo) must be a tag for any unbounded interval and f (oo) = f (—oo) = 0. 
Also, y is McShane integrable by Exercise 5.8. 

By linearity and Theorem 5.11, |f — y| is McShane integrable over J, 
so there is a gauge 2 on J such that |S (|f — y|,€) — f,|f — ¢l| < €/3 for 
every Y-fine free tagged partition € of J. Set y= 7, 1 79- 

For each subinterval I; (from D), let €; be a y-fine free tagged partition 
of I; Set € = UZ, €;, so that € is a y-fine free tagged partition of I. 
Assume that € = {(sx,J,):k=1,...,n}. For each k, 1 < k < n, there 
is a unique 7 such that J, C Ii,. Since Je C Ix, C 7, (ti,), the set 
F = {(ti,, Jk): k=1,...,n} is y,-fine. Since € is also y,-fine, by Lemma 
5.13 we have 


>So IF (53) — F (tig) E (Sy 9 Ju) < =. 


k=1 j=1 


However ¢(J; 9 J.) = 0 if 7 # k, so that 


So If (sk) ~ f (tig) (Je) < =. 
k=1 
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Since s, € J;, implies that p(s.) = f (ti,), 


S(lf—l,€)= Solf (se) — o(se)l € (Je) 
k=l 


= 2e 
= SUIF (se) — f (tig) 4 (Se) < 3" 
k=1 
Finally, € is also y2-fine, which implies 


[if-a<sit-ol.8)4+§ <6 
I 


as we wished to show. | 


5.4 Convergence theorems 


Since every McShane integrable function is Henstock-Kurzweil integrable, 
when considering convergence results for the McShane integral we will need 
to avoid the same problems that arise for the Henstock-Kurzweil integral. 
Thus, our conditions must eliminate the pathologies demonstrated in Ex- 
amples 4.67, 4.68, and 4.69. Further, since the McShane integral is an 
absolute integral, it will satisfy convergence theorems stronger than the 
ones satisfied by the Henstock-Kurzweil integral. 

We could easily follow the approach in Section 4.4.7. However, in this 
chapter we will present a slightly different one that highlights the impor- 
tance of series of functions. 


Theorem 5.19 Let fx, f : I C R* > R. Suppose each f, is McShane 
integrable over I, f (x) = d’p—1 fe (x) pointwise on I, and Soy, Jr | fel < 
oo. Set 8, (x) = pL, fe (2). Then, 


(1) f is McShane integrable over I; 
(2) 
f= jim [ = [ts 
I OO ST » rd 
(3) 


ye fe | = 0. 


lim | |s, — f| = lim / 
m—CO m—Co 
I T k=n4+1 


McShane integral 235 


Proof. Let > 0. The series }>7°., f; fe converges absolutely by hypoth- 
esis, so V = )op_, J; fe is finite. Choose K € N such that 


SS [in Ke, (5.1) 
k= K 


For each n, s, is McShane integrable (since it is a finite sum of 
McShane integrable functions) and there is a gauge y,, on J such that 
|S (8n,D) — Jr S,| < sm for every 7,,-fine free tagged partition D of J. 

By modifying the proof of Example 5.5, the function y : R — R defined 
by p(t) = 3 ey 27" Xttn—1<Jt}<n} is McShane integrable over R* and 
Sap = 4. Let y, be a gauge such that |S(y,D)— fgy| < 3 for any 
Yo-fine free tagged partition D of R. Then, 0 < S(y,D) < fgy+ 3=1 
whenever 7D is a 7,,-fine free tagged partition of I. 

By the pointwise convergence of s, to f, for each t € J, choose an 
n(t) € N such that n(t) > K and, for n > n(t), 


Isn (t) — f (t)| < ep (t). (5.2) 


Define a gauge on J by setting y (t) = Yncz) (t)N7, (t) for all t € J. Let 
D = {(t;,1;):i=1,...,m} bea -fine free tagged partition of J. Then, by 
the absolute convergence, 


™m 


> pe fr (ts) € (i) - oy n| 
k=1 k=’ Fi 


i=1 


UI 


m (n(ti) n(ts) 
<|y0) > aem-> | h 
i=1 [ k=1 kai oF 
+o Y rwemefo ft 
i=1 koon(t;) 41 i=1 k=n(t;)41 7 7 
eI4+JI4+I1II, 
By (5.2) and the definition of », 
i=1 |k=n(t:)+1 i=1 


< ey (t:) (Ui) = eS (vy, D) <e. 


i=1 
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Next, 


m co Sy 
mcd Sf mis fines 
i=] kan(ty)+1°% kak 2F 

by (5.1). 
To estimate J, set S = max {n(t)),...,2(tm)} = K. By Henstock’s 
Lemma, 


I= Yo {sac eu)— f saa} 
i=l a 
Ss 
a is > {sat (ec) - | sats} 
k=K n(t,)=k i 
Ss Ss - 
< s- y {seen f ss} < 3k <e. 
k=K |n(t;)=k of k=1 


Thus, |S(f,D)—V]| < 3e. It follows that f is McShane integrable with 
Tei oY 


Finally, since 


[one [als flw—s= f <b finice 


forn > K, f,f = limnso Jf; sn and f;|s, — f| — 0, completing the 
proof. O 


fk 


k=n-+1 


As a corollary of this theorem, we prove a preliminary version of the 
Monotone Convergence Theorem. 


Theorem 5.20 (Monotone Convergence Theorem) Let fx,f : I C 
R* — R be McShane integrable over I and suppose that { f,}7-_, increases 
monotonically to f on I. If sup, tr te < 00, then f is McShane integrable 


over I and 
fe} lim fe = lim [he 
: yp ko3°o k- 00 T 


Proof. Set fo = 0 and ge = fe — fe-1 for kK > 1. Then, 9 > 0, 
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ke 9k = fn — f pointwise on IJ and 


Yo fm jt D> [te ferd= jim, f fe = au [te <o 


Thus, {9}; satisfies Theorem 5.19 so that 


[tm [itd [oem tom, [te 


We next pursue a more general form of the Monotone Convergence 
Theorem and then use this general version to obtain Fatou’s Lemma and 
the Dominated Convergence Theorem for the McShane integral. We begin 
with a series of three preliminary results. The first two results are analogs 
of Theorem 4,40 and Lemma 4.71. 


O 


Theorem 5.21 Let E CR. Then, E is a null set if, and only if, xp is 
McShane integrable and fy Xp = 0. 


Proof. Suppose first that E is null and let € > 0. Let {Gj}52, be a 
€ 


sequence of open intervals covering E and such that pe £(Gj) < §. 
Since the characteristic function of an interval is McShane integrable, by 
Proposition 5.14, 5, = xg, V*:-VXg,, is McShane integrable. Since {s,,}°°_, 
increases monotonically, h = lim, s, exists. Since s, is a maximum of 
characteristic functions and E Cc U1 G5, we see that 0 < A < 1 and 


Xe Sh. Note that s, < Vi) Xe,» Which implies that 


[= < 37 (G;) < a) <5: 


By the Monotone Convergence Theorem, h is McShane integrable and 


felt <5. 
R 2 

Now, choose a gauge 7 so that if D is a y-fine free tagged partition of 
R*, then |S (h, D) =e h| < §. Then, for any 7-fine free tagged partition, 


? 


0< S(xpD) < S(h,D)< [hae <e 
R 


Since € > 0 is arbitrary, x, is McShane integrable with {xz = 0. 
To prove the necessity, we argue as in the proof Theorem 4.40. O 
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Using the fact that every McShane integrable function is Henstock- 
Kurzweil integrable, Lemma 4.71 yields the following result. 


Lemma 5.22 Let fx : I C R* — [0,00) be McShane integrable over I 
and suppose that { fx (x)};, increases monotonically for each x € I and 
sup, {7 fe < 00. Then, limk—soo fr (x) exists and is finite for almost every 
zel. 

Suppose that f is McShane integrable and g is equal to f almost every- 
where. Then, E = {x: f(x) #g(zx)} is a null set and hence f, xp = 0. 
Employing this fact and the Monotone Convergence Theorem allows us to 
prove the next lemma. 


Lemma 5.23 Let f : I Cc R* — R be McShane integrable over I and 
suppose that g: I > R is such that 9 = f a.e. inI. Then, g is McShane 


integrable over I with 
fo- [2 
I I 


Proof. The function h = f — g equals 0 a.e. in J. By linearity, it suffices 
to show that h is McShane integrable and fh = 0. 
Let E = {t€I:h(t) #0}. Fix K €Z, and forneEN, set 


An = (|h| A n) XIn(K,K +1)" 


Then, An < 2X ge(K,K41|: By the argument in the proof of Theorem 5.21, 
h,, is McShane integrable over 10(K, K + 1] with Sirace,k 41] h, = 0. Since 
{h,,}°°_, increases to |h| pointwise, the Monotone Convergence Theorem im- 
plies that |h| is McShane integrable over 1(K, K + 1] and Stecx, K-41) |A| = 
0. It now follows that h is McShane integrable over I 1 (K,K +1] and 
Srecc,r-+1] h = 0. (See Exercise 5.3.) Since h = peg hXiecx,x41 09 J, 
Theorem 5.19 shows that h is McShane integrable over J with f{ yr =0.0 


We now have the necessary tools to prove a more general form of the 
Monotone Convergence Theorem. 


Theorem 5.24 (Monotone Convergence Theorem) Let f, : I C R* > 
[0, 00) and suppose that { fx (x)};_, increases monotonically for each z € I. 
Suppose each f;, is McShane integrable over I and sup, {; fr < 00. Then, 
limksoo fe (2) is finite for almost every x € I and the function f, defined 
by 


‘Gis limpsoo fr (x) if the limit is finite 
a 0 otherwise 
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is McShane integrable over I with 


[t= jm, [ t 


Proof. By Lemma 5.22, limz_..o fx (£) is finite ae. in J. Let E be the 
null set where the limit equals oo. Set f(t) = limgoo fi (t) if t ¢ E and 
f(t)=0ifte FE. Set g, = feXr\p- Then, by Lemma 5.23, 9, is McShane 
integrable over J with f, 9x = f; fx and {gx};2 increases to f pointwise 
(everywhere in J), Thus, by Theorem 5.20, f is McShane integrable over I 


and 
f= lim oe = jim, | fe 
} k—oo J7 k-oo Jy * go 


Recall that the proofs of Fatou’s Lemma and the Dominated Conver- 
gence Theorem (Lemma 4.75 and Theorem 4.77) rely on the Monotone 
Convergence Theorem. Thus, those arguments imply corresponding ver- 
sions for the McShane integral. 


Lemma 5.25 (Fatou’s Lemma) Let fx : I C R* — [0,00) be Mc- 
Shane integrable for all k, and suppose that lim infkoo fy fe < 00. Then, 
lim infy_,00 fy is finite almost everywhere in I and the function f defined 


by 


0 otherwise 


f(z) = a infksoo fx (x) if the limit is finite 


is McShane integrable over I with 


Ts < timint | fe 


Theorem 5.26 ee Convergence Theorem) Let f,: I C R* 3 R 
be McShane integrable over I and suppose that { fx}, converges pointwise 
almost everywhere on I. Define f by 


ree lim soo fr (x) if the limit exists and is finite” 
0 otherwise 


Suppose that there is a McShane integrable function g : I > R such that 
\fx (x)| < g(x) for all k € N and almost alix € I. Then, f is McShane 


integrable over I and 
f= lim fe = lim [te 
i p kos k—00 I 
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Moreover, 
tim ff fe =0. 
I 


Extensions of Fatou’s Lemma analogous to Corollaries 3.98 and 3.99 
hold for the McShane integral. The comparison condition for the Dom- 
inated Convergence Theorem (|f;(x)| < g(zx)) is the same as for the 
Lebesgue integral (Theorem 3.100), unlike the condition for the Henstock- 
Kurzweil integral (Theorem 4.77). This is because the Lebesgue and Mc- 
Shane integrals are absolute integrals, while the Henstock-Kurzweil integral 
is a conditional integral. The absolute integrability is also the reason why 
the Dominated Convergence Theorem for the McShane integral includes 
a stronger conclusion, that lim i |f — f.| = 0, than one obtains for the 
Henstock-Kurzweil integral. 


5.5 The McShane integral as a set function 


Let f : J cC R*—R be McShane integrable and let M; be the set of Lebesgue 
measurable subsets of J. We say that f is McShane integrable over a set 
E C1 if xgf is McShane integrable over J and define f, f = {,xnf. If f 
is McShane integrable over J, we show that f is McShane integrable over 
every measurable set in M; and that if f is countably additive. Our main 
result in this section is the following theorem. 


Theorem 5.27 If f: J —R is McShane integrable, then the set function 
f f: Mz, — R is countably additive and absolutely continuous with respect 
to Lebesgue measure. 


As an immediate consequence, we see that when f is nonnegative, f f is a 
measure on M;. 


Corollary 5.28 Jf f : I — R is nonnegative and McShane integrable, 
then the set function f f : My — R is a measure on My. 


The proof is a consequence of three results: f is McShane integrable 
over every Lebesgue measurable subset of J; the indefinite integral of f is 
countably additive; and, the indefinite integral of f is absolutely continuous. 


Lemma 5.29 Suppose that f : I — R is McShane integrable over I. 
Then, f is McShane integrable over every Lebesque measurable subset E C 
I. 
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Proof. Fix € > 0 and let y be a gauge such that |S(f,D) — f, f| <€ for 
every +y-fine free tagged partition D of J. Let E be a Lebesgue measurable 
subset of J. For each k € N, choose an open set O, > E and a closed set 
F, C E such that m(O, \ Fe) < gge- Define a gauge 7’ on I by: 


roe ee <k 
* y(z)\ Fr if ¢ E,k-1<|f(a)l<k’ 


Suppose that D = {(t;,J;):i=1,...,m} and € = {(s,;,Jj;):j =1,...,n} 
are y'-fine free tagged 
partitions of E. Then, D’ = {(ti,J;9J;):i=1,...,m,j =1,...,n} and 
E' = {(8;,1,;0J;):i=1,...,m,j =1,...,n} are y/-fine free tagged parti- 
tions, S(f,D) = S(f,D’) and S(f,€) = S(f,é'). Note that D’ and €’ use 
the same subintervals but have different tags. Relabelling to avoid the use 
of multiple subscripts, we may assume that D’ = {(t), Ki) :1=1,...,N} 
and €’ = {(s}, Ki): 1 =1,...,N}. Then, 


IS (fxe, D) oa S(fxe,€)| = |S (fxg, D’) ~ S(fxe,€)| 


< 


SS f(t) m(Ki) — SO f (81) m (Ki) 


tree s,€EB 


ys {imino fP rh 


treE,s, CE 


+ > {[,4- somo} 


tre E,s CE 


< 


+} So f(qi)m(K) 


teE,s'¢E 


+} So f(si)m (Ki) 


th¢gE,s,cE 
=R,+ Rot Rp. 
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By Henstock’s Lemma, 


ms} So [stm [ rf 


tek, sick 


+ a pe F(si)m(Ki)} 


treE,s; €E 
< 2e. 


Next, set o, = {1:t}€ E,s} GE,k-1<|f(t))|<k}. Ifl € o%, then 
Ki cy (tt) C Onny (t)) and Ki Cc 7 (s}) C y(s,,)\ Fe, So that Ki C On\ Fr. 
Consequently, Uieo, Ki C Ox \ Fe and m(Ujeo, Ki) < m(On \ Fe) < Ze- 
Therefore, 


2S 3 Y_ lf @)| m(K) < > \ = km (Ki) 


=llEéo, k=1l€o, 


= ohn (reo, Kr) < yg =e. 


A similar argument shows that R3 < €, so that 
IS (fxe,D) — S(fxe,€)| < Ri+ Ret R3 < 4e. 


Thus, fx, satisfies a Cauchy condition and is McShane integrable. Since 
E was an arbitrary measurable subset of J, the result follows. Oo 


We show next that the indefinite integral of a McShane integrable func- 
tion is countably additive. 


Lemma 5.30 Jf f: I — R is McShane integrable, then the set function 
[f:Mz— R is countably additive. 


Proof. Let {Ej}jo1 cM, be acollection of pairwise disjoint sets and let 
E =US2,E;. Since FE € M;, by Lemma 5.29, | f| xg is McShane integrable. 


Since the sets {E; nae are pairwise disjoint, we see that Beer fxn, 2 fxe 


as k — oo and baa ix,| < |flxg. By the Dominated Convergence 
Theorem for the McShane integral, 


‘ 55 
a Rat Ds Last 


which shows that the indefinite integral is countable additive. O 
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Thus, the indefinite integral of a McShane integrable function f is de 
fined on M; and countably additive. When f is nonnegative, this implies 
that the indefinite integral defines a measure on My. 

We conclude by showing that the indefinite integral is absolutely con- 
tinuous both as a point function and as a set function. First, we show the 
indefinite integral is absolutely continuous as a point function in the sense 
of Definition 4.101. 


Lemma 5.31 Let I = [a,b], -co <a <b < cw, and f:I — R be 
McShane integrable. Then, F(t) = f f, the indefinite integral of f, is 
absolutely continuous. 


Proof. Let «€ > 0. There is a gauge y on J such that 
S(f,D) — iF f| < ¢ for every 7-fine free tagged partition D of J. Let 
D’ = {(ti,[ai,b:]):i=1,...,m} be such a partition and set M = 
max {|f (t;)|:i=1,...,.m}+land6=e/M. 

Suppose that {[c;,d;]: 7 =1,...,p} is a collection of nonoverlapping 
closed subintervals of J such that ){%_,(dy—c¢,;) < 6. By subdivid- 
ing these intervals, if necessary, we may assume that for each 7, there 
is ani € {1,...,m} such that [c;,d;] C [ai,bi]. For each i, set o; = 
{7 : [ej, dj] C [ai, bi]} and set € = UM, {(ti, [c;, dj]) : 7 € ox}. Then, € is a 
7-fine free partial tagged partition of J with )7721 Di jc9, (dy — ej) < 6. By 
Henstock’s Lemma, 


Dera) - F(c;)}| < ap ~ f(t) (dj ~<a} 


i=1 3€0, 


H1D> SS F(t) dy - 3) 


i=l j€o, 


<€4+ M6 = 2. 
Thus, F is absolutely continuous. O 


We have shown that the point function F : J — R is absolutely con- 
tinuous. It is also true that the set function f f satisfies the definition of 
absolute continuity given in Remark 3.93. This result is an easy conse- 
quence of Theorem 5.18. 


Theorem 5.32 Let f : I + R be McShane integrable over I and define 
F by F(E) = ie f for E € M,. Then, the set function F is absolutely 
continuous over I with respect to Lebesgue measure. 
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Proof. Suppose that f is McShane integrable over J and fix e > 0. 
= 


By Theorem 5.18, there is a step function s such that f,|f—s| < 
Let S1 aX 4, be the canonical representation of s and set M = 
max {|a,|,-.-,|@;|,1}. Set 6 = 35; and suppose that E is a measurable 


subset of J with m(E) < 6. Then, 


j 
[s = |S axm (EN Ax)| < max {la|,-..5laj]}m(E) < Mb < £. 
E k=1 2 
Therefore, 
€ € 
fs [ir-sit|fsl<5+5=6 
[ E E 2 2 


so that F is absolutely continuous with respect to Lebesgue measure. OO 


5.6 The space of McShane integrable functions 


Let J c R* be an interval and let M!(J) be the space of all McShane 
integrable functions on J. We define a semi-norm || ||, on M? (J) by ||f||, = 
J, |f|, and a corresponding semi-metric d, by setting d) (f,9) = ||f — gl, = 
Sr \f — 9, for all f,g € M? (I). It follows from (the proof of) Lemma 5.23 
that || f||, = 0 if, and only if, f = 0 ae. in J, so that || ||, isnot a norm and, 
consequently, d; is not a metric on M! (J). Identifying functions which are 
equal almost everywhere makes || ||, a norm and d; a metric on M' (J). 
From Theorem 5.18, the step functions are dense in M! (J). 

We saw in Sections 3.3.9 and 4.4.11 that the space of Lebesgue inte- 
grable functions is complete in the (semi-) metric d, (see the Riesz-Fischer 
Theorem, Theorem 3.116) while the space of Riemann integrable functions 
and the space of Henstock-Kurzweil integrable functions are not complete, 
in the appropriate (semi-) metrics. That the space of McShane integrable 
functions is complete is a consequence of the Dominated Convergence The- 
orem (Theorem 5.26). We now observe that the Riesz-Fischer Theorem 
holds for the McShane integral. 


Theorem 5.33 (Riesz-Fischer Theorem) Let I Cc R* be an interval and 
let {fi}ge be a@ Cauchy sequence in (M1 (I),d,). Then, there is an f € 
M! (1) such that {fr}7, converges to f in the metric dy. 


For a proof of this result, see Theorem 3.116. 
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5.7 McShane, Henstock-Kurzweil and Lebesgue integrals 


Suppose that f : J C R*—R is McShane integrable over J. Consequently, 
|f| is McShane integrable so that both f and |f| are Henstock-Kurzweil 
integrable over J, and f is absolutely (Henstock-Kurzweil) integrable over J. 
On the other hand, there are Henstock-Kurzweil integrable functions that 
are not McShane integrable. In Section 4.4.8, we saw that Lebesgue and 
absolute Henstock-Kurzweil integrability are equivalent. In this section, we 
prove that in the one-dimensional case McShane integrability is equivalent 
to absolute Henstock-Kurzweil integrability, and hence that the McShane 
and Lebesgue integrals are equivalent. We extend these results to higher 
dimensions in Section 5.5.10. 

Since we will be dealing with three integrals in this section, we will 
identify the type of integral by letters (M, HK, and C) to identify the 
integral being used; for example, the McShane integral of f will be denoted 
M f , /. The crux of the matter is to prove that absolute Henstock-Kurzweil 
integrability implies McShane integrability. 

In order to prove this result, we will employ major and minor func- 
tions, variants of the ones defined in conjunction with the Perron integral 
in Section 4.4.1. Let J = [a, 6] be a finite interval and suppose f : J — R. 

Let y be a gauge on J. For a < x < b, we can also view y as a gauge 
on [a,x]. Let 7 ([a,z]) be the set of all y-fine tagged partitions of [a, 2]. 
Define m,, M,: I — R* by 


(x) = 0 if xz=a 
he ae eee meaty ifa<a<b 


and 


0 if xz=a 
UNOS istry peabaN tae 9 


It is clear that m, (x) < M, (z) for all x € [a,b]. The function M, is called 
a major function for f; my is called a minor function for f. 

By Exercise 4.18, we may assume that the gauge 7y is defined by a 
positive function § : I — (0,00); that is, y(x) = (t& — 6(z),2+6(z)), for 
all x € [a,b]. We summarize our results for m, and M, in the following 
lemma. 
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Lemma 5.34 Suppose that f : I = [a,b] > R and y is a gauge on I 
defined by 5: I — (0,00). 


(1) Ife-6(x1)<us2ux <u < 2+4+6(z), then M,(v) — M,(u) > 
f (x) (v—u). 

(2) Ifx-d(z%)<us2x<vu< 24+6(z), then m,(v) - m,(u) < 
f(z) (v—u). 


(3) M, —m., is a nonnegative and increasing function on I. 

(4) If f > 0, then both M, and m. are nonnegative and increasing func- 
tions on I. 

(5) Let f be Henstock-Kurzweil integrable over I and e > 0. Suppose that 
7 is a gauge on I (defined by 5) such that 


<eé 


b 
S(f.D)— HK | f 


for every D € 7, ([a, b]). Then, 0 < M, (b) — m, (b) < 2e. 


Proof. To prove (1), fix u and v and let D € 7,([a,u]). Then, DU 
{(x, [u, v])} € my ([a, v}), so that 


M, (v) > S(f, DU {(@, [u, o))}) = S(f,D) + f(z) (vy — 4). 


Taking the supremum over all D € 77, ([a, u]) shows that M, (v) > M, (u)+ 
f (x)(v— 1), which proves (1). The proof of (2) is similar. See Exercise 
5.26. 

For (3), fixe > O anda <u<v<_b. By definition, we can find 
D,D' € 1, ([a,u}) such that 


My (u) — m, (u) < 8(f,D) - S(f,D") +6. 
Fix F € 1, ([u,v]), so that E = DUF,E’ = D' UF € 1, ((a, v]). Thus, 


M, (u) ~m,(u) < S(f,D)-S(f,D) +¢ 
= S(f,E)-S(f,E) +e < M, (v) —m, (v) +6, 
so that M,(u) — m,(u) < M,(v) — m,(v) and M, — m, is increasing. 
Since it is clearly nonnegative, (3) is proved. 


Part (4) follows from the fact that the nonnegativity of f implies that 
ifu <v then 


S(f,D) < S(f,D) + f(x) (v—u) = S(f, DU {(, [u, v})}) 
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for every D € 11, ([a, u]). To prove (5), note that the hypothesis implies 
|S(f,D) — S(f,E)| < 2€ 


for D,E € 1 ([a, 6]). The result now follows from the definitions of M, and 
My. QO 


Before considering the equivalence of McShane and absolute Henstock- 
Kurzweil integrability, we collect a few other results. 


Lemma 5.35 Let f:I C R* > R. Suppose that, for every « > 0, there 
are McShane integrable functions g, and gq such that g, < f < ge onI and 
M frg2 <M fro. +e. Then, f is McShane integrable on I. 


Proof. Let « > 0 and choose corresponding McShane integrable functions 
g, and gg. There are gauges y, and y, on I so that if D is a j,-fine 
free tagged partition of J, then |5'(9:,D) —-M Jf, 9:| < efor i = 1,2. Set 
¥ (z) = 71 (2) N Ye (2). Let D be a 4-fine free tagged partition of I. Then, 


M f u-€<$ (0.0) < S(f,D) < S(40,D) <M f te< M f +2 
I I I 


Therefore, if D, and D2 are 7-fine free tagged partitions of J then 


S(f,D1),8(f,D2) € (mM [a-em fotze), 
This implies that 
|S (f,D1) — S(f,D2)| < 3e. 


By the Cauchy criterion, f is McShane integrable. O 


This result is an analog of Lemma 4.30 on Henstock-Kurzweil integration; 
the proofs are the same. 

As a consequence of this lemma, we show that increasing functions are 
McShane integrable. 


Example 5.36 Let f : J = [a,b] — R be increasing. Divide [a, }] into 
j equal subintervals by setting 2, = a+ £ (b—a), fork = 0,1,...,j, and 
I; => [te-1, Lk], for k= 1, Ses a7. Set gi (t) => on f (x~-1) XI, (t) and 
92 (t) = hea f (vx) Xz, (t). Then, gi and go are step functions and, hence, 
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McShane integrable. Since ¢ (J,) = =, 


3 
0<M/m-M fo 
I I 


SSG) = = ie) ATO 
k=1 k=1 


a 
j j j 


Given ¢ > 0, we can make M {7 g2 —M Jr 91 < € by choosing j sufficiently 
large. By Lemma 5.35, f is McShane integrable. 


We are now ready to prove the equivalence of McShane and absolute 
Henstock-Kurzweil integrability. 


Theorem 5.37 Let f : I = [a,b] — R. Then, f is McShane integrable 
over I if, and only if, f is absolutely Henstock-Kurzweil integrable over I. 


Proof. We have already observed that McShane integrability implies ab- 
solute Henstock-Kurzweil integrability. For the converse, by considering 
f+ and f7-, it is enough to show the result when f is nonnegative and 
Henstock-Kurzweil integrable. 

Fix € > 0 and choose a gauge y on J such that S(F,D) —HK f f| <e€ 
whenever D is a y-fine tagged partition of [a,b]. Let 6 correspond to ¥. 
Extend f to [a,b +1] by setting f (t) = 0 forb<t <6+1, and extend m, 
and M, to [a,b+ 1] by defining m, (t) = m, (b) and M, (t) = M, (d) for 
b<t<b4+1. 

Define functions H,, and h, by H, (t) = n(M,(t++)—M, (t)) and 
hn (t) = n(m, (t++4)—m,(t)). By Lemma 5.34 (4), M, and m, are 
increasing so that Example 5.36 implies H,, and h,, are nonnegative and 
McShane integrable. Set H = liminf,... H, and h = limsup,_,,. An. 

By a linear change of variable (Exercise 5.6), observe that 


6 6 
o<m [ Ha = Mf n (a, (t+ =) ~ ay () a 
b+1/n a+tl/n 
=» (a4 f M,-M | M, 
6 a 
b4+1/n 
cn(a M,) = (0), 
6 


Thus, liminf,...M f H,, < © so that liminf,.... H,, is finite almost 
everywhere and, by Fatou’s Lemma (Lemma 5.25), there is a real-valued 
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function H which is equal to H a.e. and such that M f[ . H < M, (b). If 
E, = {t € [a,b]: H(t) # H(t)}, then E, is null and H =0 on Ej. 

Fix t € [a,b] and suppose that n > OR Then, by Lemma 5.34 (1) and 
(2), 


si) <a (a, (++ =) 2G () ~ H,, (t) 
and 
f(t) 2n(m, (+=) - m,(t)) =h,, (t). 


Consequently, h(t) < f (t) < H(t) for all t € [a, 8]. Since H,, (t) > f (t) > 
h,, (t) for large n, 


lim inf (H — hn)” (t) = H(t) — limsup h,, (t) = H(t) — h(t) 


IA 


for almost every t € [a,b]. Arguing as above shows that 0 < M f : ha 
m. (6), so that 


M [tara Mf 4M fy <M (0,44 (6) 


By Fatou’s Lemma applied to (H — ae there is a real-valued function 
F which is equal to H —h ae. and is McShane integrable. Note that 
the function h = H — F is McShane integrable and equal to h a.e.. Let 
E, = {t € [a,b]: (H — h) (t) # F (t)}; then EZ, is null and F = 0 on Ey, 
Let E = E, U Ep and redefine H and h to be 0 on E. Since this only 
changes the functions on a set of measure 0, by Lemma 5.23, these new 
functions are McShane integrable with the same integral as before. Define 


f by 


=,., _Jf(zjife¢éE 
te)={ 0 ifeeE’ 


so that f = f almost everywhere and h<f<Hon [a, b}. 
We claim that 


M f (HR) <2 
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In fact, by Lemma 5.34 (3), M, — my, is increasing, so 


Hy (1) ha () =n ({mt, (t=) —m, (+2) — (a4, ©) -m, ©)) 


=M Pn (M, (+++)-m,(y-m, (++=) +m, (t)) dt 


b+1/n a+1/n 
=n mM | M,—M | M, 
6 a 


b+1/n a+1/n 
-m | my +m | is, 
b a 
b+41/n b+1/n 
en(a | M,-M | ri) = My (0) = (0) 82 
b 6 


by Lemma 5.34 (5). Now, for almost every t € [a, }], 


F(t) = lim inf (H — hn) (t) =H (t) + lim inf (—hp, (t)) 
= lim inf H,, (t) + lim inf (—h,, (t)) < liminf (H, — hn) (t). 


Define § by 


S@)= lim inf, oo (An — hn) (x) if liminf, (A, — hn) (x) is finite 
os 0 otherwise 


so that F < § almost everywhere and 8 is finite everywhere. By Fatou’s 
Lemma, 


b 6 b 


as we wished to show. 

It now follows from Lemma 5.35 that f is McShane integrable over J. 
Since f = f a.e., Lemma 5.23 shows that f is McShane integrable over 
I and, of course, once f is McShane integrable over J, the McShane and 
Henstock-Kurzweil integrals are equal. O 
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By Theorem 5.37 and Corollary 4.80, it follows that McShane and 
Lebesgue integrability are equivalent. We conclude this section by giving a 
direct proof of this result, which uses arguments more like those found in 
the Lebesgue theory. 


Theorem 5.38 Let f : [a,b] + R. Then, f is McShane integrable if, 
and only if, f is Lebesgue integrable. The value of the two integrals are the 
same. 


Proof. Assume first that f is Lebesgue integrable over [a,b]. Without 
loss of generality, we may assume that f is nonnegative. Let « > 0 and 
by absolute continuity (see Remark 3.93) choose 6 > 0 so that Lf, f <e 
whenever A C [a, }] is measurable and m(A) < 6. Set A = min (e,6). 

Let a = min {1, mis z}. Set E, = {t € [a,b]: (k—l)a< f(t) < ka} 
fork € N. Then, E, NE; = O if k # j and [a,b] = UZ, Ex. For each k, 
choose an open set G, such that E, C G;, and m(G, \ Ex) < st: Define 
a gauge y on [a,}] as follows. If t € E,, then choose an open interval 
 (t) C G; that contains t. 

Suppose that D = {(t:,J;):i=1,...,1} is a y-fine free tagged partition 
of [a, b]. We will show that 


sum-—ef's 


which implies that f is McShane integrable with integral equal to Cf 4 f. 
For i =1,...,1, choose k; so that t; € E,,. Then, 


s.p)-£ ff 


< 3e, 


t 

_ 

=> ae f (ti) — f(t) dt 
ne rendre lf f (t) dt 


=R,+Ro+ Rs. 


If t,t € E,,, then both f(t;) and f(t) belong to the interval 
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[(ki — 1) a, kia), so that |f (t;) — f (t)| <a. Thus, 


t 
Ry < Yo am(I;0 Ex.) < a(b- a) <e. 


i=1 


To estimate Re, since t; € Ey, and I; C y(t;) C Gx,, we have 


Ris > cf fesd > kam (I; \ Ex;) 


k=1Lick,=k k=1i:ky=k 
< ham (Ge \ Be) < Y hae < 2a =e 


Finally, let A = Uji, (i \ Ex,). Since I; C Ge; 


l 
m (A) = Doe (k\Ed=>° om (Ii \ Ex;) 
i=l k=li:kj=k 
< So mG \ Ex) < oan ee 


Thus, by the choice of 6, R3 < Lf, f < €. Combining all these estimates 
shows that |s GDeLt f| < 3e, proving that f is McShane integrable 
and Mf fal ff. 

For the remainder of the proof, assume that f is McShane integrable 
over [a, b] and let F(t) = M i f. By Theorem 4.103, it is enough to show 
that F is absolutely continuous on {a,b| to conclude that f is Lebesgue 
integrable there. Fix € > 0 and let y be a gauge on [a,}] such that 
|S (f,D) —-M i f| < ¢ for every 7-fine free tagged partition D of [a, b}. 
Let Do = {(ti, i): i=1,...,1} bea 7-fine free tagged partition of [a, }], 
let M = max {|f (¢:)|,t=1,...,1}, and set 7 = y755. 

Suppose that {[y;,2;]: 7 =1,...,k} is a finite collection of nonoverlap- 
ping subintervals of [a,b] such that 


k 
Yo (4-94) <0 
j=l 


Replacing [y;,z;] by the nondegenerate intervals in {[y;, z;] fies, we 
may assume that for each j there is an 7 so that [y;,z;] C J. Set Dy = 
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{(ta, [yz 25}) : [yy 25] C Li}, fori =1,...,1. Then, D = Ul_,D; is a 7-fine 
free tagged subpartition of [a,b]. Since 


k 


yf r-su.n|=]3 


ja UWI jJ= 


4! 
pre f(t) (es — 9) 
Yj 


{/ ‘1-160t4-w| <6, 
Vy; 25]Ch Ys 


Il 
iM 


l 


Il 


ii 


by Henstock’s Lemma, 


k 
So (F(z) -F wy=[o fs 


j=l jail Ys 


i 
eH, 
DH 
a 
3 
+ 
RH 
> 
aS 


Thus, F' is absolutely continuous with respect to Lebesgue measure and f 
is Lebesgue integrable. O 


Remark 5.39 Theorems 5.37 and 5.88 are valid for unbounded intervals 
ICR. See Exercises 5.27 and 5.28. 


5.8 McShane integrals on R” 


The McShane integral can be extended to functions defined on intervals 
n (R*)” in the same manner as the Henstock-Kurzweil integral. If f is 
defined on an interval J c (IR*)", we assume that f vanishes at all infinite 
points and extend the definition of f to all of (IR*)” by setting f equal to 
0 off of I. (See Sections 4.4.4 and 4.4.12 ). In fact, the only change needed 
to define the McShane integral over J is to extend the definition of a free 
tagged partition (Definition 5.1) to the interval J in the obvious way. 
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Definition 5.40 Let J bea closed subinterval of (R*)" and f:J > R. 
We call the function f McShane integrable over I if there is an A € R so 
that for all « > 0 there is a gauge y on J so that for every 7-fine free tagged 
partition D of I, 


IS(f,D) — Al <e 


Since every gauge y has at least one corresponding y-fine tagged parti- 
tion, and hence a 4-fine free tagged partition, this definition makes sense. 
The number A, called the McShane integral of f over J and denoted by 
A=f 7 /, is unique. The proof of this statement is the same as before. 

Recall that every McShane integrable function is Henstock-Kurzweil 
integrable. Since the value of the McShane integral is unique, it must equal 
the Henstock-Kurzweil integral. Thus, the basic properties of the McShane 
integral, such as linearity, positivity and the Cauchy criterion, carry over 
to this setting without further proof. By Example 4.111, the characteristic 
function of a brick is McShane integrable; by linearity, step functions are 
McShane integrable. Again, the McShane integral is an absolute integral 
in this setting. Finally, the Monotone Convergence Theorem, Dominated 
Convergence Theorem and Fatou’s Lemma hold for the McShane integral 
in R”. 


5.9 Fubini and Tonelli Theorems 


One of the main points of interest in the study of multiple integrals concerns 
the equality of multiple and iterated integrals. In Chapter 3, we gave 
conditions for the equality of these integrals for the Lebesgue integral in the 
Fubini and Tonelli Theorems (Theorems 3.109 and 3.110). We now establish 
versions of these two results for the McShane integral. These results are 
used later to establish the connection between the Lebesgue and McShane 
integrals on R”. In proving the Fubini Theorem for the Lebesgue integral, 
we used Mikusinski’s characterization of the Lebesgue integral. Since we 
do not have such a characterization for the McShane integral, our method 
of proof will be quite different and more in line with the usual proofs of the 
Fubini and Tonelli theorems for the Lebesgue integral. (See [Ro, 12.4].) 
For simplicity, we consider the case n = 2. We will use the notation 
for sections and iterated integrals that was employed in Section 3.3.8. In 
particular, it is enough for a function to be defined almost everywhere. 
We begin with a lemma which establishes the connection between 
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Lebesgue measure and the McShane integral. 


Lemma 5.41 Suppose that E C R® is measurable with mg(E) < oo. 
Then, maz (E) = See XE: 


Proof. First, assume that E is a brick in R?. The gauge defined in 
Example 4,111 for the Henstock-Kurzweil integral also proves that yp, is 
McShane integrable and fg. Xe = v(E) = m2 (E). 

Next, assume that E is open. Then, by Lemma 3.44, EF is a union 
of a countable collection of pairwise disjoint bricks, {Bi},-<,. Since mg is 
countably additive, the Monotone Convergence Theorem implies 


2(E)= > me => [ xa,= | x0. [x 
1€0 ica t€o R? 
so the result holds for open sets. 
Now assume that E is a Gs set. Then, FE = N%,G; with G; open, 
m2 (Gi) < 00, and G; C Gi41. By Proposition 3.34, the Monotone Conver- 
gence Theorem, and the previous result, we have 


m2 (E£) = lim m2(Gi)= lim | Xg, = lim X¥g¢,= | Xp 
i>00 JR2 JR R? 


i-0o 2 io 


We proved in Theorem 5.21 that if E C R is a null set, then fp Xz = 0. 
The same proofs works for subsets of IR”, so the conclusion holds for null 
sets in R?, 

Finally, assume that E is measurable and m2(E) < oo, Then, FE = 
G \ B, where G is a Gs set, B is a null set, and B CG. This follows from 
Theorem 3.36, which is valid in higher dimensions, by setting B = G \ E, 
which is a null set. From the previous results, we have 


ma (E) = m2 (G) = [xc= [xe- [x= [Le Xe - XB) = [xe 


This completes the proof of the lemma. O 


From the equivalence of the Lebesgue and McShane integrals in R (The- 
orem 5.38) and Theorem 3.112, we derive 


Lemma 5.42 Let E Cc R?® be measurable with m2 (E) < 00. Then: 


(1) for almost every x € R, the sections Ez are measurable; 
(2) the function x +— m(Ez) is McShane integrable over R; 
(3) mo (E) = fpm(E,) dz. 
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We now have the machinery in place to establish a Fubini Theorem for 
the McShane integral. 


Theorem 5.43 (Fubini’s Theorem) Let f :R x R— R be McShane in- 
tegrable. Then: 


(1) fr 1s McShane integrable in R for almost every x € R; 
(2) the function x+— fp fr = fa f (x,y) dy is McShane integrable over R; 
(3) the following equality holds: 


[t= Lfe)e= f [t@ndae. 


Proof, First, assume that f is a simple function with f(r) = 
Span aixX,4, (x), where the A,’s are measurable, pairwise disjoint, and 
Mz (A;) < 00. From Lemmas 5.41 and 5.42, (1) and (2) hold and 


[t-dm fox = Soa [m((An,)de= [Sam ((Ad,) a 


= [36 fx, w)avde= [sen (x,y) dydx. 


i=] 

Next, assume that f is non-negative and McShane integrable. By 
Theorem 3.62, there is a sequence of non-negative, simple functions 
{fe}, which increases pointwise to f. By Exercise 5.30, each fy is Mc- 
Shane integrable, and from the Monotone Convergence Theorem, fpo f = 
lim soo fao fe. Since {(fk),};-, increases to f, for every x € R, the 
oe Convergence Theorem implies that { Safe (zy) dy\r kx) Ucreases 
to Ind t x,y) dy for almost every x. To see that f, f (x,y) dy is finite for 
almost every x, note that by the Monotone Convergence Theorem, 


[an Lats) af (to) 


Thus, fa f (z,y) dy = limgoo fp fe (x, y) dy is finite for almost every zx. 
Consequently, from our previous work and two applications of the Monotone 
Convergence Theorem, we obtain 


ii i. f (#,y) dydx = lim 7 [ fre (2,y) dyde = lim [ fee i f 
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Finally, assume that f is McShane integrable. Then, f is also Henstock- 
Kurzweil integrable so f is measurable by Theorem 4.113. Further, f is 
absolutely Henstock-Kurzweil integrable, so f = f+ — f~ with both f+ 
and f~ measurable and McShane integrable. The result now follows from 
the case just proved. O 


As was the case with the Lebesgue integral, we can use the Fubini 
Theorem to obtain a criterion for integrability from the existence of iterated 
integrals. This result is contained in the Tonelli Theorem. 


Theorem 5.44 (Tonelli’s Theorem) Let f: Rx R—R be nonnegative 
and measurable. If fy fe f (x,y) dydx exists and is finite, then f is McShane 
integrable and 


is 7 L (ft) ais [ [ren dydz. 


The assumption in Tonelli’s Theorem is that the iterated integral exists and 
is finite, from which one can conclude that the double integral is finite. Of 
course, the roles of z and y can be interchanged. 


Proof. Define fx by fe (x.y) = (f (2,y) NR) Xj-ra)x-ea] (ty): Then, 
each f;, is bounded, measurable and non-zero on a set of finite measure. 
By Exercise 5.29, each f;, is McShane integrable. From Theorem 5.43 and 
the Monotone Convergence Theorem, we have that { Se fe (,y) dy}, in- 
creases to he f (x,y) dy for almost every x. By a second application of these 
two results, we have 


[ [seemavae = jim ff te (eu) dude = jim [f= ff. ; 


5.10 McShane, Henstock-Kurzweil and Lebesgue integrals 
in R” 


In Section 5.5.7, we showed that in R the McShane and Lebesgue integrals 
are equivalent and that a function is Lebesgue (McShane) integrable if, 
and only if, it absolutely Henstock-Kurzweil integrable. In this section we 
extend these results to R”. 


Theorem 5.45 Let f: R™* —R. Then, f is Lebesgue integrable if, and 
only if, f ts absolutely Henstock-Kurzweil integrable. 


258 Theories of Integration 


Proof. If f is non-negative and measurable, the proof of Theorem 4.79 
applies to R” since bounded step functions which vanish outside bounded 
intervals in IR” are Henstock-Kurzweil integrable. Since any Henstock- 
Kurzweil integrable function is measurable by Theorem 4.113, the result 
follows by considering f = f+ — f~ as in the proof of Corollary 4.80. O 


Theorem 5.46 Let f:R" —R. Then, f is Lebesgue integrable if, and 
only tf, f ts McShane integrable. 


Proof. If f is McShane integrable, and hence absolutely McShane inte- 
grable, then f is absolutely Henstock-Kurzweil integrable and, therefore, 
Lebesgue integrable by Theorem 5.45. 

Suppose that f is Lebesgue integrable. We may assume that f is non- 
negative and, for convenience, that n = 2. Let Lf and M f denote 
the Lebesgue and McShane integrals, as before. By Fubini’s Theorem for 
the Lebesgue integral (Theorem 3.109), L fas f = L Spl Saf (x,y) dyde. 
Since the Fine and McShane integrals coincide in R, Lfyf = 
M faM Inf ( x,y) dydx. Now, by Tonelli’s Theorem for the McShane in- 
tegral, f is McShane integrable and 


Mf s-m [mf feenavie-c ft 


Thus, the results of Section 5.5.7 hold in R”. 


5.11 Exercises 


Definitions 


Exercise 5.1 Let y be a gauge on (0, 1] defined by y (0) = (-$, 4), Y()) = 


(3,2), and y(t) = (§,-#%) for 0 < t < 1. Give an example of a 7-fine 
free tagged partition tagged partition of [0,1] which is not a y-fine tagged 


partition. 


Exercise 5.2. Prove that the characteristic function of a bounded interval 
I is McShane integrable and f, x; = ¢(J). 


Exercise 5.3 Let f,h : J Cc R* —R. Suppose that |f| < h on J and that 
h is McShane integrable over J with {,h = 0. Prove that f is McShane 
integrable over J and f, f = 0. 
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Exercise 5.4 Suppose {ax};2, C R and set f (x) = 0y2) eX fe,441) (2)- 
Show that if f is McShane integrable over [1, 00), then the series 77°, ax 
converges absolutely. For the converse, see Example 5.5. 


Basic properties 


Exercise 5.5 If J is a closed and bounded interval and f is continuous on 
I, prove that f is McShane integrable over J. 


Exercise 5.6 (Translation) Let f : [a,b] + R be McShane integrable over 
[a,b] and h ER. Define f, :[a+h,b+h] > R by fa (t) =f (é —h). Show 
that f;, is McShane integrable over [a + h,b+h] with fy fr=fif: 


Exercise 5.7 (Dilation) Let f : [a,b] — IR be McShane integrable over 
[a,b] and h > 0. Define f* : [ra,7b] > R by f7 (t) = f (2). Show that f7 
is McShane integrable over [ra, 7b] with ce fat if f. 


Absolute integrability 


Exercise 5.8 Let y: J Cc R* —R beastep function. Prove y is McShane 
integrable, 


Exercise 5.9 Let J Cc R* and J CR be intervals. Suppose that g: J — R 
satisfies a Lipschitz condition (see page 35) on J and f : J — J. Prove that 
go f is McShane integrable over J. [Hint: Use the proof of Theorem 5.11, 
the Lipschitz condition and the Cauchy criterion.] 


Exercise 5.10 Let f : R — R be bounded and McShane integrable. For 
p €N, show that f? is McShane integrable. (Hint: Suppose that |f (t)| < 
M. Use the function g : [-M,M] — R defined by g(y) = y? in Exercise 
5.9.] 


Exercise 5.11 Let f,g : R — R be bounded and McShane inte- 
grable. Prove that fg is McShane integrable. [Hint: Recall that fg = 


lc +9) -fP- 0] /2.] 


Exercise 5.12 Let f : [a,00) — R be McShane integrable. Prove that 

limp—soo f, |f| = 0. [Hint: Pick y such that y(t) is bounded for t € R 
and |S (|f|,D) — f° |f|| < € whenever D is y-fine free tagged partition of 
[2,00]. Fix such a D = {(;,4;):¢=1,...,k} with t) = 00, J; = [b, oo}. 
Consider f° |f| for c > b.] 


Exercise 5.13 Let f : J — R be McShane integrable over J. Show that 
limeyyso f;|f| = 0. [Hint: Pick y such that [S(|f|,D)—Jr|fl| < € 
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whenever D is y-fine free tagged partition of J. Fix such a partition 
D= {(ti,Ji):t=1,...,k} and set M = max {|f (t;)|:i=1,...,k}. Let J 
be a subinterval of J. Consider € = {(t:,1; N J):i=1,...,k} and use Hen- 
stock’s Lemma to see how to choose 6 so that £(J) < 6 implies f, || < 2e.] 


Exercise 5.14 Use Proposition 5.12 to prove the following variant of the 
Cauchy criterion. The function f : J — R is McShane integrable if, and 
only if, for all « > 0 there is a gauge y such that |S(f,D) — S(f,&)| <« 
for all y-fine free tagged partitions D = {(ti,J;):i=1,...,m} and € = 
{(si,1;):7=1,...,m}, which employ the same subintervals of J. 


Exercise 5.15 Use Exercise 5.14 to show that f : J — R is McShane 
integrable if, and only if, for all e > 0 there is a gauge y such that 


Sif Ge) -— f (le) <e 

i=1 
for all y-fine free tagged partitions D = {(t;,J;):i=1,...,m} and 
€= {(3:,J;):i=1,..., mb}. 


Exercise 5.16 Use Exercise 5.15 to show that if f,g: J — R are bounded 
and McShane integrable, then fg is McShane integrable. 


Convergence theorems 


Exercise 5.17 State and prove the analog of Theorem 5.19 for the 
Henstock-Kurzweil integral 


Exercise 5.18 Use Exercise 5.17 to prove the Monotone Convergence The- 
orem, Theorem 4.70, for the Henstock-Kurzweil integral. 


Exercise 5.19 Show that strict inequality can hold in Fatou’s Lemma. 
[Hint: Consider fi, = X{o,2) for k odd and fi, = X{1,3) for k even.] 


Exercise 5.20 Let f : J Cc R* — R be McShane integrable over J. For 
k EN, define f,, the truncation of f at k, by 


~k if f(t) <—-k 
f(t) = {70 if |f(t)|<k . 
k if f(t)>k 


Show that each f, is McShane integrable and f, f, — f, f. Further, show 
that such a result fails for the Henstock-Kurzweil integral. 
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Exercise 5.21 Suppose that f, g, and M are nonnegative and McShane 
integrable, and 0 < fg < M. Prove that fg is McShane integrable. (Hint: 
Use Exercises 5.20 and 5.11.] 


Exercise 5.22 Suppose that f and g are McShane integrable and g is 
bounded. Prove that fg is McShane integrable. 


Exercise 5.23 Let f : [0,oc) — R and suppose that the function x +> 
e~°* f (x) is McShane integrable over (0,00) for some a € R. Prove that 
zr +e’? f (x) is McShane integrable over [0, 00) for every b > a and the 
function F defined by F (b) = 1 e~°* f (x) dx is continuous on [a, 00). 


Exercise 5.24 Suppose that f : R—R is continuous and the function 
xzt— 2? f (x) is bounded. Show that f is McShane integrable over R. 


Exercise 5.25 Let f : J = [a,b] + R be McShane integrable and |f| < 
c. Suppose that g : [—c,c] — R is continuous. Use Exercise 5.10 and 
the Weierstrass Approximation Theorem to show that go f is McShane 
integrable. 


McShane, Henstock-Kurzweil and Lebesgue integrals 

Exercise 5.26 Prove part (2) of Lemma 5.34. 

Exercise 5.27 Extend Theorem 5.37 to unbounded intervals. 

Exercise 5.28 Extend Theorem 5.38 to unbounded intervals. 

Exercise 5.29 Suppose f : R? > R is measurable and bounded. If 
ma ({z € R*: f (t) #0}) < o, 

prove that f is McShane integrable. 

Fubini and Tonelli Theorems 


Exercise 5.30 Prove that a non-negative, simple function with support of 
finite measure on R” is McShane integrable. 


Exercise 5.31 Suppose that f,y : R? — (0,00), with f McShane inte- 
grable, y simple and measurable, and 0 < y < f. Use Lemma 5.41 to show 
that y is McShane integrable. 


Exercise 5.32 Extend Exercise 5.6 to R” using the Fubini theorem. 


This page intentionally left blank 


[Leb] 


Bibliography 


A. Alexiewicz, “Linear functionals on Denjoy integrable functions,” Collog. 
Math. 1 (1948), 289-293. 

S. Banach, “Sur le théoréme de M. Vitali,” Fund, Math. 5 (1924), 130-136, 
R. G. Bartle, The Elements of Real Analysis, Wiley, New York, 1976. 

R. G. Bartle and D. K. Sherbert, Introduction to Real Analysis, Wiley, New 
York, 2000. 

J. J. Benedetto, Real Variable and Integration, B. G. Teubner, Stuttgart, 
1976, 

L. Brand, Advanced Calculus, Wiley, New York, 1955. 

A. Cauchy, Oeuvres Complete, Gauthier-Villars, Paris, 1899. 

J. Cronin-Scanlon, Advanced Calculus, revised ed., Heath, Lexington, Ma., 
1969. 

G. Darboux, “Mémoire sur les fonctions discontinues,” Ann. Ecole Norm. 
Sup. 4 (1875) No. 2, 57-112. 

L. Debnath and P. Mikusinski, Introduction to Hilbert Spaces with Appli- 
cations, Academic Press, New York, 1990. 

J.D, DePree and C. W. Swartz, Introduction to Real Analysis, Wiley, New 
York, 1988. 

E. Fischer, Intermediate Real Analysis, Springer-Verlag, New York, 1983. 
T. M. Flett, Mathematical Analysis, McGraw-Hill, New York, 1966. 

R. Gordon, The Integrals of Lebesgue, Denjoy, Perron and Henstock, Amer. 
Math. Soc., Providence, RI, 1994. 

I. Grattan-Guinness, The Development of the Foundations of Mathematical 
Analysis from Euclid to Riemann, MIT Press, Cambridge, 1970. 

P. Halmos, Measure Theory, Van Nostrand, Princeton, 1950. 

R. Henstock, “Definitions of Riemann type of variational integral,” Proc. 
London Math, Soc. 11 (1961), 402-418. 

J. Kurzweil, “Generalized ordinary differential equations and continuous 
dependence on a parameter,” Czech. Math. J. 82 (1957), 418-449, 

H. Lebesgue, uvres Scientifiques, Volumes I and II, L’Enseignement 
Mathématique, Geneva, 1972. 


[Lee] Lee Peng-Yee, Lanzhou Lectures on Henstock Integration, World Scientific, 


263 


264 


[LV] 
[Lew1} 


[Lew 2} 


Theories of Integration 


Singapore, 1989. 

Lee Peng-Yee and R. Vyborny, The Integral: An Easy Approach afte: 
Kurzweil and Henstock, Cambridge University Press, Cambridge, 2000. 
J. Lewin, “A truly elementary approach to the Bounded Convergence The 
orem,” Amer. Math. Soc. 93 (1986), 395-397. 

J. Lewin, “Some applications of the Bounded Convergence Theorem for ar 
introductory course in analysis,” Amer. Math. Soc. 94 (1987), 988-993. 


[MacN] H. M. MacNeille, “A unified theory of integration,” Natl. Acad. Sci. US 


[Ma] 
[McL] 


[McS1] 


[McS2] 
[Mil] 


[Mid] 
[MM] 


[Mu] 
[N] 
[Pe] 
[Pf] 
[Ril] 


(Ri2] 


[Ro} 
[Rul 
[Sm] 

[Swi] 

[Sw] 


[WZ] 


27 (1941), 71-76. 

J. Mahwin, Analyse, De Boeck and Larcier, Paris, 1997. 

R. M. McLeod, The Generalized Riemann Integral, Mathematical Associ- 
ation of America, Providence, RI, 1980. 

E. J. McShane, “A Unified Theory of Integration,” Amer. Math. Monthl 
80 (1973), 349-359. 

E. J. McShane, Unified Integration, Acad. Press, New York, 1983. 

J. Mikusinski, “Sur une definition de l’integrale de Lebesgue,” Bull. Acad. 
Polon. Sci. 12 (1964), 203-204. 

J. Mikusinski, The Bochner Integral, Academic Press, New York, 1978. 

J. Mikusinski and P. Mikusinski, An Introduction to Analysis, Wiley, New 
York, 1993. 

M. Munroe, Introduction to Measure and Integration, Addison-Wesley, 
Reading, Ma., 1953. 

I. P. Natanson, Theory of Functions of a Real Variable, Vol. I and II, 
Frederick Ungar, New York, 1960. 

I. N. Pesin, Classical and Modern Theories of Integration, Academic Press, 
New York, 1970. 

W.F. Pfeffer, The Riemann approach to integration, Cambridge University 
Press, Cambridge, 1993. 

G. F. B. Riemann, Gesammelie Mathematische Werke, H. Weber (ed.), 
Dover Publications, New York, 1953. 

G. F. B. Riemann, Partielle Differentialgleichungen und deren Anwen- 
dung auf physikalische Fragen, K. Hattendorff (ed.), Vieweg, Braunschweig, 
1869. 

H. L, Royden, Real Analysis, 3rd ed., Prentice Hall, Englewood Cliffs, NJ, 
1988, 

W. Rudin, Real and Complex Analysis, 3rd ed., McGraw-Hill, New York, 
1987, 

H. J. Smith, Sr., “On the integration of discontinuous functions,” Proc. 
Lond. Math. Soc. 6 (1875) No. 1, 148-160. 

C. Swartz, Integration and Function Spaces, World Scientific, Singapore, 
1994, 

C. Swartz, Introduction to Gauge Integrals, World Scientific, Singapore 
2001. 

R. L. Wheeden and A. Zygmund, Measure and Integral, Marcel Dekker 
New York, 1977. 


a.e., 42 

B (xo,r), 80 
B(R), 73 
B(R"), 84 
B(X), 72 
BY (R), 218 


BY ([a,6]), 172 
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R*, 85 conditionally, 46 
R”, 80 Cauchy-Schwarz inequality, 127 
a, 60 change of variables, 37 
sgn, 36 characteristic function, 12 
S(f,D), 141, 207, 224 closed, 80 
S( Pte), G1 closure, 38 
EAL, 80 compact, 80 : 
U (f,P), 20 comparison test, 45, 170 
v(y,P), 172 complete, 123 
Var (¢, [a, b]), 172 conditionally integrable, see 
v (I), 80 Cauchy-Riemann integrable, 161 
converge, 42, 80, 123 
Abel’s Test, 217 countable additivity, 60 
absolutely continuous, 106, 202 countably additive, 73, 74 
absolutely convergent, 115 countably subadditive, 61 
absolutely integrable, see Riemann counting measure, 74 
integrable, see Lebesgue integrable, 
see Henstock-Kurzweil integrable, Darboux, 20 
see McShane integrable Darboux integrable, 22 
additivity condition, 33 Darboux sum 
Alexiewicz semi-norm, 205 lower, 20 
algebra, 69 upper, 20 
almost all, 89 Dedekind’s Test, 179 
almost every, 89 Denjoy, 135 
almost everywhere, 42, 89 dense, 131 
Archimedes, 2 derivative 
lower, 136 
ball, 80 upper, 136 
Borel measure, 77 Dirichlet function, 14 
Borel sets, 72 discrete metric, 122 
bounded, 80 distance, 80 
Bounded Convergence Theorem, 110, distance from J to J, 64 
188 distance-1 metric, 122 
bounded variation, 172 diverge, 42 
brick, 80 Dominated Convergence Theorem, 
110, 187, 239 
canonical form, 86 
Cantor set, 79 Egoroff, 90 
generalized, 79 even function, 47 
Carathéodory, 64 extended real numbers, 85 
Cauchy, 6 extended real-valued function, 86 
Cauchy criterion, 19, 150, 228 
Cauchy principal value, 44, 45 Fatou, 109 
Cauchy sequence, 123 Fatou’s Lemma, 109, 186, 239 
Cauchy sum, 6 Fischer, 123 


Cauchy-Riemann integrable, 42, 44 free tagged partition, 224 


Inder 


free tagged subpartition, 228 

Fubini, 117 

Fubini’s Theorem, 118, 213, 256 

Fundamental Theorem of Calculus: 
Part I, 34, 134, 143, see 
Generalized Fundamental Theorem 
of Calculus: Part I, 190, 232 

Fundamental Theorem of Calculus: 


Part II, 35, 191, 193, 233 


y-fine free tagged partition, 224 

y-fine tagged partition, 140, 156, 207 

gamma function, 51 

gauge, 140, 156, 207 

gauge integral, 141 

Generalized Fundamental Theorem of 
Calculus: Part I, 148 

generalized Riemann integral, 141 


Henstock’s Lemma, 163, 229 
Henstock-Kurzweil integrable, 141, 
156, 208 
absolutely, 147 
Henstock-Kurzweil integral 
indefinite, 164, 175, 190, 195 


improper integral, 42 
indefinite integral, see Riemann 
integral, see Henstock-Kurzweil 
integral, see Lebesgue integral 
inner measure, 64 
integrable 
Darboux, see Darboux integrable 
Henstock-Kurzweil, see 
Henstock-Kurzweil 
integrable 
Lebesgue, see Lebesgue integrable 
McShane, see McShane integrable 
Riemann, see Riemann integrable 
integrable over #7 
Henstock-Kurzweil, 194 
Lebesgue, 103 
McShane, 240 
Riemann, 31 
integration by parts, 37, 149 
integration by substitution, 37 


interior, 33 
interval, 80, 207 


Jordan content 
outer, 38 


Lebesgue, 56 
Lebesgue integrable, 103 
absolutely, 104 
Lebesgue integral, 97, 99 
indefinite, 203 
Lebesgue measurable, 68, 83 
Lebesgue measure, 68, 84 
Lebesgue measure 0, 41 
limit, 123 
inferior, 90 
superior, 90 
linearity, 15 
Lipschitz condition, 35 
Lipschitz constant, 35 
Littlewood, 92 
Littlewood’s three principles, 92 
Lusin, 93 


major function, 136, 245 
maximum, 28 
McShane integrable, 224, 254 
absolutely, 229 
McShane integral, 254 
Mean Value Theorem, 48 
measurable 
function, 86 
set, 64 
measure, 74 
mesh, 7, 11 
metric, 122 
metric space, 122 
Mikusinski, 113 
minimum, 28 
minor function, 136, 245 
monotone, 61 
Monotone Convergence Theorem, 
100, 104, 181, 184, 236, 238 
multiplier, 171 


norm, 80, 122 
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null set, 41, 68 


odd function, 47 
open, 80 

operator, 15 
oscillation, 38 

outer measure, 60, 81 


partition, 6, 11, 154, 155, 207 

Perron, 135 

Perron integrable, 136 

positivity, 15, 16, 146, 228 

probléme d’intégration, 56 

probléme de la mesure des ensembles, 


60 


refinement, 22 
regular 
inner, 126 
outer, 77 
Riemann, 7 
Riemann integrable, 12 
absolutely, 46 
Riemann integral 
indefinite, 35, 204 
lower, 22 
upper, 22 
Riemann sum, 7, 141, 207, 224 
Riemann-Lebesgue Lemma, 131 
Riesz, 123 
Riesz-Fischer Theorem, 123, 244 
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semi-metric, 122 
semi-norm, 122 
o-algebra, 69 

signum function, 36 
simple function, 59, 86 
step function, 27, 94 
Straddle Lemma, 138 
subpartition, 163 
symmetric difference, 80 


tag, 139, 155, 207, 224 
tagged partition, 139, 155, 207 
free, 224 
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free, 228 
Tchebyshev, 102 
Tchebyshev’s inequality, 102 
test set, 68 
Tonelli, 119 
Tonelli’s Theorem, 119, 213, 257 
translation, 61 
translation invariant, 61 
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